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 Today, urban areas have been considerably expanded, which has caused numerous problems 
due to the large population in metropolitan areas. City logistics models can be effective in 
solving complicated problems such as traffic congestion, air pollution, accidents, and high 
energy consumption rate. The present paper proposes a bi-objective mathematical model for 
designing a city logistics distribution network in order to minimize the economic and 
environmental costs as well as the response time. The proposed model would make decisions 
on the location and allocation problems in the city logistics distribution network. In fact, the 
objective of the problem is to select some fixed sites in order to construct the city distribution 
centers. The demand for commodities is considered probabilistic and the network is modeled 
based on the queuing theory. Furthermore, in the proposed model, the policy of putting tax on 
carbon and applying the low-carbon emission resources are used for establishment at the city 
distribution centers. Afterwards, in order to validate the proposed model, a numerical example 
is generated and, then, the results obtained from solving the model via epsilon constraint 
method are presented. Analysis of the results in the present study indicates that the proposed 
model was highly efficient in achieving its objectives. Finally, there are some suggestions for 
future studies that can be taken into account.   
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1. Introduction 

 
According to a UN research project, almost half of the seven billion population of the world in 2010 
were living in urban areas and it is estimated to exceed 60% in 2030 and 70% in 2050. Several 
metropolitan areas with the population of more than 10 million people have emerged and their massive 
population has created numerous problems. On the other hand, logistic advancements, such as timely 
and smart retailing, persuade sellers to keep their inventory at a low level in order to make savings on 
the storage costs. Due to these factors, there is an increase in the number of demands for commodities 
to be transferred to their destinations and at the same time, there is a decrease in the volume of these 
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demands. Therefore, the traffic of freight vehicles in urban areas increases and hence, there is an 
increase in the percentage of pollutant emissions, which is a significant part of the freight transport. All 
of these problems, which have been caused by the displacement of urban commodities, highlight the 
necessity to think of how to plan cities so that such negative effects can be reduced without jeopardizing 
citizens' need for commodities. The concept of city logistics was presented to help solve such 
challenging issues (Taniguchi et al., 2001; Babaei & Shahanaghi, 2017). City logistics solutions can be 
effective in solving such complicated problems, because city logistics considers several objectives 
along with the behaviors of several beneficiaries participating in city logistics activities, which 
consequently provides the foundations of sustainable and viable cities (Taniguchi et al., 2014). In this 
regard, using a variety of models, several policy actions have been implemented and evaluated in some 
of the cities around the world (Taniguchi & Thompson, 2015; Jawla & Singh, 2016). 

Objectives of city logistics can be divided into three categories, including economic, environmental, 
and social (Taniguchi & Thompson, 2015). From another perspective, city logistics seeks for multiple 
objectives regarding mobility, sustainability, viability, and flexibility. As for mobility, implementing 
urban commodities movement systems requires a smooth and integrated flow of commodities. 
Sustainability refers to the minimization of the negative environmental effects including air pollution, 
noise pollution, and vibrations caused by trucks. Apropos of viability, it should be noted that security 
and safety are the most important issues for any society, because citizens always seek for healthy and 
calm living conditions. Recently, more importance has been devoted on the flexibility in natural and 
human disasters. Distribution of relief aids, including water, food, and daily goods, among the people 
wandering in post-disaster shelters requires efficient and quick performance of humanitarian logistics.  

In order to optimize city logistics distribution and minimize the economic and environmental costs of 
transporting commodities, a three-level network is introduced in the present study. Moreover, as the 
second objective function of the problem, it is attempted to minimize the response time in the network. 
Accordingly, the first level is composed of logistics centers around the city, the second level embraces 
the distribution centers within the city, and the third level includes the sales terminals as demand points. 
In fact, the objective of the problem is to select some fixed sites in order to construct city distribution 
centers. In addition, it would be necessary to make decisions on how much the capacity of distribution 
centers should be, how these distribution centers should be allocated to the logistics centers, and how 
sales terminals should be allocated to distribution centers. The demand for commodities is considered 
probabilistic and the network is modeled based on the queuing theory. Furthermore, in the proposed 
model, the policy of putting tax on carbon as well as applying the resources with low carbon emissions 
is used for establishment at the city distribution centers. In order to validate the model, a numerical 
example is generated and, then, the results obtained from solving the model via epsilon constraint 
method are presented. Analysis of the research results indicates that the proposed model is highly 
efficient in achieving its given objectives. Finally, an overall sum-up as well as some suggestions for 
future studies are provided. 

2. Literature review 
 

Review of the available literature on city logistics revealed several terms and interpretations used to 
investigate this concept (Wolpert & Reuter, 2012); therefore, the city logistics should be considered in 
the broadest concept: 

 Cargo transport in urban areas, specifically the freight flows associated with the supply of 
commodities to city centers (Barceló & Pardo, 2005); 

 Routing and transferring the commodities throughout all the transportation modes as well as 
subordinate activities such as storage and information exchange in order for managing the 
commodities at each end of the trips (Qiu & Yang., 2005); 

 Attempting to optimize the urban freight transportation systems while considering all the 
beneficiaries and displacements in urban areas (Crainic et al., 2009); 
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 Providing any kind of services facilitating the optimal management of displacing the 
commodities in cities (Dablanc, 2007); 

 Process of full optimization of logistics and transport activities by private companies by means 
of advanced information systems in urban areas with regard to the traffic environment, traffic 
congestion, traffic safety, and energy saving within the market economy's framework 
(Taniguchi et al., 2001). 

 

City logistics was first introduced by Taniguchi in 2001. Since then, numerous studies have been 
conducted in this field and many researchers have expressed their points of view in this regard. 
However, so far, only a few models have been proposed with regard to mathematical modeling of city 
logistics, and even the proposed models have not been properly developed (Saeedi et al., 2017). In 
terms of reviewing, investigating, and identifying the related literature as well as modeling in the field 
of city logistics, several review studies have been provided by different researchers, including Anand 
et al. (2012), Taniguchi et al. (2014), Anand et al. (2015), Muñuzuri and Pablo (2012) and Wolpert and 
Reuter (2012). 

Most of the mathematical models provided in recent papers have focused on vehicle routing in different 
case studies and aimed at the environmental and cost objectives. The problems related to public 
passenger transport, in contrast to the city logistics distribution problems, have been mostly neglected 
due to the sufficient maturity in the field of city logistics in recent years (Saeedi et al., 2017). Some of 
the papers in this regard are also focused on the city logistics network design in case of crisis and 
catastrophe and are related the issue of city logistics to the emergency logistics to some extent (He et 
al., 2013). Traffic systems are usually disrupted in case of a crisis; thus, it is necessary to detect the 
effective solutions for continuing distribution services for the cases, in which the urban traffic system's 
capacity is reduced. In fact, optimizing the location of logistic facilities in metropolitan areas is very 
important, not only in crisis situations, but also at any time, since its powerful effect on land use, traffic 
flow, and unwanted consequences such as traffic congestion and air pollution is of great importance 
(Duren & Miller, 2012). 

A review of the articles in this field shows that there is almost no study focusing on the demands of all 
four beneficiaries existing in the city logistics, including managers, senders, transporters, and 
customers. On the contrary, the problems have been mainly investigated from the viewpoint of urban 
authorities and managers. Moreover, sustainable and green objectives have been highly regarded by 
authors of the papers, who have often used linear mathematical programming method for modeling the 
problems (Saeedi et al., 2017). Among these works, Jianhua Yang et al. (2013) and Abdelhamid 
Moutaoukil et al. (2015) can be mentioned. 

In order to make cities sustainable, numerous projects and innovations have been implemented to 
improve city logistics. The main objective of these projects is to reduce motor traffic and, as a result, 
reduce CO2 emissions and greenhouse gases in urban areas. This has been performed mainly through 
three ways: stabilizing flow of commodities, using low-emission vehicles, and establishing rules for 
controlling access to city centers. Stabilization of commodities, which is mainly based on the use of a 
distribution center, seems to be an appropriate solution for optimizing the final delivery within the city 
(Taniguchi & Thompson, 2015).  

Stabilization facilities for city logistics concepts are considered very useful by some authors; 
nevertheless, there is not yet a unique and coherent term that can describe such stabilization facilities. 
For example, Crainic refers to the urban development centers, while Dablanc considers them as urban 
freight terminals. Besides, the terms distribution village and city distribution centers have been also 
used (Taniguchi et al., 2014; Taniguchi & Thompson, 2015; Wolpert & Reuter, 2012).  

City distribution centers are used to promote the cooperative transport systems, improve distribution of 
commodities (aggregation of similar commodities and use of fewer vehicles), reduce economic and 
environmental costs, and decrease traffic (Taniguchi & Thompson, 2015). 
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Meanwhile, mathematical modeling of city logistics using the queuing theory and with simultaneous 
consideration of economic and environmental objectives can be a new and attractive subject leading to 
the optimized operations of city transport in the city distribution network, especially due to the point 
that the environmental objectives are now regarded more than ever by city's managers and authorities 
as well as citizens because of their great impact on the health of citizens. Also, using the queuing 
approach, time of responding to demands in the system can be optimized as well, which in turn would 
lead to the increased customer satisfaction and, eventually, reduced logistics costs. Furthermore, it 
seems appropriate and essential to consider the response time in the city logistics distribution network 
as the objective function of minimization, especially in crisis conditions as well as in case of essential 
and degradable commodities.  

3. Problem presentation and mathematical modeling 
 

In the city, freight vehicles collect the commodities from logistics centers (LC) located around the city 
and, then, transfer them to the distribution centers (DC) for further processes (storage, packaging, 
barcoding, cutting, mixing, combining, loading, unloading, etc.). Finally, these commodities are widely 
distributed among the sales terminals (ST).  

In this study, decisions were made on the location and allocation problem in the city logistics 
distribution network. In fact, the problem's objective was to select some fixed sites for constructing the 
city distribution centers. Due to the capital costs limitation, only a few distribution centers could be 
constructed, and among these activated centers, only a certain number would receive the government's 
supports for being equipped with low-carbon facilities (such as expensive equipment that consumes the 
liquid natural gas as fuel or more complex structures in the design of the distribution centers with 
optimal carbon rate). Moreover, similar to the common problems of facilities location, appropriate 
decisions must be made on how these terminals should be allocated to the distribution centers and how 
the distribution centers should be allocated to the logistics centers. Furthermore, with regard to the 
carbon tax policies applied by the government and urban managers, the costs incurred by the emission 
of greenhouse gases resulting from processing the commodities at the distribution center as well as 
transport operations by vehicles within the network should be taken into consideration as well. The 
ultimate objective is to minimize the total operational costs as well as to minimize the response time.  

The network's structure was such that the commodities would be transported through three levels. 
Accordingly, the first level included the logistics centers around the city. The second level was 
composed of the distribution centers within the city, where the commodities were maintained and 
divided. From there, the commodities were transported to the third level, i.e. sales terminals, as demand 
points.  
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ST

ST

ST

ST

ST

ST
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Fig. 1. City logistics distribution network (Saeedi et al., 2017) 
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In this network, the network's nodes and commodities played the roles of server and customer, 
respectively. At the network's nodes, operations such as production, storage, packaging, barcoding, 
cutting, mixing, combining, loading, unloading, sorting, processing, and delivery were performed. 
These services were provided for commodities as customer. The conditions dominating the problem 
were associated with uncertainty; thus, under such conditions, the demand for commodities and service 
time was considered probabilistic. 

 
3.1.  Assumptions 

 
 Each node of the network is considered as an M/M/1 queuing system. 
 Service time at the network's nodes is probabilistic and is considered as having an exponential 

distribution function. 
 Entry of demand into sales terminals is considered probabilistic with an exponential distribution 

function and the value of demand is considered as having a uniform distribution function. 
 Carbon emission is linearly proportionate to the amount of delivered commodities and transport 

distance, although the carbon emission unit for logistics centers is different from that for 
distribution centers. 

 At each distribution center, carbon emission is linearly proportionate to the number of 
commodities that are processed there (that are put in the process), but the cost of a unit emission 
inside each distribution center is different. 

 Distribution centers' construction costs are linearly proportionate to the designed capacity, but 
the cost of a unit construction differs in different candidate sites. 

 Each sales terminal can supply the demand for a certain commodity only from a single 
distribution center, but there is no limitation for supplying the sales terminals' demands from 
several distribution centers. 

 Delivery costs are linearly dependent on the amount of goods and transport distance, although 
the unit of delivery costs differs for logistics or distribution centers. 

 
3.2. Symbols and parameters 

 
I Index for LCs 
J Index for DCs to be set up in candidate sites 
K Index for STs 
R Index for commodity 
TC Total operational cost in network 
RT System's response time 
௞ܦ
௥ Demands of commodity type r for ST k 

dij Distance from LC i to DC j 
djk Distance from DC j to ST k 
fj Unit construction cost for DC j 
B Total fixed cost at DCs 
௝ݒ
௥

 Cost unit of processing at distribution center j for r-type commodity 

௝ݐ
௥

 
Cost unit of transport of r-type commodity from distribution center j to each 
sales terminal 

௜ݏ
௥

 
Cost unit of transport of r-type commodity from logistics center i to each 
distribution center 

pej Carbon emission unit from all processing stages at distribution center j 

tej 
Carbon emission unit of vehicles from distribution center j to each sales 
terminal 
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ei 
Carbon emission unit of vehicles from logistic center i to each distribution 
center 

Ui Commodity supply capacity of logistics center i 
W Number of DCs planned to construct 

V 
Number of resources with low carbon emissions that should be allocated to the 
distribution centers 

a Carbon tax rate 
b 
 

Carbon emission reduction percentage at each distribution center where the low-
carbon resources have been considered 

 (௞ߣ ௝ andߣ ,௜ߣ) Demand entry rate at network's nodes ߣ

 (௞ߤ ௝ andߤ ,௜ߤ) Service-providing rate at network's nodes ߤ

 Parameter of negative exponential distribution ߜ

c 
Lower bound of a uniformly distributed random variable that indicates the 
quantity of commodity in a demand 

d 
Upper bound of a uniformly distributed random variable that indicates the 
quantity of commodity in a demand 

௜௝௞ݐ
௥  Response time of the system for commodity type r from node i to node k, going 

through DC located at node j 
ܹ ௦ܶ௬௦

௥  Sojourn time of commodity type r in the system 
ܹ ௤ܶ

௥ Waiting time of commodity type r in the queue 
 ௦௬௦ Average number of commodities in the systemܴܮ
 ௤ Average number commodities in the queueܴܮ
ܴܶ௜௝

௥  Transportation time for commodity type r from node i to node j 
ܶ ௝ܴ௞

௥  Transportation time for commodity type r from node j to node k 
௜௝ݒ
௥  Transportation speed for commodity type r from node i to node j 
௝௞ݒ
௥  Transportation speed for commodity type r from node j to node k 

 
3.3. Decision variables 

 

୧୨ݔ
௥

 
Amount of r-type commodity that is carried from logistics center i to 
distribution center j 

Zj 1 if DC j is set up; 0, otherwise 

Cj Processing capacity designed at distribution center j 

Pj 
Equal to 1 if low-carbon resources are allocated to distribution center j; otherwise, 
0 

௜௝ݕ
௥  1 if commodity type r is delivered from LC i to DC j; 0, otherwise 

௝௞ݕ
௥  1 if commodity type r is delivered from DC j to ST k; 0, otherwise 

 
3.4.  Mathematical model 

ܥܶ	݊݅ܯ ൌ ቎෍ ௝݂ܥ௝ ௝ܼ ൅෍෍෍ݒ௝
௥ܧሺܦ௞

௥ሻݕ௝௞
௥

௥௞௝௝

൅෍෍෍ݐ௝
௥ܧሺܦ௞

௥ሻ ௝݀௞ݕ௝௞
௥

௥௞௝

൅෍෍෍ݏ௜
௥ݔ௜௝

௥ ݀௜௝
௥௝௜

቏

൅ 		ܽ ቎෍൫1 െ ܾ ௝ܲ൯݌ ௝݁෍෍ܧሺܦ௞
௥ሻݕ௝௞

௥

௥௞௝

൅෍෍෍ݐ ௝݁ܧሺܦ௞
௥ሻ ௝݀௞ݕ௝௞

௥

௥௞௝

൅෍෍෍݁௜ݔ௜௝
௥ ݀௜௝

௥௝௜

቏ 

(1) 

(2)݉݅݊	ܴܶ ൌ෍෍෍෍ݐ௜௝௞
௥

௥௞௝௜
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௜௝ݕ(3)
௥ ൑ ௝ܼ																												∀	݅ ∈ ,ܫ ݆ ∈ ,ܬ ݎ ∈ ܴ 

௝௞ݕ(4)
௥ ൑ ௝ܼ																											∀	݆ ∈ ,ܬ ݇ ∈ ,ܭ ݎ ∈ ܴ 

୧୨ݔ(5)
௥ ൑ M. ௜௝ݕ

௥ 																											∀	݅ ∈ ,ܫ ݆ ∈ ,ܬ ݎ ∈ ܴ 

(6)௝ܲ ൑ ௝ܼ																												∀	݆ ∈  ܬ

௝ܥ(7) ൑ .ܯ ௝ܼ																												∀	݆ ∈  ܬ

௝ܥ(8) ൒෍෍ܧሺܦ௞
௥ሻݕ௝௞

௥

௥௞

								∀	݆ ∈  ܬ

(9)෍ܥ௝
௝

൒෍෍ܧሺܦ௞
௥ሻ

௥௞

							 

௝ܥ(10) ൒෍෍ݔ୧୨
௥

௥௜

																						∀	݆ ∈  ܬ

(11)෍ܥ௝
௝

൒෍෍෍ݔ୧୨
௥

௥௝௜

								 

(12)෍෍ݔ୧୨
௥

௥௝

൑ ௜ܷ																						∀	݅ ∈  ܫ

(13)෍෍෍ݔ୧୨
௥

௥௝௜

൑෍ ௜ܷ

௜

								 

(14)෍ܧሺܦ௞
௥ሻݕ௝௞

௥

௝

൒ ௞ܦሺܧ
௥ሻ								 	∀	݇ ∈ ,	ܭ ݎ ∈ ܴ 

(15)෍ݔ୧୨
௥

௜

൒෍ܧሺܦ௞
௥ሻݕ௝௞

௥

௞

								 ∀	݆ ∈ ,ܬ ݎ ∈ ܴ 

(16)෍෍ݔ୧୨
௥

௥௜

൒෍෍ܧሺܦ௞
௥ሻݕ௝௞

௥

௥௞

									∀	݆ ∈  ܬ

(17)෍෍ݔ୧୨
௥

௝௜

൒෍෍ܧሺܦ௞
௥ሻݕ௝௞

௥

௞௝

ݎ		∀									 ∈ ܴ 

(18)෍෍෍ݔ୧୨
௥

௥௝௜

൒෍෍ܧሺܦ௞
௥ሻ

௥௞

								 

(19)෍ ௝݂ݖ௝ ൑ ܤ
௝∈௃

																		∀	݅, ݆,  ݎ	

(20)෍ ௝ܼ

௝

൑ ܹ																					 

(21)෍ ௝ܲ

௝

൑ ܸ																					 

(22)෍෍ݕ௜௝
௥

௥

൒ 1																	
௝	

∀	݅ ∈  	ܫ

(23)෍෍ݕ௝௞
௥

௥

൒ 																	௝ݖ
௞

∀	݆ ∈  ܬ

(24)෍ݕ௜௝
௥ ൌ 																	௝ݖ

௜

∀	݆ ∈ ,	ܬ ݎ ∈ ܴ 

(25)෍ݕ௝௞
௥ ൌ 1																	

௝

∀	݇ ∈ ,	ܭ ݎ ∈ ܴ 

௜௝௞ݐ(26)
௥ ൌ ܹ ௜ܶ

௥ ൅ܹ ௝ܶ
௥ ൅ܹ ௞ܶ

௥ ൅ ܴܶ௜௝
௥ ൅ ܶ ௝ܴ௞

௥  

(27)௝ܼ, ௝ܲ ݕ௜௝
௥ , ௝௞ݕ

௥ ൌ 0,1	  							∀	݅ ∈ ,ܫ ݆ ∈ ,ܬ ݇ ∈ ,ܭ ݎ ∈ ܴ  
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୧୨ݔ(28)
௥ ൒ ୧୨ݔ	⋂	0

௥ ∈ ܼ							∀	݅ ∈ ,ܫ ݆ ∈ ,ܬ ݎ ∈ ܴ			         

௝ܥ(29) ൒ ௝ܥ	⋂	0 ∈ ܼ											∀	݆ ∈          				ܬ

 
The first objective function minimizes the total operational cost. The total operational cost is comprised 
of two parts, the first of which is the total operation cost regardless of the carbon tax cost, and the 
second is the carbon tax cost imposed on carbon due to implementation of the carbon tax policy. The 
first part includes four items: fixed cost of constructing the distribution center, total variable cost of 
processing at the distribution center, total cost of delivery from distribution centers to sales terminals, 
and total cost of transportation from logistics centers to distribution centers. On the other hand, the 
second part consists of three items: the carbon cost resulting from the processing stages at distribution 
center, cost of delivery from distribution center to sales terminal, and cost of transport from logistics 
center to distribution center. Moreover, the second objective function minimizes the total response time 
in the network as well.  

Constraints (3) and (4) state that a distribution center cannot join the distribution activities as long as it 
is not constructed. Constraint (5) states that some amount of a certain commodity will be delivered 
from a certain logistics center to a certain distribution center only when the relationship between that 
logistics and distribution center has been established. Constraint (6) states that only the activated 
distribution centers will be equipped with low-carbon resources and equipment. Constraint (7) states 
that only the activated distribution centers will have capacity. Constraint (8) expresses that the capacity 
of each distribution center should be larger than or equal to its total output flow. Constraint (9) states 
that the sum of capacities of all distribution centers should be larger than or equal to the sum of demands 
of the sales terminals. Constraint (10) states that the capacity of each distribution center should be larger 
than or equal to its total input flow. Constraint (11) states that the sum of capacities of all distribution 
centers should be larger than or equal to the total flow that is transferred from all logistics centers to all 
distribution centers, which means that the distribution centers should be large enough for storing all the 
commodities carried from logistics centers. Constraints (12) and (13) refer to the logistics center's 
ability to supply commodities. Constraint (12) indicates that the total amount of the commodity that is 
transferred from each logistics center to the distribution centers should be less than the capacity of that 
logistics center. Constraint (13) also shows that the total amount of the commodity that is transferred 
from logistics centers to distribution centers should be less than total capacity of the logistics centers. 
Constraint (14) states that the sum of flows of the r-type commodity entering from all distribution 
centers into each sales terminal should meet the demand for the r-type commodity of that sales terminal. 
Constraint (15) shows that for each commodity, the input flow to each distribution center should be 
larger than or equal to its output flow. Constraint (16) states that the total input flow to a distribution 
center should be larger than or equal to its total output flow. Constraint (17) states that for each 
commodity, sum of the output flows coming out of all logistics centers should be larger than or equal 
to the sum of demands of all distribution centers. Constraint (18) shows that the total output flow 
coming out of the logistics centers should meet the total demand of the sales terminals. Constraint (19) 
states that the sum of fixed costs of the activated distribution centers should not be larger than the value 
of the available budget. Constraint (20) shows that W distribution centers should be constructed. 
Constraint (21) states that the resources with low carbon emission should be allocated only to V 
activated distribution centers. Constraint (22) ensures that all logistics centers will join the distribution 
activities. Constraint (23) states that none of the activated distribution centers should be without 
relationship. In fact, the purpose of considering Constraints (22) and (23) is to utilize the potential of 
all logistical centers and activated distribution centers for supplying the commodities. In cases that the 
capacity of the intended centers is at such a level that may seem very difficult even to supply demands 
of the sales terminals in unit of time, there will be no need for considering these two constraints, and 
the model itself will attempt to utilize the capacity of all these centers in order to supply the given 
demand. Constraint (24) shows that each distribution center can obtain its demand for r-type commodity 
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from a single logistics center at most. Similarly, Constraint (25) shows that each sales terminal can 
obtain its demand for r-type commodity from at most a single distribution center. Constraint (26) shows 
that the system's response time for r-type commodity, which is carried from the logistics center i to the 
sales terminal k through the distribution center j, is equal to that commodity's duration of presence at 
the first to third levels of the network plus the transportation time of that commodity between the 
network's levels. It should be noted that the total time of presence in the system (ܹ ௦ܶ௬௦) is equal to the 
sum of the times of presence at the first to third levels of the network. Constraint (27) states that 
variables	 ௝ܼ, ௝ܲ, ݕ௜௝

௥ , and ݕ௝௞
௥  can take the values of 0 and 1. Constraint (28) and (29) also express that 

variables ݔ୧୨
௥ and ܥ௝ have non-negative and integer values. 

 

3.5.  Queuing model 
 

The studied queuing network was a series-parallel network consisted of three levels. At each service-
providing node in the network, the queuing system was assumed as M/M/1 and service-providing was 
performed with an exponential distribution with μ parameter. Besides, the system was based on the 
FIFO (first-in/first-out) approach. It was assumed that the demand for commodities at demand point k 
followed an exponential distribution with parameter	ߣ௞. Since each distribution center provided 
services for a group of the demand points, the demand of each of these distribution centers ሺߣ௝ሻ would 
be equal to the total demand of its relevant downstream service-receivers. Therefore, it followed the 
following equation:  

௝ߣ  (30) ൌ෍ߣ௞ݕ௝௞																∀	݆ ∈ ܬ
௞

 

Moreover, commodity demand for logistics centers followed the exponential distribution, the parameter 
of which can be obtained through the following equation:  

௜ߣ(31) ൌ෍ߣ௝ݕ௜௝ ൌ
௝

෍෍ߣ௞ݕ௜௝ݕ௝௞
௞௝

							∀	݅ ∈  ܫ

Therefore, the schematic figure of the network would be as follows: 

 
Fig. 2. Queuing system of city logistics distribution network 

 
In this model, the demand for a commodity was expressed by two indices of demand occurrence and 
demand size at each time of occurrence. It was assumed that occurrence of the demand for each 
commodity was random variable U with exponential distribution and density function	 ௨݂ሺݑሻ, and the 
demand size at each time of occurrence was random variable V with uniform distribution and density 
function ௩݂ሺݒሻ.  

Since these two random variables were independent from each other, the following equations held true: 

(32)௎݂ሺݑሻ ൌ ൜݁ߜ
ିఋ௨, ݑ ൒ 0
0, ݑ ൏ 0

 



 366

(33)௏݂ሺݒሻ ൌ ൝
1

݀ െ ܿ
, ܿ ൏ ݒ ൏ ݀

0, ݁ݏ݅ݓݎ݄݁ݐ݋
 

ሻܦሺܧ(34) ൌ ሺܷܸሻܧ ൌ ሺܸሻܧሺܷሻܧ ൌ
ܿ ൅ ݀
ߜ2

 

Therefore, in the multi-commodity model of the present study, we had: 

௞ܦሺܧ(35)
௥ሻ ൌ

ܿ௞
௥ ൅ ݀௞

௥

௞ߜ2
௥  

The r-type commodity demand of the sales terminals (demand points) followed the exponential 
distribution with parameter ߣ௞

௥ . Also, ߩ was the productivity rate and the following equations held true: 

௞ߣ(36)
௥ ൌ

1
௞ܦሺܧ

௥ሻ
ൌ

௞ߜ2
௥

ܿ௞
௥ ൅ ݀௞

௥ 

ߩ(37) ൌ
௞ߣ
௥

௞ߤ
ൌ

1
௞ܦሺܧ௞ߤ

௥ሻ
ൌ

௞ߜ2
௥

௞ሺܿ௞ߤ
௥ ൅ ݀௞

௥ሻ
 

According to the queuing theory, indices of the M/M/1 queuing model were as follows (Saeedi et al., 
2017): 

(38)௪݂௧ሺݐሻ ൌ ሺߤ െ  ሻ݁ିሺఓିఒሻ௧ߣ

ሻݐௐ்ሺܨ(39) ൌ ܲሺܹܶ ൑ ሻݐ ൌ නሺߤ െ ݐሻ݁ିሺఓିఒሻ௧݀ߣ ൌ 1 െ ݁ିሺఓିఒሻ௧
௧

଴

 

(40)ܹܶ ൌ ሺܹܶሻܧ ൌ න ௪݂௧ሺݐሻݐ݀ݐ ൌ නሺߤ െ ݐ݀ݐሻ݁ିሺఓିఒሻ௧ߣ ൌ
1

ߤ െ ߣ

ஶ

଴

ஶ

଴

 

(41)ܹ ௤ܶ ൌ ܹܶ െ
1
ߤ
ൌ

ߣ
ߤሺߤ െ ሻߣ

 

ܴܮ(42) ൌ ܹܶߣ ൌ
ߣ

ߤ െ ߣ
 

௤ܴܮ(43) ൌ ܹߣ ௤ܶ ൌ
ଶߣ

ߤሺߤ െ ሻߣ
 

According to the above-mentioned discussions and equations, with regard to our discussion on the 
queuing model of the given problem in the present study, Eq. (44) shows the average duration of stay 
in the system in three stages of the network. Eq. (45), Eq. (46), and Eq. (47) show the average duration 
of waiting in the queue, average number of commodities existing in the system, and average number 
of commodities waiting in the queue, respectively. 

(44) ܹ ௦ܶ௬௦ ൌ෍෍ܹ ூܶ
ோ ൅෍෍ܹ ௃ܶ

ோ ൅
௝௥௜௥

	෍෍ܹ ௄ܶ
ோ

௞௥

ൌ෍෍
1

௜ߤ െ ௜௜௥ߣ

൅෍෍
1

௝ߤ െ ௝௝௥ߣ

൅෍෍
1

௞ߤ െ ௞௞௥ߣ

ൌ෍෍
1

௜ߤ െ ∑ ∑
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௜௝ݕ
௥ ௝௞ݕ

௥
௞௝௜௥

൅෍෍
1

௝ߤ െ ∑
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ
௥

௞௝௥

൅෍෍
1

௞ߤ െ
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ௞௥

 

(45) ܹ ௤ܶ ൌ෍෍
௜ߣ

௜ߤ௜ሺߤ െ ௜ሻ௜௥ߣ

൅෍෍
௝ߣ

௝ߤ௝൫ߤ െ ௝൯௝௥ߣ

൅෍෍
௞ߣ

௞ߤ௞ሺߤ െ ௞ሻ௞௥ߣ

ൌ෍෍
∑ ∑ ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ௜௝ݕ
௥

௞௝

௜ߤ ൬ߤ௜ െ ∑ ∑
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௜௝ݕ
௥ ௝௞ݕ

௥
௞௝ ൰௜௥

൅෍෍
∑ ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ
௥

௞

௝ߤ ൬ߤ௝ െ ∑
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ
௥

௞ ൰௝௥

൅෍෍

ଶఋೖ
ೝ

௖ೖ
ೝାௗೖ

ೝ

௞ߤ ൬ߤ௞ െ
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ൰௞௥
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௦௬௦ܴܮ (46) ൌ෍෍
௜ߣ

ሺߤ௜ െ ௜ሻ௜௥ߣ

൅෍෍
௝ߣ

൫ߤ௝ െ ௝൯௝௥ߣ

൅෍෍
௞ߣ

ሺߤ௞ െ ௞ሻ௞௥ߣ

ൌ෍෍
∑ ∑ ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ௜௝ݕ
௥

௞௝

൬ߤ௜ െ ∑ ∑
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௜௝ݕ
௥ ௝௞ݕ

௥
௞௝ ൰௜௥

൅෍෍
∑ ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ
௥

௞

൬ߤ௝ െ ∑
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ
௥

௞ ൰௝௥

൅෍෍

ଶఋೖ
ೝ

௖ೖ
ೝାௗೖ

ೝ

൬ߤ௞ െ
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ൰௞௥

 

(47) 
௤ܴܮ ൌ෍෍

௜ߣ
ଶ

௜ߤ௜ሺߤ െ ௜ሻ௜௥ߣ

൅෍෍
௝ߣ
ଶ

௝ߤ௝൫ߤ െ ௝൯௝௥ߣ

൅෍෍
௞ߣ

ଶ

௞ߤ௞ሺߤ െ ௞ሻ௞௥ߣ

ൌ෍෍
൬∑ ∑ ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ௜௝ݕ
௥

௞௝ ൰
ଶ

௜ߤ ൬ߤ௜ െ ∑ ∑ ଶఋೖ
ೝ

௖ೖ
ೝାௗೖ

ೝ ௜௝ݕ
௥ ௝௞ݕ

௥
௞௝ ൰௜௥

൅෍෍
൬∑

ଶఋೖ
ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ
௥

௞ ൰
ଶ

௝ߤ ൬ߤ௝ െ ∑ ଶఋೖ
ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ
௥

௞ ൰௝௥

൅෍෍
൬

ଶఋೖ
ೝ

௖ೖ
ೝାௗೖ

ೝ൰
ଶ

௞ߤ ൬ߤ௞ െ
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ൰௞௥

 

Based on the above points, the second objective function of the problem (Eq. (2)), which was equal to 
the total response time, was generally built up of aggregation of five parts:  

(48)minܴܶ ൌ ܹ ௦ܶ௬௦ ൅෍෍෍ܴܶ௜௝
௥ ௜௝ݕ

௥ ൅෍෍෍ܶ ௝ܴ௞
௥ ௝௞ݕ

௥

௞௝௥௝௜௥

 

By substituting, the following function was obtained: 
(49)݉݅݊ ܴܶ ൌ෍෍

1

௜ߤ െ ∑ ∑ ଶఋೖ
ೝ

௖ೖ
ೝାௗೖ

ೝ ௜௝ݕ
௥ ௝௞ݕ

௥
௞௝௜௥

൅෍෍
1

௝ߤ െ ∑ ଶఋೖ
ೝ

௖ೖ
ೝାௗೖ

ೝ ௝௞ݕ
௥

௞௝௥

൅෍෍
1

௞ߤ െ
ଶఋೖ

ೝ

௖ೖ
ೝାௗೖ

ೝ௞௥

൅෍෍෍ܴܶ௜௝
௥

௝௜௥

௜௝ݕ
௥ ൅෍෍෍ܶ ௝ܴ௞

௥

௞௝௥

௝௞ݕ
௥  

3.6.  Linearization of the first objective function 
 

In the above model, item (1) in both the first and second parts of the first objective function included 
the multiplication of two decision variables. To simplify the solution, it can be linearized using the 
following method.  

For the first item in the first part, the following logical method can be used:  

௝ܥܣ(50) ൌ ൜
	݂݅							௝ܥ ௝ܼ ൌ 1
0							݂݅	 ௝ܼ ൌ 0  

By this definition, the previous multiplication of variables ܥ௝ and ௝ܼ were converted into a single 
variable ܥܣ௝. The ܥܣ௝ equations based on ௝ܼ were represented in constraints of the model. However, 
regarding Constraint (7), variable ௝ܼ can be entirely removed from the objective function without 
defining a variable such as ACj.  

For item (1) in the second part, the optimal solution can be obtained under the following conditions: 

௝ܥ(51) ൌ෍෍෍ܧሺܦ௞
௥ሻݕ௝௞

௥

௥௞௝

 

Therefore, here, ܥ௝ is replaced for ∑ ∑ ∑ ௞ܦሺܧ
௥ሻݕ௝௞

௥
௥௞௝ . A non-negative interval variable MC was 

created, which can be specified as following: 

௝ܥܯ(52) ൌ ቊ
ሺ1 െ ܾሻ݁݌௝. 	݂݅							௝ܥ ௝ܲ ൌ 1
.௝݁݌ 	݂݅																					௝ܥ ௝ܲ ൌ 0

 

Similarly, the ௝ܲ-based logical equations ܥܯ௝ are shown in the model's set of constraints. 

Now, the first objective function of the problem can be specified as follows: 
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(53) 
ܥܶ	݊݅ܯ ൌ ቎෍ ௝݂ܥܣ௝ ൅෍෍෍ݒ௝

௥ܧሺܦ௞
௥ሻݕ௝௞

௥

௥௞௝௝

൅෍෍෍ݐ௝
௥ܧሺܦ௞

௥ሻ ௝݀௞ݕ௝௞
௥

௥௞௝

൅෍෍෍ݏ௜
௥ݔ௜௝

௥ ݀௜௝
௥௝௜

቏

൅ 		ܽ ቎෍ܥܯ௝
௝

൅෍෍෍ݐ ௝݁ܧሺܦ௞
௥ሻ ௝݀௞ݕ௝௞

௥

௥௞௝

൅෍෍෍݁௜ݔ௜௝
௥ ݀௜௝

௥௝௜

቏ 

 
4. Numerical example 
 

Cost of the processing variable in the distribution centers uniformly ranged between 10 and 20 
monetary units. The maximum available budget for constructing the distribution centers was 30000 
monetary units. Besides, according to the program, a maximum number of 5 distribution centers would 
be constructed, only two of which would be equipped with low-carbon equipment due to the capital 
constraints. The carbon emission reduction percentage at any distribution center, where the low-carbon 
resources were considered, was equal to 50%. Also, the carbon tax rate was assumed equal to 30%. 

The service-providing rate at the first to third levels of the network was assumed equal to 12, 8, and 4, 
respectively. The occurrence of demand at sales terminals had an exponential distribution with 
parameter δ, the values of which were considered uniformly between 3 and 5. The upper and lower 
limits of a uniform distribution function, which determined the demand value for each commodity, 
were assumed equal to 40 and 80, respectively. The average speed of the vehicles at the first and second 
levels of the network was equal to 30 and 20 km/h, respectively. Naturally, the transportation time 
between the network levels was equal to the distances of the network points divided by the mean speed. 
Other parameters are initialized in Table 3: 
 
Table 1 
Values of other parameters of the numerical example 
௝ݒ
௥

 Uniformly ranging between 10 and 20 monetary units per unit of commodity 
௝ݐ
௥

 Uniformly ranging between 4 and 5 monetary units per unit of commodity and unit of distance  

௜ݏ
௥

 Uniformly ranging between 2 and 4 monetary units per unit of commodity and unit of distance  

pej Uniformly ranging between 100 and 600 units of carbon emission per unit of commodity  

tej Uniformly ranging between 0.5 and 3 units of carbon emission per unit of commodity and unit of distance  

ei Uniformly ranging between 1 and 2 units of carbon emission per unit of commodity and unit of distance  

Ui Uniformly ranging between 1000 and 2000 units of commodity  

 
Considering the above values, now, we are going to describe the results obtained from solving the 
model via epsilon constraint method and by BARON solver in GAMS software. Epsilon constraint 
method is based on converting a multi-objective optimization problem into a single-objective 
optimization problem. This method is one of the most well-known approaches for dealing with the 
multi-objective optimization problems, which solves such problems by transferring all the objective 
functions, except one, to the constraints at each stage. In fact, in this method, one of the objectives of 
the given problem is optimized as the main objective relative to the other objectives as constraints, 
which is called epsilon constraint (Ehrgott, 2005; Bérubé, 2009). This method was first developed by 
Haimes et al. (1971) and, then, its details were described in Chankong and Haimes (1983) study. In the 
proposed problem in the present study, the first objective, i.e. the total operational cost, was investigated 
as the main objective and the second objective, i.e. the response time, as the secondary objective. 
Therefore, regarding the epsilon constraint method, formulation of the objectives was as follows: 

 ܥܶ	݊݅݉(54)

(55)ܴܶ ൑  ߝ

In order to determine the Pareto points, first, each objective function was solved separately. The 
obtained results are reported in Table 2. 
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Table 2 
Results of solving the model using each objective function separately 

LRq WTq Pj Zj RTTC Objectives 
5.061 8.235 2, 3 2, 3, 8 37.5193706702.610 Min TC 
2.094 8.589 1, 2 1, 2, 6 31.703 10583940.000 Min RT 

 
The ideal value of the first objective function was 3706702.610 and the worst value of the second 
objective function was 37.519; the problem did not have multiple optimal solutions. Therefore, there 
was no solution that can overcome the above optimal solution. Subsequently, based on epsilon 
constraint method and having Δ = 0.5, the optimal points of the were are generated; then, the best found 
solutions, i.e. the non-dominated Pareto solutions, were provided for the objective functions. In the 
consecutive repetitions of epsilon constraint method, 10 solutions were obtained for the given problem, 
the features of which are shown in Table 3. The values of the objective functions presented in the first 
and last rows of this table represent the ideal and nadir values for the two objective functions. 
 
Table 3 
Results of solving the model for different epsilon values 

Objective 2 (RT) Objective 1 (TC) ε Number 
37.519 3706702.610 - 1 
35.817 3734731.98 37.019 2 
34.542 3724240.95 36.519 3 
35.540 3732468.74 36.019 4 
35.817 3727184.93 35.519 5 
34.542 3763387.52 35.019 6 
35.54 3796109.93 34.519 7 
35.031 3989644.42 34.019 8 
34.791 3871823.28 33.519 9 
31.703 10583940.00 - 10 

 
It should be noted that some of these points were dominated by some others and, thus, removed from 
among the effective and Pareto solutions. Table 3 shows the dominated and non-dominated points in 
the absence of the ideal and nadir values of the objective functions. The blue points are dominated by 
green ones. 

 
Fig. 3. Dominated and non-dominated points 
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The following figure demonstrates all the Pareto and effective points after eliminating the dominated 
points. Accordingly, the number of Pareto solutions obtained for this problem with Δ=0.5 was equal to 
five points.  

 
Fig. 4. Pareto points of the problem 

 
One of the effective points for implementation is selected based on the priorities of the decision-makers 
and beneficiaries. The important notable point about the set of effective points obtained from epsilon 
constraint method is the completeness and accuracy of this set. In other words, in case of using other 
multi-objective problem solving methods for the mathematical model, the final solution of these 
methods will be one of the effective solutions obtained via epsilon constraint method. 

5. Sensitivity analysis 
 

This section deals with a sensitivity analysis on the given numerical example in order to investigate 
validity and behavior of the mathematical model and find the effect of changing the model's parameters 
on the given problem. For this purpose, effects of the 20% increase and reduction in the parameters, 
including service-providing rate at the network's nodes (μ), demand occurrence rate (δ), and carbon tax 
rate (a), on the objective functions and queuing network criteria were taken into consideration. 
Although other parameters of the model might also affect the objective functions, only the basic 
parameters given for investigating the model's validity and behavior were considered. To perform the 
sensitivity analysis, the first objective function was considered as the main objective function. 

Fig. (5) shows the effect of different values of service-providing rate at the network's nodes on values 
of the objective functions and queuing network criteria. As could be expected, by changing the service-
providing rate at nodes of the network, no change occurred in the value of the first objective function, 
i.e. the total operational costs. That is because, basically, this objective function is not dependent on 
the service-providing rate, which is clearly evident in the equation of the first objective function. 
However, by increasing the service-providing rate at the network's nodes, the second objective function, 
i.e. the response time, was reduced. Accordingly, it is clear that the higher was the rate at which the 
commodities received services at the network's nodes, the shorter would be the duration of their 
presence in the system and, as a result, the shorter the response time. All in all, the above-mentioned 
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points imply accuracy of the model's behavior. Furthermore, it should be noted that this implication 
can be utilized to derive an appropriate strategy, on the basis of which, if desired, we can reduce the 
response time in the network without increasing the costs. According to what has been maintained thus 
far, one of the forthcoming strategies in this regard is to increase the service-providing rate at the 
network's nodes.  

 
Fig. 5. Effect of changes in service-providing rate on objective functions 

 
Fig. (6) and Fig. (7) show the effect of different values of demand occurrence rate on values of the 
objective functions and queue network criteria.  

 
Fig. 6. Effect of changes in demand occurrence rate on objective functions 
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of the problem and equation of the first objective function. Moreover, increase in the average demand 
led to a reduction in the second objective function, i.e. the response time. This was natural because as 
much as the average demand is increased, the demand entry rate (λ) is reduced proportionately, and the 
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term 
ଵ

ఓିఒ
, which represents the duration of presence in the system, is also reduced. Thus, it is expected 

that the duration of presence in the network would be reduced as well. Furthermore, the increased 
demand occurrence rate resulted in the increased time of waiting in the queue as well as increased 
average length of the queue, which was predictable. All the above-mentioned points exhibited validity 
of the model's behavior.  

 

 
Fig. 7. Effect of changes in demand occurrence rate on queue indices 

 
Subsequently, in order for separate investigation of the effect of changes in the carbon tax rate on the 
operational costs and carbon emission rate, the first objective function of the mathematical model is 
written as TC=TC1+a*TC2. TC1 indicates the total operational costs without considering the carbon 
tax costs and TC2 stands for the total carbon emission rate in the network. Figure (8) demonstrates the 
effect of different values of carbon tax rate on values of the objective functions and queuing network 
criteria.  

 
Fig. 8. Effect of changes in carbon tax rate on costs and carbon emission rate 
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As shown in the above figure, with an increase in the carbon tax rate, the total operational costs were 
also increased due to their direct association with carbon tax rate. However, in the meantime, the carbon 
emission rate was reduced in the network, which indicated the desirable effect of the carbon tax policy. 
All in all, based on all of the above-mentioned points, validity of the model was proven.  

6. Conclusion 
 

For a city transport and logistics distribution system, as a considerable energy consumer and pollution-
generator sector, saving the energy and reducing the pollutants are of great importance, especially in 
metropolises with massive population. Meanwhile, in some cases, it is essential to meet the demand for 
commodities in urban areas instantly. Such a necessity is outstandingly highlighted in cases of crisis 
and in relation to emergency commodities. The present paper investigated the problem of designing 
and planning a sustainable city logistics distribution network with the queuing theory approach as a 
multi-commodity bi-objective model (Arvan et al., 2015) and considering the capacity of the relevant 
centers and facilities. Accordingly, the first and second objectives were designed to minimize the 
economic and environmental costs at the network level and to minimize the response time in the 
network, respectively. The major innovations of the present work included the use of queuing theory 
approach in the city logistics distribution network design in order to improve its accuracy, flexibility, 
and applicability in the city logistics modelings and, furthermore, application of the carbon tax policy 
as well as the incentive policy of allocation of the low-carbon resources to distribution centers in order 
to reduce the pollutants emission rate. To investigate validity of the model's behavior, a numerical 
example was generated. Then, the results obtained from solving the numerical example via epsilon 
constraint method were presented. Furthermore, sensitivity analysis was performed on some basic 
parameters of the model, the results of which showed that considering the carbon tax policy would lead 
to the reduced carbon emission rate. The potential areas of research that can be investigated in relation 
to development of the mathematical model presented in this work could be proposed for further studies 
as following: 

1. The model proposed in this work considered the network's nodes as an M/M/1 queuing system. 
One may propose the idea that the queue system has a different model. 

2. The integration of the problem presented in this work with the vehicle routing problems can be 
presented as an appropriate idea.  

3. The problem can be viewed as a multi-period and dynamic one. 
4. Since one of the major characteristics of the intra-city routes is their orthogonality, one may 

propose the idea that such distances can be used instead of direct distances in the future 
developed models. 

5. Since the problems similar to the problem presented in this work are of NP-hard type, when 
they are applied in real cases, the exact solution methods such as epsilon constraint method 
might not be fast enough; thus, it would be necessary to provide meta-heuristic methods for 
solving the problems. 
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