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 Many entrepreneurs use different ways to offer credit to enhance long term profit as well as 
relations with their customers. Order-size dependent credit period is one of them that encourage 
customers to order large lots to grab more credits in payments. Since display of items play 
positive role in boosting demand, stock dependent demand is assumed in the proposed model. 
Ordering large lots can create space issue so the proposed model presents a rented warehouse 
along with owned one. Rented warehouse is used only when owned warehouse is utilized, 
completely. Here we propose an integrated inventory model with capacity utilization 
dependent holding cost to optimize joint profit of supplier and retailer. An algorithm is 
developed to determine the optimal replenishment policies in order to enhance total profit of 
supply chain under different ordering schemes. Total joint profit for supplier and retailer is 
optimized using MATLAB 2015. Numerical examples are presented to illustrate the solution 
procedure and the results. Sensitivity analysis for some key parameters is carried out to 
demonstrate the influence of different parameters on over-all profit and cycle time. The 
proposed model is applicable to fast moving consumer goods (FMCG) and home textile 
industry. 
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1. Introduction 

A traditional EOQ model has a basic assumption that the retailer will pay the full amount to the supplier 
when the products are received. However, in real market scenario, supplier usually allow delay in 
payment to retailer that is well known as trade credit. For suppliers, offering delay in payment may 
attract retailers and increase in sales and, at the same time, it decreases supplier’s inventory carrying 
cost. For retailers, delay in payment not only reduces the opportunity cost of capital, but also allows 
them to earn interest on the revenue generated during the permissible delay period. Hence, trade credit 
policy is a win – win situation for both supplier and retailer. Goyal (1985) was the first to develop an 
EOQ model with fixed credit period. Later on Agrawal and Jaggi (1995) and Chang et al. (2008) 
extended the same idea for deterioration items. The trade credit policy that the supplier offers could be 
of different types in real life situations. Some researchers assumed that both retailers and customers can 
buy with trade credit which is called a two-level trade credit policy. There are several relevant papers 
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related to the two-level trade credit policy such as Huang (2003), Teng and Chang (2009), Min et al. 
(2010) and Kumar et al. (2011). Moreover, some researchers assumed that the supplier provides the 
delay payment and cash discount simultaneously, i.e., the supplier offers a cash discount to the retailer 
to encourage him to settle the account earlier. The available results adopting this assumption can be 
found in the work of Ouyang et al. (2002), Ouyang et al. (2005), Chang (2002) and Sana and Chaudhuri 
(2008). All of the above mentioned papers discussed the issue from the perspective of the supplier or 
the retailer, and just focused on one sided optimal strategies. Shah et al. (2010) presented a complete 
review of trade credit in inventory models. 

Businesses must integrate their supply chain to enhance the operational efficiency, satisfy customers 
more efficiently and lowering the inventory cost. Since the motive of players is different and some of 
the time conflicting in a non-integrated supply chain, it leads to loss of competitive advantage. Goyal 
(1976) first developed an integrated inventory model to determine the optimal joint inventory policy 
for a single supplier and a single retailer. Abad and Jaggi (2003) combined the concept of an integrated 
inventory model and trade credit policy, and established a supplier–retailer integrated system in which 
the supplier offers trade credit to the retailer. Afterward, few integrated inventory model with various 
trade credit policies can be found in Su et al. (2007) and Ho et al. (2008). An inventory model in which 
two level trade credit with an agreement of profit sharing is found in Shah (2015). Shah (2015) 
formulated an integrated inventory model for three players dealing with deteriorating item and 
quadratic demand rate. Shah and Chaudhari (2015) also formulated an integrated inventory model for 
three players dealing with deteriorating item with fixed lifetime and demand rate quadratically 
decreasing and credit period dependent.  

The above papers assumed that the warehouse owned by the retailer is adequate to store the entire 
procured inventory. Practically, retailer may order more items when faced an attractive price discount 
or when the ordering cost is relatively higher than the holding cost. If the space in the own warehouse 
(OW) is not sufficient to store all the purchased units, an external rented warehouse (RW) is used to 
hold the excess units. Generally, the unit holding cost in RW is higher than the OW. Therefore, 
purchased units are kept in the OW first and the excess units are kept in the RW. In addition, the units 
at the RW should be exhausted before units from the OW are retrieved. An inventory model with two 
levels of storage, attracted the attention of many researchers. Some related studies in this area include 
Goyal and Giri (2001) who used it for deteriorating inventory, Zhou and Yang (2005) and Panda et al. 
(2010) who considered stock dependent demand. However, the impact of trade credit policy on the 
optimal solution is not considered in these papers. Huang (2006) first established an EOQ model with 
two warehouses and a two-level trade credit policy. Ouyang et al. (2007) proposed an EOQ model with 
limited storage capacity and trade credit. Later, Liang and Zhou (2011) developed a two-warehouse 
inventory model with trade credit policy for deteriorating items, which assumed that the RW has a 
higher deterioration rate than the OW. These papers discuse two warehouses determined the optimal 
inventory policy only from the retailer’s perspective. 

Deterministic inventory models usually consider the demand rate to be either constant or time-varying 
but independent of level of inventory i.e. stock dependent. However, it has been noted, especially in 
the retail market, that these inventory models are unsuitable for representations of the reality of 
inventory control situation in the retail field. Levin et al. (1972) quoted that “large piles of goods attract 
more customers” this is termed as stock-dependent demand. Urban (2005) computed optimal order 
quantity when demand is stock-dependent. Liang and Zhou (2011) formulated two warehouse 
inventory model with stock dependent demand under conditional permissible delay payment. This 
implies that holding higher inventory level will probably make the retailer sell more items. Under this 
situation, the demand rate should depend on the level of inventory. 

Trade credit policy is a common business practice nowadays and it is important to explore the impact 
of trade credit policy on an integrated inventory problem. Chang, Ho et al. (2009), Shah et al. (2014) 
formulated an integrated inventory model with stock dependent demand where trade credit is linked to 
order quantity where threshold for trade credit is carefully decided benefiting both the players. Liao et 
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al. (2012) formulated an integrated inventory model for deteriorating items when trade credit is order 
size dependent. Liao et al. (2013) established an integrated inventory model for deteriorating items with 
fixed trade credit period and two warehouses system. When the length of the delayed payment is linked 
to order quantity rather than a fixed parameter, the retailer is encouraged to order large quantities with 
a longer delayed payment period so that the order quantity might exceed the OW capacity. Ouyang, Ho 
et al. (2015) formulated an integrated inventory problem with an order-size dependent trade credit and 
limited storage capacity.  

Literature review clearly shows that integrated inventory model is still not studied and analyzed for 
capacity utilization dependent holding cost for supplier and stock dependent demand for retailer. This 
paper deals with an integrated inventory model with different permissible delay periods based on 
ordered quantity. Model considers owned as well as rented ware house system to manage stock 
dependent demand and trade credit offers. This model is realistic as it studies joint profit scenario of 
supply chain instead of optimizing retailer or supplier individual profit. An algorithm is developed to 
determine the optimal policy for the supplier and the retailer. Model as well as algorithm is validated 
with numerical examples. Sensitivity analysis for important inventory parameters is carried out. 

2. Notations and Assumptions 

 The proposed model is based on the following notations and assumptions. 

2.1 Notations 

ߙ ,Demand rate :ܦ  ߙ ሻwhereݐሺܫ	ߚ  0 denotes scale demand,	0 ൏ ߚ ൏ 1 is stock dependent 
parameter. 

ܲ:  Supplier production rate, ܲ   ܦ

 : Retailer’s ordering cost per orderܣ

 ௦:  Supplier’s setup cost per orderܣ

 ோଵ:  Retailer’s holding cost for items in own warehouse (OW), excluding interest chargesݎ

ோଶݎ ,ோଶ:  Retailer’s holding cost for items in rented warehouse (RW), excluding interest chargesݎ 
 ோଵݎ

 ௦:  Supplier’s holding cost, excluding interest chargesݎ

݂:  Fixed transportation cost per shipment 

ଵ݂:  Unit transportation cost 

ܿሺܲሻ:  Supplier unit production cost which is a convex function of ܲ 

ݒ ,Retailer’s unit purchasing cost :ݒ  ܿ 

ݏ ,Retailer’s unit retail price :ݏ   ݒ

ߩ .Supplier capacity utilization, i.e. ratio of demand to production rate  :ߩ ൏ 1 

 Maximum storage capacity of retailer’s OW  :ݓ

 .௦: Supplier’s capital opportunity loss per $ per unit timeܫ

 .: Retailer’s capital opportunity loss per $ per unit timeܫ

 .: Retailer’s interest earned per $ per unit timeܫ

݉: Number of shipments from supplier to the retailer. 
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ܶ: Retailer’s replenishment cycle time (a decision variable). 

௪ܶ: Time for depletion of maximum storage capacity in OW. 

,ݐሻ: Inventory level at any instant of timeݐሺܫ 0  ݐ  ሻݐሺܫ	,ܶ ൌ ൜
,ሻݐଵሺܫ ܶ  ௪ܶ

,ሻݐଶሺܫ ܶ  ௪ܶ
 

ܳ: Retailer’s ordering quantity (a decision variable)	ܳሺݐሻ ൌ ൜
ܳଵሺݐሻ, ܶ  ௪ܶ

ܳଶሺݐሻ, ܶ  ௪ܶ
 

,ሺ݉ߨ ܶሻ: Joint total profit per unit time. 

2.2 Assumptions 

1) Inventory system consists of single retailer and single supplier. The retailer orders ܳ units in 
each order. The supplier manufactures ݉ܳ units in each production run to reduce the setup cost 
and delivers ܳ units to the retailer. 

2) The unit production cost ܿሺܲሻ is a convex function of production rate ܲ and is given by	ܿሺܲሻ ൌ
ܿ 

ଵ

భ
 ܲమ, where ܿ, ܿଵ and ܿଶ are non-negative real numbers. The fixed cost ܿ can be 

regarded as the material cost. The cost component 
ଵ

భ
 decreases as the production rate increases, 

representing costs such as labor cost or energy cost. The third term ܲమ denotes a cost 
component that increases with the production rate such as additional tool or die wear at high 
production rate. For notational simplicity, ܿሺܲሻ and ܿ are used interchangeably in this paper. 

3) The trade credit offered by the supplier is related to the retailer’s order quantityܳ, and is given 
as 

  
 ࡹ ࡽ 	
ଵݍ 1  ܳ ൏ ଶݍ  ଵܯ
ଶݍ 2  ܳ ൏ ଷݍ  ଶܯ
: : : 
ݍ ݇  ܳ ൏ ାଵݍ ൌ ∞  ܯ

where 0  ଵܯ ൏ ଶܯ ൏ ⋯ ൏  and 0ܯ  ଵݍ ൏ ଶݍ ൏ ⋯ ൏ ݍ ൏ ∞ is a sequence of quantities 
at which a specific credit period is offered. That is, ܯ denotes the trade credit applicable to lot 
size falling in the range	ሾݍ,  .ାଵሻ. This is done to attract the retailer to order more quantitiesݍ

4) During the credit period, the retailer sells the items and uses the sales revenue to earn interest 
at the rate of	ܫ. At the end of permissible delay period, the retailer pays purchase cost to the 
supplier and incurs a capital opportunity cost at the rate of ܫ for the items in stock. 

5) By offering trade credit to the retailer, supplier bears opportunity cost at the rate of ܫ௦ for the 
offered credit period. 

6) To obtain longer credit period, retailer may order more items than his own warehouse (OW) 
capacity, the excess quantities are then stored in rented warehouse (RW). The OW has limited 
capacity, and the RW has an unlimited capacity. The holding cost of RW is more than OW, 
therefore items in RW are sold first and then the items in OW. When opting for rented 
warehouse, the units from RW are displayed until the stock depletes to zero and then the items 
in OW are displayed. Moreover both the warehouses are at the same place. 

7) Lead time is zero. Shortages are not allowed. 
 

3. Mathematical Model 

In the proposed, model inventory level of retailer depletes due to stock dependent demand at any instant 
of time. Hence, inventory is governed by following differential equations at any instant of time	ݐ, 
depending on the two cases. 

Case 1 - ܶ   ݓܶ
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Here in this case the cycle time ܶ is less than the time taken for depletion of maximum storage capacity 
of OW. For this case retailer will not need a RW and the rate of change in inventory level is given by 

ሻݐଵሺܫ݀ 

ݐ݀
ൌ െሺߙ  ,ሻሻݐଵሺܫ	ߚ 0  ݐ  ܶ (1) 

 

with boundary conditions	ܳଵ ൌ ଵሺܶሻܫ ሺ0ሻ andܫ ൌ 0 

The solution of the differential equation (1) is  

ሻݐଵሺܫ  ൌ
ߙ
ߚ
൫݁ఉሺ்ି௧ሻ െ 1൯, 0  ݐ  ܶ (2)

Therefore, the optimal order quantity in each shipment if ܶ  ௪ܶ is 

 ܳଵ ൌ ሺ0ሻܫ ൌ
ߙ
ߚ
൫݁ఉሺ்ሻ െ 1൯ (3)

 

3.1 Supplier’s total profit per unit time  

Supplier produces ݉ܳଵ units in each production run, so the production cycle length for supplier is	݉ܶ. 
The supplier total profit per unit time consist of sales revenue, production cost, setup cost, holding cost 
and opportunity cost. 

1) Sales revenue, ݎݏݏଵ ൌ  ଵܳݒ
2) Production cost, ܿݏଵ ൌ ܿܳଵ 

3) Setup cost, ܿݏݏଵ ൌ
ೞ


 

4) Holding cost, ݄ܿݏଵ ൌ ܿሺݎ௦  ௦ሻሺሺ݉ܫ െ 1ሻሺ1 െ ሻߩ  ሻߩ ቂ ሻݐଵሺܫ
்


 ቃ (using Joglekar (1988))ݐ݀

5) Offering a credit period ܯ to the retailer the opportunity cost is ܿݏଵ ൌ
௩ூೞொభெ


ൌ  ܯ௦ܳଵܫݒ

Consequently, when the supplier offers a credit period	ܯ, ݅ ൌ 1,2, … , ݇ to the retailer the total profit 
per unit time denoted by ܵܶܲ1ሺ݉, ܶሻ is a function of ݉ and ܶ can be expressed as 

 
ܵܶܲ1ሺ݉, ܶሻ ൌ

1
ܶ
ሺ	ݎݏݏଵ െ ଵܿݏ െ ଵܿݏݏ െ ଵ݄ܿݏ െ ଵሻ (4)ܿݏ

 

3.2 Retailer’s total profit per unit time  

The retailer’s total profit per unit time consists of sales revenue, purchase cost, ordering cost, 
transportation cost, holding cost, interest earned and opportunity cost. 

1) Sales revenue, ݎݏݎଵ ൌ  ଵܳݏ
2) Purchase cost, ܿݎଵ ൌ  ଵܳݒ
3) Ordering cost, ܿݎଵ ൌ  ܣ
4) Transportation cost, ܿݐݎଵ ൌ ݂  ଵ݂ܳଵ 

5) Holding cost, ݄ܿݎଵ ൌ ݒோଵݎ ቂ ሻݐଵሺܫ
்
  ቃݐ݀

6) Opportunity cost and interest earned: The credit period	ܯ, ݅ ൌ 1,2, … , ݇ offered by the supplier 
is based on the retailer’s order quantity. Based on the values of ܯ and	ܶ, we have the following 
two cases: (a) ܶ  ܶ	 and (b)ܯ   .ܯ

 

Case (a) - ሺܶ   ሻܯ

When ሺܶ  ௪ܶ  ሻ and ሺܶܯ  ܯ  ௪ܶሻ the opportunity cost and interest earned will be the same. 
Here the cycle time ܶ gets over before the permissible credit period ܯ as shown in Fig. 1, so 
irrespective of the value of ௪ܶ opportunity cost is zero. 
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So opportunity cost is, 

ଵܿݎ  ൌ 0 (5)
Retailer uses sales revenue to earn interest, so the interest earned is given by, 

 
ଵ݁݅ݎ ൌ ܫݏ ቈන ሺߙ  ݐሻሻݐଵሺܫ	ߚ

்


ݐ݀  ሺܯ െ ܶሻܳଵ 

 
(6)

0  ܶ

ܳ1 

݅ܯ

Interest earned 

 

 

Fig. 1. Interest earned by the retailer when	ܶ   ܯ

Case (b) - ሺܶ  ܯሻ i.e. ሺܯ ൏ ܶ  ௪ܶሻ 

In this case, the cycle time ܶ gets over after the permissible credit period ܯ as shown in Fig. 2. So the 
retailer capital opportunity cost is given as, 

 
ଵܿݎ ൌ ܫݒ ቈන ݐሻ݀ݐଵሺܫ

்

ெ

 

 

(7)

Retailer uses sales revenue to earn interest till	ܯ, so the interest earned is given by, 

 
ଵ݁݅ݎ ൌ ܫݏ ቈන ሺߙ  ݐሻሻݐଵሺܫ	ߚ

ெ


 ݐ݀

 
(8)

0  ܶ

ܳ1 

݅ܯ

Interest earned 

Opportunity cost 

 

Fig. 2. Opportunity cost and Interest earned by the retailer when	ܶ   ܯ
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Hence, the total profit per unit time for the retailer is, 
 

ܴܶܲ1ሺܶሻ ൌ ቊ
ܴܶܲ1

ሺܶሻ,					ܶ  ܯ

ܴܶܲ1
ሺܶሻ,					ܶ  ܯ

 

 
(9)

where, 

 
ܴܶܲ1

ሺܶሻ ൌ
1
ܶ
ሺݎݏݎଵ െ ଵܿݎ െ ଵܿݎ െ ଵܿݐݎ െ ଵ݄ܿݎ െ ଵܿݎ   ଵሻ݁݅ݎ

 
(10)

 
ܴܶܲ1

ሺܶሻ ൌ
1
ܶ
ሺݎݏݎଵ െ ଵܿݎ െ ଵܿݎ െ ଵܿݐݎ െ ଵ݄ܿݎ െ ଵܿݎ   ଵሻ݁݅ݎ

 
(11)

Case 2 - ܶ   ݓܶ

Here in this case the cycle time T is more than the time taken for depletion of maximum storage capacity 
of OW. This means the ordered quantity is more than ݓ	which is the maximum storage capacity of 
OW, for this case retailer will need a RW. 

As per the assumption ௪ܶ is the time for depletion of maximum storage capacity of OW and the units 
from RW are sold first. So for	ܶ  ௪ܶ, the inventory level in OW remains constant during the period 
ሾ0, ܶ െ ௪ܶሿ and depletes from	ሾܶ െ ௪ܶ, ܶሿ. In RW, the inventory level becomes 0 at time	ܶ െ ௪ܶ. 

The rate of change of inventory level in RW is given by 

ሻݐሺܫ݀ 

ݐ݀
ൌ െ൫ߙ  ,ሻ൯ݐሺܫ	ߚ 0  ݐ  ܶ െ ௪ܶ (12) 

   
With the conditions ܫሺܶ െ ௪ܶሻ ൌ 0 

The solution of the differential Eq. (12) is  

ሻݐሺܫ  ൌ
ߙ
ߚ
൫݁ఉሺ்ି்ೢ ି௧ሻ െ 1൯, 0  ݐ  ܶ െ ௪ܶ (13)

 

In OW, the rate of change is given by 

ሻݐሺܫ  ൌ ,ݓ 0  ݐ  ܶ െ ௪ܶ (14)
 

ሻݐሺܫ݀ 

ݐ݀
ൌ െ൫ߙ  ,ሻ൯ݐሺܫ	ߚ ܶ െ ௪ܶ  ݐ  ܶ (15)

With ܫሺܶሻ ൌ 0 

The solution of the differential Eq. (15) is, 

ሻݐሺܫ  ൌ
ߙ
ߚ
൫݁ఉሺ்ି௧ሻ െ 1൯, ܶ െ ௪ܶ  ݐ  ܶ (16)

 

Hence the inventory level in OW is given by Eq. (17) 

 
ሻݐሺܫ ൌ ൝

,ݓ 0  ݐ  ܶ െ ௪ܶ
ߙ
ߚ
൫݁ఉሺ்ି௧ሻ െ 1൯, ܶ െ ௪ܶ  ݐ  ܶ (17)

From the continuity of	ܫሺݐሻ  at	ݐ ൌ ܶ െ ௪ܶ, we have ݓ ൌ ఈ

ఉ
൫݁ఉሺ்ೢ ሻ െ 1൯ 

 
⇒ ௪ܶ ൌ

1
ߚ
ln ൬1 

ݓߚ
ߙ
൰ (18)
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Therefore inventory level at any instance of time when ܶ  ௪ܶ is given by, 

 

ሻݐଶሺܫ ൌ ൞
ݓ 

ߙ
ߚ
൫݁ఉሺ்ି்ೢ ି௧ሻ െ 1൯, 0  ݐ  ܶ െ ௪ܶ

ߙ
ߚ
൫݁ఉሺ்ି௧ሻ െ 1൯,									 ܶ െ ௪ܶ  ݐ  ܶ

 (19)

 

Moreover the optimal order quantity when ܶ  ௪ܶ is given byܳଶ ൌ  ଶሺ0ሻܫ

 ܳଶ ൌ ݓ	 
ߙ
ߚ
൫݁ఉሺ்ି்ೢ ሻ െ 1൯ (20)

3.3 Supplier’s total profit per unit time  

Supplier produces ݉ܳଶ units in each production run, so the production cycle length for supplier is	݉ܶ. 
The supplier total profit per unit time consists of sales revenue, production cost, setup cost, holding 
cost and opportunity cost. 

1) Sales revenue, ݎݏݏଶ ൌ  ଶܳݒ
2) Production cost, ܿݏଶ ൌ ܿܳଶ 

3) Setup cost, ܿݏݏଶ ൌ
ೞ


 

4) Holding cost, ݄ܿݏଶ ൌ ܿሺݎ௦  ௦ሻሺሺ݉ܫ െ 1ሻሺ1 െ ሻߩ  ሻߩ ቂ ሻݐଶሺܫ
்
  ቃ(using Joglekar (1988))ݐ݀

5) Offering a credit period ܯ to the retailer the opportunity cost is ܿݏଶ ൌ
௩ூೞொమெ


ൌ  ܯ௦ܳଶܫݒ

Consequently, when the supplier offers a credit period	ܯ, ݅ ൌ 1,2, … , ݇ to the retailer the total profit 
per unit time denoted by ܵܶܲ2ሺ݉, ܶሻ is a function of ݉ and ܶ can be expressed as 

 
ܵܶܲ2ሺ݉, ܶሻ ൌ

1
ܶ
ሺ	ݎݏݏଶ െ ଶܿݏ െ ଶܿݏݏ െ ଶ݄ܿݏ െ ଶሻ (21)ܿݏ

3.4 Retailer’s total profit per unit time  

The retailer’s total profit per unit time consists of sales revenue, purchase cost, ordering cost, 
transportation cost, holding cost, interest earned and opportunity cost. 

1) Sales revenue, ݎݏݎଶ ൌ  ଶܳݏ
2) Purchase cost, ܿݎଶ ൌ  ଶܳݒ
3) Ordering cost, ܿݎଶ ൌ  ܣ
4) Transportation cost, ܿݐݎଶ ൌ ݂  ଵ݂ܳଶ 

5) Holding cost, ݄ܿݎଶ ൌ ݒோଶݎ ቂ ሻݐሺܫ
்ି்ೢ


ቃݐ݀  ݒோଵݎ ቂ ሻݐሺܫ
்


 ቃݐ݀

6) Opportunity cost and interest earned, the credit periodܯ, ݅ ൌ 1,2,… , ݇ offered by the supplier 
is based on the retailer’s order quantity. Based on the values of ܯ and	ܶ, we have the following 
two cases: (a) ܶ  ܶ	 and (b)ܯ    .ܯ

 

Case (a) - ሺܶ  ሻ i.e. ሺܯ ௪ܶ ൏ ܶ   ሻܯ

Here the cycle time ܶ gets over before the permissible credit period ܯ as shown in Fig. 3, so 
irrespective of the value of ௪ܶ opportunity cost is zero. 

So opportunity cost is, 

ଶܿݎ  ൌ 0 (22)
Retailer uses sales revenue to earn interest, so the interest earned is given by, 

 
ଶ݁݅ݎ ൌ ܫݏ ቈන ሺߙ  ݐሻሻݐଶሺܫ	ߚ

்


ݐ݀  ሺܯ െ ܶሻܳଶ (23)
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0  ܶܶ െ ݓܶ

 ݓ

ܳ2 

݅ܯ

Interest earned 

 

 

Fig. 3. Interest earned by the retailer when	 ௪ܶ ൏ ܶ   ܯ

Case (b)- ሺܶ   ሻܯ

When ሺ ௪ܶ  ܯ ൏ ܶሻ and ሺܯ  ௪ܶ ൏ ܶሻ the opportunity cost and interest earned will be given by the 
same formula. In this case, depending on the value of ௪ܶ andܯ capital opportunity cost and interest 
earned will be calculated. 

Subcase (I) - ሺܶ െ ௪ܶ   ሻܯ

The cycle time lasts more than the available credit period. So the retailer bares the opportunity cost on 
inventory held in OW is shown in Fig. 4(a) and is given by, 

 
ଶூܿݎ ൌ ܫݒ ቈන

ߙ
ߚ
൫݁ఉሺ்ି௧ሻ െ 1൯݀ݐ

்

ெ

 

 

(24)

Retailer uses sales revenue to earn interest till	ܯ, so the interest earned is shown in 4 (a) and given by, 

 
ଶூ݁݅ݎ ൌ ܫݏ ቈන ሺߙ  ݐሻሻݐଶሺܫ	ߚ

ெ


 ݐ݀

 
(25)

0  ܶܶ െ ݓܶ

 ݓ

ܳ2 

݅ܯ

Interest earned 

Opportunity cost 

 

 

Fig. 4(a). Opportunity cost and Interest earned by the retailer when	ܶ  ܶ	 andܯ െ ௪ܶ   ܯ
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Subcase (II) - ሺܯ ൏ ܶ െ ௪ܶሻ 

Opportunity cost bared by the retailer on inventory held in both OW and RW is shown in figure 4(b) is 
given by, 

 
ଶூூܿݎ ൌ ܫݒ ቈන ݐሻ݀ݐଶሺܫ

்

ெ

 

 

(26)

Retailer uses sales revenue to earn interest till	ܯ, so the interest earned is shown in figure 4(b) and 
given by, 

 
ଶூூ݁݅ݎ ൌ ܫݏ ቈන ሺߙ  ݓሺ	ߚ 

ߙ
ߚ
൫݁ఉሺ்ି்ೢ ି௧ሻ െ 1൯ሻሻݐ

ெ


 ݐ݀

 
(27)

 

Hence, the total profit per unit time for the retailer is, 

 

ܴܶܲ2ሺܶሻ ൌ ቐ

ܴܶܲ2
ሺܶሻ,							 ௪ܶ ൏ ܶ  ܯ

ܴܶܲ2
ூሺܶሻ,					ܶ  ,ܯ ܶ െ ௪ܶ  ܯ

ܴܶܲ2
ூூሺܶሻ,					ܶ  ܯ,ܯ ൏ ܶ െ ௪ܶ

 

 

(28)

where, 

 
ܴܶܲ2

ሺܶሻ ൌ
1
ܶ
ሺݎݏݎଶ െ ଶܿݎ െ ଶܿݎ െ ଶܿݐݎ െ ଶ݄ܿݎ െ ଶܿݎ   ଶሻ݁݅ݎ

 
(29)

 
ܴܶܲ2

ூሺܶሻ ൌ
1
ܶ
ሺݎݏݎଶ െ ଶܿݎ െ ଶܿݎ െ ଶܿݐݎ െ ଶ݄ܿݎ െ ଶூܿݎ   ଶூሻ݁݅ݎ

 
(30)

 
ܴܶܲ2

ூூሺܶሻ ൌ
1
ܶ
ሺݎݏݎଶ െ ଶܿݎ െ ଶܿݎ െ ଶܿݐݎ െ ଶ݄ܿݎ െ ଶூூܿݎ   ଶூூሻ݁݅ݎ

 
(31)

0  ܶܶ െ ݓܶ

 ݓ

ܳ2 

݅ܯ  

Interest earned 

Opportunity cost 

 

 

Fig. 4(b). Opportunity cost and Interest earned by the retailer when	ܶ  ܯ  andܯ ൏ ܶ െ ௪ܶ 

For given	ܯ, ݅ ൌ 1,2…݊ based on the values of ௪ܶ and	ܯ, the total profit per unit time (denoted 
by	ܴܶ ܲሺܶሻ) for the retailer in either case is given by, 
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ܴܶ ܲሺܶሻ ൌ	Sales revenue – purchasing cost – ordering cost – transportation cost – opportunity cost + 
interest earned 

 
ܴܶ ܲሺܶሻ ൌ ቊ

ܴܶ ܲ
ଵሺܶሻ, ௪ܶ  ܯ

ܴܶ ܲ
ଶሺܶሻ, ௪ܶ  ܯ

 

 
(32)

where, 

 

ܴܶ ܲ
ଵሺܶሻ ൌ

ە
۔

ۓ
ܴܶ ଵܲ,																		 0 ൏ ܶ  ௪ܶ  ܯ

ܴܶ ଶܲ,																			 ௪ܶ ൏ ܶ  ܯ
ܴܶ ଷܲ,										 ௪ܶ  ܯ ൏ ܶ , ܶ െ ௪ܶ  ܯ

ܴܶ ସܲ,										 ௪ܶ  ܯ ൏ ܶ ܯ, ൏ ܶ െ ௪ܶ

 (33)

  
 

 

ܴܶ ܲ
ଶሺܶሻ ൌ

ە
۔

ۓ
ܴܶ ହܲ,																		 0 ൏ ܶ  ܯ ൏ ௪ܶ

ܴܶ ܲ,																		 ܯ ൏ ܶ  ௪ܶ
ܴܶ ܲ,										ܯ ൏ ௪ܶ ൏ ܶ , ܶ െ ௪ܶ  ܯ

଼ܴܶܲ ,										ܯ ൏ ௪ܶ ൏ ܶ ܯ, ൏ ܶ െ ௪ܶ

 (34)

  
The detailed explanation for Eq. (33) and Eq. (34) are as follows. For	0 ൏ ܶ  ௪ܶ   , it indicatesܯ
that the retailer does not need to opt for a RW, also he pays no opportunity cost and uses sales revenue 
to generate interest. Therefore, 

 
ܴܶ ଵܲ ൌ ܴܶܲ1

ሺܶሻ ൌ
1
ܶ
ሺݎݏݎଵ െ ଵܿݎ െ ଵܿݎ െ ଵܿݐݎ െ ଵ݄ܿݎ െ ଵܿݎ   ଵሻ݁݅ݎ

 
 

(35)

Similarly, for ܶ ௪ ൏ ܶ   . retailer pays no opportunity cost and uses sales revenue to generate interestܯ
But here he needs an additional warehouse i.e. RW. 

Hence, 
 
 
 
 

ܴܶ ଶܲ ൌ ܴܶܲ2
ሺܶሻ ൌ

1
ܶ
ሺݎݏݎଶ െ ଶܿݎ െ ଶܿݎ െ ଶܿݐݎ െ ଶ݄ܿݎ െ ଶܿݎ  ଶሻ (36)݁݅ݎ

For	 ௪ܶ  ܯ ൏ ܶ, the retailer uses revenue to generate interest and pays opportunity cost, moreover he 
needs an additional warehouse. Depending on the values of ௪ܶ and ܯ this case is divided in two parts: 

ሺܽሻ	ܶ െ ௪ܶ   For this case the inventory level in RW finishes before the trade credit and then the	,ܯ
units from OW are sold. Hence the retailer total profit is given by 

 
ܴܶ ଷܲ ൌ ܴܶܲ2

ூሺܶሻ ൌ
1
ܶ
ሺݎݏݎଶ െ ଶܿݎ െ ଶܿݎ െ ଶܿݐݎ െ ଶ݄ܿݎ െ ଶூܿݎ   ଶூሻ݁݅ݎ

 
(37)

 

ሺܾሻܯ ൏ ܶ െ ௪ܶ,	For this case the inventory level in RW finishes after the trade credit offered and then 
the units from OW are sold. Hence the retailer total profit is given by 

 
ܴܶ ସܲ ൌ ܴܶܲ2

ூூሺܶሻ ൌ
1
ܶ
ሺݎݏݎଶ െ ଶܿݎ െ ଶܿݎ െ ଶܿݐݎ െ ଶ݄ܿݎ െ ଶூூܿݎ  ଶூூሻ (38)݁݅ݎ
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For	0 ൏ ܶ  ܯ  ௪ܶ, it indicates that the retailer does not need to opt for a RW, also he pays no 
opportunity cost and uses sales revenue to generate interest, which is same as	ܴܶ ଵܲ. Therefore, 

 
ܴܶ ହܲ ൌ ܴܶܲ1

ሺܶሻ ൌ
1
ܶ
ሺݎݏݎଵ െ ଵܿݎ െ ଵܿݎ െ ଵܿݐݎ െ ଵ݄ܿݎ െ ଵܿݎ  ଵሻ (39)݁݅ݎ

 

Similarly, for ܯ ൏ ܶ  ௪ܶ retailer pays opportunity cost and uses sales revenue to generate interest. 
Also cycle time is less than ௪ܶ, so an additional warehouse (i.e. RW) is not required. 

Hence total profit is given by, 

 
ܴܶ ܲ ൌ ܴܶܲ1

ሺܶሻ ൌ
1
ܶ
ሺݎݏݎଵ െ ଵܿݎ െ ଵܿݎ െ ଵܿݐݎ െ ଵ݄ܿݎ െ ଵܿݎ   ଵሻ݁݅ݎ

 
(40)

Forܯ ൏ ௪ܶ ൏ ܶ, the retailer uses revenue to generate interest and pays opportunity cost, moreover he 
needs an additional warehouse. Depending on the values of ௪ܶ and ܯ this case is divided in two parts: 

ሺܽሻ	ܶ െ ௪ܶ  ܴܶ The result is same as	,ܯ ଷܲ and is given by 

 
ܴܶ ܲ ൌ ܴܶܲ2

ூሺܶሻ ൌ
1
ܶ
ሺݎݏݎଶ െ ଶܿݎ െ ଶܿݎ െ ଶܿݐݎ െ ଶ݄ܿݎ െ ଶூܿݎ   ଶூሻ݁݅ݎ

 
(41)

ሺܾሻܯ ൏ ܶ െ ௪ܶ,	The result is same as ܴܶ ସܲ and is given by 

 
଼ܴܶܲ  ൌ ܴܶܲ2

ூூሺܶሻ ൌ
1
ܶ
ሺݎݏݎଶ െ ଶܿݎ െ ଶܿݎ െ ଶܿݐݎ െ ଶ݄ܿݎ െ ଶூூܿݎ  ଶூூ (42)݁݅ݎ

3.5 The joint total profit per unit time 

The supplier and retailer have decided to share their resources to undertake mutually beneficial 
cooperation, the joint total profit per unit time which is a function of ݉	and ܶ is the sum of retailer and 
supplier’s total profit per unit time. By the given arguments, for givenܯ, ݅ ൌ 1,2, … , ݇, the joint total 
profit per unit time is, 

 
,ሺ݉ߨ ܶሻ ൌ ൝

ߨ
ሺଵሻሺ݉, ܶሻ, ௪ܶ  ܯ

ߨ
ሺଶሻሺ݉, ܶሻ, ௪ܶ  ܯ

 (43)

where, 

 

ߨ
ሺଵሻሺ݉, ܶሻ ൌ

ە
ۖ
۔

ۖ
,ଵሺ݉ߨۓ ܶሻ ൌ ܵܶܲ1ሺ݉, ܶሻ  ܴܶ ଵܲሺܶሻ, 0 ൏ ܶ  ௪ܶ  ܯ

,ଶሺ݉ߨ ܶሻ ൌ ܵܶܲ2ሺ݉, ܶሻ  ܴܶ ଶܲሺܶሻ, 			 ௪ܶ ൏ ܶ  ܯ

,ଷሺ݉ߨ ܶሻ ൌ ܵܶܲ2ሺ݉, ܶሻ  ܴܶ ଷܲሺܶሻ, ௪ܶ  ܯ ൏ ܶ	, ܶ െ ௪ܶ  ܯ

,ସሺ݉ߨ ܶሻ ൌ ܵܶܲ2ሺ݉, ܶሻ  ܴܶ ସܲሺܶሻ, ௪ܶ  ܯ ൏ ܯ,	ܶ ൏ ܶ െ ௪ܶ

 (44)

 

 

ߨ
ሺଶሻሺ݉, ܶሻ ൌ

ە
ۖ
۔

ۖ
,ହሺ݉ߨۓ ܶሻ ൌ ܵܶܲ1ሺ݉, ܶሻ  ܴܶ ହܲሺܶሻ, 0 ൏ ܶ  ܯ  ௪ܶ

,ሺ݉ߨ ܶሻ ൌ ܵܶܲ1ሺ݉, ܶሻ  ܴܶ ܲሺܶሻ, ܯ		 ൏ ܶ  ௪ܶ

,ሺ݉ߨ ܶሻ ൌ ܵܶܲ2ሺ݉, ܶሻ  ܴܶ ܲሺܶሻ, ܯ ൏ ௪ܶ ൏ ܶ	, ܶ െ ௪ܶ  ܯ

,ሺ଼݉ߨ ܶሻ ൌ ܵܶܲ2ሺ݉, ܶሻ  ଼ܴܶܲ ሺܶሻ, ܯ ൏ ௪ܶ ൏ ܯ,	ܶ ൏ ܶ െ ௪ܶ

 (45)

Now the problem is to determine optimal cycle length	ܶ∗, and the optimal number of shipment per 
production run ݉∗from supplier to retailer, which maximizes the joint total profit per unit time, 
,∗ሺ݉ߨ ܶ∗ሻ, for given	ܯ, ݅ ൌ 1,2,… , ݇. Once the optimal solution is obtained the buyers ordering 
quantity ܳ can be determined by Eq. (46). 

 ܳ ൌ ൜
ܳଵ, ܶ  ௪ܶ
ܳଶ, ܶ  ௪ܶ

 (46)
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4.  Solution Procedure 

We follow the below procedure to find optimal value of shipments ݉ and cycle time	ܶ. 

 .Set the parameters value and compute ௪ܶ using (18)	:1	݁ݐܵ

݉	Set	:2	݁ݐܵ ൌ 1 

݅ For each	:3	݁ݐܵ ൌ 1,2, …݇ perform ܵ݁ݐ	4		or ܵ݁ݐ	5 

If ௪ܶ :4	݁ݐܵ   , thenܯ

	Find :4.1	݁ݐܵ ܶ which maximizes the profit ߨ for	݆ ൌ 1,2,3,4 in the corresponding domain of	ߨ. 

Compute ܳ :4.2	݁ݐܵ ൌ ൜
ܳଵ, ܶ  ௪ܶ

ܳଶ, ܶ  ௪ܶ
 for	݆ ൌ 1,2,3,4.  

If ܳ  ,ሺ݉ߨ ାଵ then setݍ ܶሻ ൌ 0. 

If	ݍ  ܳ ൏ ,ሺ݉ߨ ାଵ thenݍ ܶሻ ൌ ,൫݉ߨ ܶ൯. 

If ܳ ൏ then set ܳݍ ൌ ܳ	 and find ܶ usingݍ ൌ ,ሺ݉ߨ	 thenݍ ܶሻ ൌ ,൫݉ߨ ܶ൯. 

,Set ܲሺ݉	:4.3	݁ݐܵ ܶሻ ൌ max
ୀଵ,ଶ,ଷ,ସ

ሼߨሺ݉, ܶሻሽ 

If ௪ܶ :5	݁ݐܵ   , thenܯ

݆	 forߨ Find ܶ which maximizes the profit:5.1	݁ݐܵ ൌ 5,6,7,8 in the corresponding domain. 

Compute ܳ :5.2	݁ݐܵ ൌ ൜
ܳଵ, ܶ  ௪ܶ

ܳଶ, ܶ  ௪ܶ
for	݆ ൌ 5,6,7,8.  

If ܳ  ,ሺ݉ߨ ାଵ then setݍ ܶሻ ൌ 0. 

If	ݍ  ܳ ൏ ,ሺ݉ߨ ାଵ thenݍ ܶሻ ൌ ,൫݉ߨ ܶ൯. 

If ܳ ൏ then set ܳ	ݍ ൌ ܳ	 and find ܶ usingݍ ൌ ,ሺ݉ߨ	 thenݍ ܶሻ ൌ ,൫݉ߨ ܶ൯. 

,Set ܲሺ݉	:5.3	݁ݐܵ ܶሻ ൌ max
ୀହ,,,଼

ሼߨሺ݉, ܶሻሽ 

,൫݉ߨ Now	:6	݁ݐܵ ሺܶሻ൯ ൌ max
ୀଵ,ଶ…

ሼ ܲሺ݉, ܶሻሽ 

  3	݁ݐݏ Increase ݉ by 1 and go to	:7	݁ݐܵ

൫݉ߨ Repeat the above till	:8	݁ݐܵ െ 1, ሺܶିଵሻ൯ ൏ ,൫݉ߨ ሺܶሻ൯  ൫݉ߨ  1, ሺܶାଵሻ൯  

,∗The optimal solution ሺ݉ :9	݁ݐܵ ܶ∗ሻ ൌ ሺ݉, ሺܶሻሻ is the optimal solution. 

5. Numerical Examples 

Example 1. To illustrate the solution procedure we consider an inventory system with following data: 

ߙ ൌ 7500	units,	ߚ ൌ 15%,	ܲ ൌ 10000	units/year, ܣ ൌ $800/order, ܣ௦ ൌ $1500/order, ݎோଵ ൌ 3% 
per unit per annum,	ݎோଶ ൌ 5% per unit per annum,	ݎ௦ ൌ 1% per unit per annum,	 ݂ ൌ
$75/shipment,	 ଵ݂ ൌ $0.25/unit,	ܿ ൌ $10,	ܿଵ ൌ $2.5 ∗ 10ସ,	ܿଶ ൌ $2.5 ∗ 10ିହ,	ݒ ൌ $15/unit,	ݏ ൌ
$20/unit,	ߩ ൌ ݓ	,0.5 ൌ 1500	units,	ܫ௦ ൌ 10%		per annum, ܫ ൌ 15% per annum, ܫ ൌ 20% per 
annum. The trade credit terms offered by the supplier is listed in the Table 1 as follows, 
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 As shown in Table 2,	 ௪ܶ ൌ 0.1970, now apply the solution procedure mentioned above the optimal 
solution is	ሺ݉∗, ܶ∗ሻ ൌ ሺ3, 0.3291ሻ. As ܶ  ௪ܶ the retailer’s ordering quantity is	ܳ∗ ൌ ܳଶሺܶ∗ሻ ൌ
2500, the supplier’s production quantity is ݉∗ܳ∗ ൌ 7500 and the joint total profit is	ߨ∗ ൌ $57210. 
Because the optimal order quantity is more than 2500 units the retailer gets a credit period of 30 days. 
Moreover the quantity ordered is more than the capacity of	ܱܹ, hence a ܴܹ will be required. 

Table 2 
Solution procedure 

 

   (Years) ܶ (Years) ܳ Quantity Profitܯ ݉

1 
45
365

 0.5223 4000 56576 
 

2 
30
365

 0.3351 2546 57206 
 

3 
30
365

 0.3291 2500 57210 
max 

4 
15
365

 0.2393 1818 56873 
 

 

Example 2. To see the impact of trade credit period and ܱ ܹ capacity, we keep the values of parameters 
same as in example 1 except for the values of ݓ and	ሺܯଵ,ܯଶ,ܯଷሻ. Table 3 below shows the optimal 
solution for each value of	ݓ ∈ 	 ሼ500, 1000, 1500, 2000, 2500ሽ and	ሺܯଵ,ܯଶ,ܯଷሻ ∈
ሼሺ15,30,45ሻ, ሺ20,40,60ሻ, ሺ30,60,90ሻሽ. Increasing the OW capacity helps retailer to save his expenses 
made for RW, resulting increase in joint total profit. 

Table 3 
Sensitivity analysis on	ሺܯଵ,ܯଶ,ܯଷሻ and  .ݓ
ሺܯଵ,ܯଶ,ܯଷሻ 
days ݓ ݉∗ 

ܶ∗ 
Years ܳ∗ ∗ߨ ܴܹ 

Credit 
Period 

ሺ15,30,45ሻ 500 2 0.3721 2846 57359 Yes ܯଶ
 1000 2 0.3593 2734 57172 Yes ܯଶ 
 1500 3 0.3290 2500 57209 Yes ܯଶ
 2000 3 0.3278 2500 57503 Yes ܯଶ
 2500 3 0.3252 2500 58040 No ܯଶ 
ሺ20,40,60ሻ 500 2 0.5173 4000 57642 Yes ܯଷ

 1000 2 0.3552 2702 57430 Yes ܯଶ 
 1500 3 0.3290 2500 57477 Yes ܯଶ
 2000 3 0.3278 2500 57772 Yes ܯଶ 
 2500 3 0.3252 2500 58306 No ܯଶ
ሺ30,60,90ሻ 500 2 0.5173 4000 58563 Yes ܯଷ 

 1000 2 0.5204 4000 58278 Yes ܯଷ
 1500 2 0.5223 4000 58130 Yes ܯଷ
 2000 3 0.3278 2500 58397 Yes ܯଶ
 2500 3 0.3252 2500 58930 No ܯଶ

 

6. Sensitivity Analysis 

Fig. 5 (a) shows change in cycle time with respect to different inventory parameters by -20%, -10%, 
0%, 10% and 20% increase in retailer ordering cost	ሺܣሻ, supplier holding cost	ሺݎ௦ሻ and retailer unit 
selling price	ሺݏሻ increases the cycle time. Whereas increase in scale demand	ሺߙሻ, stock dependent 

Table 1 
Credit terms for Example 1 
Order Quantity (units) Credit period (years) 
ଵݍ ൌ 0  ܳ ൏ ଶݍ ൌ ଵܯ 2500 ൌ 15/365
ଶݍ ൌ 2500  ܳ ൏ ଷݍ ൌ ଶܯ 4000 ൌ 30/365 
ଷݍ ൌ 4000  ଷܯ ܳ ൌ 45/365
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parameter	ሺߚሻ, retailer holding cost in rented warehouse	ሺݎோଶሻ, retailer unit purchase cost	ሺݒሻ, supplier 
capacity utilization	ሺߩሻ, maximum warehouse capacity in own warehouse	ሺݓሻ and retailer capital 
opportunity loss	൫ܫ൯	decreases the cycle time. 

 

Fig. 5(a). Sensitivity analysis of inventory parameters with respect to cycle time 

It is observed that the joint total profit increases with increase in scale demand	ሺߙሻ, retailer unit selling 
price	ሺݏሻ. Whereas other parameters show very slight change in total cost as shown in Fig. 5(b). 

 

Fig. 5(b) Sensitivity analysis of inventory parameters with respect to joint profit 

Fig. 6(a), Fig. 6(b) and Fig. 6(c) show the bar graph for retailer – supplier individual profit as well as 
joint profit in all three scenarios of credit offered as (15, 30, 45), (20, 40, 60) and (30, 60, 90) 
respectively.  
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Fig. 6(a) Comparison of individual and joint profit for credit period offered is 15, 30, 45 

 

 Fig. 6(b) Comparison of individual and joint profit for credit period offered is 20, 40, 60 

 

 

Fig. 6(c) Comparison of individual and joint profit for credit period offered is 30, 60, 90 

 

7. Conclusion 
 

This paper was an attempt to study the ordering strategies for an integrated inventory model with 
capacity constraint and order size dependent trade credit. Stock dependent demand and twin ware house 
system have made this model realistic and applicable to a wide range of items. We have suggested an 
algorithm to determine optimal order quantity and number of shipments from supplier during the 
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production run which will be benefit both retailer and supplier. Policies were framed in such a way that 
joint total profit per unit time was maximized with respect to optimal number of shipments and cycle 
time for which the retailer stock depletes to zero. Order size trade credit works as an effective tool to 
increase the ordering quantity or to decrease the number of shipments from the supplier. The supplier 
may consider extending the credit limit or the retailer may expands his warehouse capacity by having 
a	ܴܹ, in order to increase the joint total profit. The retailer may order more quantities to have extended 
credit period which results in reducing number of shipments from the supplier. Further research can be 
carried out by extending this model with some more realistic form of demand, for imperfect products 
produced, deteriorating products and two level trade credit. 
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