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 This paper deals with developing an inventory model for two warehouses. In today’s business 
era, there are various types of conditions such as discounts, bulk storage and seasonal products 
forcing the buyer to purchase the order more than owned warehouse capacity. To store the 
excess unit of purchase order, buyer arrange additional storage space called as rented 
warehouse. It is known that the demand of the seasonal products (as woolen garments) 
increases at the beginning of the season up to a certain time and then stabilizes to a constant 
rate for the remaining time of the season. The ramp type demand rate forces the buyer to store 
a higher quantity of the product at the beginning of the season. Most of the physical goods 
undergo decay or deterioration over time so we study deteriorating seasonal products in this 
paper. This two warehouse inventory model is developed with inflation and shortages. The 
model starts with rent warehouse, in first rent warehouse’s inventory level is depleted due to 
demand and deterioration. At this time own warehouse is depleted due to deterioration only.  
But after that the inventory level of owned warehouse is depleted due to both demand and 
deterioration. The shortages are considered in owned warehouse, which is partially 
backlogged. Numerical solution of the model is obtained to verify the optimal solution. 
Comprehensive sensitivity analysis has been carried out for showing the effect of variations in 
the parameters. The model is solved analytically by minimizing the total cost. 
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1. Introduction 

 

It is often seen that the capacity of warehouses may be limited. But in the super markets when an 
attractive price discount is offered to customers, the demand of the products increases. The customer 
intends to buy more goods, which creates greater demand for the goods. This condition motivates the 
buyers to increase their order quantity in an attempt to earn more profit and to increase the revenue. To 
store the excess unit of purchase order, buyer arranges the storage space (rent warehouse). It is assumed 
that the holding cost in rent warehouse (RW) is greater than owned warehouse (OW) due to additional 
rent charge. Sharma (1983) introduced a two warehouse inventory model by assuming the cost of 
transporting unit from RW to OW as constant. Goswami and Chaudhuri (1992) proposed an economic 
order quantity model for items with two levels of storages for a linear trend in demand. In the first 
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phase of the paper, a deterministic model without shortage was developed and in the second phase 
deterministic model with shortage was considered. In both cases the authors assumed that the stock of 
RW were transported in ‘n’ shipments after an optimum time interval between successive shipments 
taking a linear increasing trend in demand with time.  

A two warehouse inventory model for a linear trend in demand was proposed by Bhunia and Maiti 
(1994) for single item with infinite rate of replenishment and linear increasing demand where shortage 
was completely backlogged.  Bhunia and Maiti (1998) developed a deterministic inventory model with 
two warehouses for deteriorating items taking linearly increasing demand with time, shortages were 
acceptable and surplus demand was backlogged as well. Stock was transferred from RW to OW and the 
deterioration rate was different in both the warehouses. 
 
Kar et al.  (2001) developed a deterministic inventory model for a single item having two separate 
storage facilities (owned and rented warehouses) due to limited capacity of the existing storage (owned 
warehouse) with linearly time-dependent demand (increasing) over a fixed limited time. The model 
was formulated by assuming that the rate of replenishment is infinite. Shortages are permissible and 
totally backlogged. Zhou (2003) developed a deterministic replenishment model with warehouse 
possessing limited storage capacity. In this model, the replenishment rate is unlimited. The demand rate 
is time dependent and increases at a decreasing rate. The stocks of rented warehouse are transported to 
owned warehouse in continuous release pattern. In this model shortages are allowed in owned 
warehouse and permits part of the backlogged shortages to turn into lost sales which are assumed to be 
a function of the currently backlogged amount. As a special case of the model, the parallel models with 
fully backlogged shortages and without shortages are also presented. 
 
An inventory model with two warehouses and stock-dependent demand rate was proposed by Zhou and 
Yang (2005). Shortages were not allowed in the model and the transportation cost for transferring items 
from RW to OW was taken to be dependent on the transported amount. Skouri and Konstantaras (2013) 
developed two warehouse inventory models for deteriorating products with ramp type demand rate.  
 
The condition becomes more complex when the inventory deteriorates in nature. Deterioration of goods 
is one of the important factors in any inventory and production systems. Many researchers have worked 
for inventory with deteriorating items in recent years because most of the physical goods undergo decay 
or deterioration over time. Ghare and Schrader (1963) suggested a model for an exponentially decaying 
inventory. Inventory models with a time dependent rate of deterioration were considered by Covert and 
Philip (1973), Chung and Ting (1993), Hariga and Benkherouf (1994), Wee (1995), Giri and Chaudhuri 
(1997), Giri et al. (2003). They have done significant works in the field of structural properties of an 
inventory system with deterioration and trended demand. Singh et al. (2008) introduced an ordering 
policy for perishable items having stock dependent demand with partial backlogging and inflation. 
Chaudhary and Vikas (2013a) proposed an inventory model for deteriorating items with Weibull 
deterioration with time dependent demand and shortages. In general holding cost is assumed to be 
known and constant. Chaudhary and Vikas (2013b) suggested Retailer’s profit maximization model for 
Weibull deteriorating items with permissible delay on payments and shortages. Optimal inventory 
model for time dependent decaying items with stock dependent demand rate and shortages was 
introduced by Chaudhary and Vikas (2013c,d). Chaudhary and Vikas (2015) proposed an optimal 
policy for Weibull deteriorating items with power demand pattern and permissible delay on payments. 
Chaudhary and Vikas (2016) developed supply chain model with multi distributer and multi retailer 
with deterioration. 
 
In this paper, we develop an optimal inventory model in which deterioration rate follows Weibull 
distribution with two parameters. Shortages are considered as partially backlogged. Demand rate is 
price dependent. We solve the model to optimize the total profit which is maximum. Model is illustrated 
with numerical examples and comprehensive sensitivity analysis.  
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2. Assumptions and Notations  

The proposed inventory model is developed under the following assumptions and notations: 

2.1 Assumptions 

 The system operates for a prescribed period of T units of time and the replenishment rate is 
infinite. 

 Lead time is zero. 
 Shortages are partially backlogged and backlogged rate is δ which is constant. 
 The inflation is also consider, the inflation rate is assume r and it is defined as follows, 

݂ሺݐሻ ൌ ݁ି௥௧			ݎ ൐ 0  
 The deterioration rate is time dependent given by the deterioration rate θ1(t) in RW as θ1(t) =	ܽݐ 

where ܽ is deterioration rate parameter with ܽ ൐ 0. Deterioration rate θ2(t) in OW is given by 
θ2(t) =	ݐߚ where ߚ is deterioration rate parameter with  ߚ ൐ 0. 

 
 Demand rate D(t)  is ramp type function as follows, 

ሻݐሺܦ ൌ ൜
݂ሺݐሻ ൌ ܽ ൅ ,ݐܾ ݐ ൏ ߤ
݂ሺߤሻ ൌ ܽ ൅ ,ߤܾ ݐ ൒ ߤ

 

     where ݂ሺݐሻ is a linear function of time, and  ݂ሺߤሻ is a linear function     
        of  ߤ. 

 The ordering cost A0  is constant. 
 The cycle length is assumed 0൏t ൏ T. 

  
2.2 Notations  

    The following notations are made for development of mathematical model: 

IO(t) is the inventory level in OW at time t (0≤ t < T). 
IR(t) is the inventory level in RW at time t (0≤ t < T).   
t1 is the time at which the inventory level reaches zero in OW. 
x1 is the time at which the inventory level reaches zero in RW. 
C1 is the inventory holding cost per unit item per unit time in RW. 
C2 is the inventory holding cost per unit item per unit time in OW. (C1 > C2). 
C3 is the shortage cost per unit item per unit time. 
C4 is the deterioration cost per unit item per unit time. 
C5 is the per unit item opportunity cost due to the lost sales.  
A0 is the ordering cost. 
W is the capacity of owned warehouse. 
μ is the point where increasing demand becomes steady. 

  
3. A two-warehouse with ramp type demand rate under inflation 

The length of the cycle is T. During the interval [0, x1] the inventory level in RW depleted due to 
demand and deterioration and it vanishes at t = x1. In OW, the inventory level W decreases during [0,x1] 
due to deterioration only, But during [x1,t1] the inventory level is depleted due to both demand and 
deterioration. At time t1 both warehouses are empty and after that the shortages occurring in the period 
(t1, T) which is partially backlogged.  Backlogging rate is δ. 

The differential equation can be expressed for inventory level at time t at RW and OW when the 
instantaneous state over (0, T) are given by 
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Iୖ′ሺtሻ ൅ 	αt. Iୖሺtሻ ൌ െDሺtሻ					  0	 ൑ 	t ൑ xଵ          with   Iୖሺxଵሻ ൌ 0  (1)

I୭′ሺtሻ ൅ 	βt. I୓ሺtሻ ൌ 0		 												0	 ൑ 	t	 ൑ xଵ         with   I୓ሺ0ሻ ൌ W (2)

I୭′ሺtሻ ൅ 	βt. I୓ሺtሻ ൌ െDሺtሻ						xଵ 	൑ 	t ൑ tଵ        with   I୓ሺtଵሻ ൌ 0  (3)

I୭′ሺtሻ ൌ െδDሺtሻ												 													tଵ 	൑ 	t ൑ T      with   I୓ሺtଵሻ ൌ 0 (4)

 

The solution of these equations are defined by the relation between x1, t1, and μ with respect to demand 
rate function so that the following three cases may arise 

3.1 Case I:				ݔଵ 	൑ 	 ଵݐ ൑  ߤ	

                           

Fig. 1. Inventory system for the case 	xଵ 	൑ 	 tଵ ൑ 	μ 

 In this case the above equations are defined as follow, 

 

Iୖ
ᇱ ሺtሻ ൅ 	αt. Iୖሺtሻ ൌ െሺa ൅ btሻ				0	 ൑ t ൑ xଵ with   Iୖሺxଵሻ ൌ 0 (5) 
I୭′ሺtሻ ൅ 	βt. I୓ሺtሻ ൌ 0		0	 ൑ 	t	 ൑ 	 xଵwith I୓ሺ0ሻ ൌ W I୭′ሺtሻ ൅ βt. I୓ሺtሻ ൌ െሺa ൅
btሻ				xଵ 	൑ 	t	 ൑ 	 tଵ with   I୓ሺtଵሻ ൌ 0 

(6) 

I୭′ሺtሻ ൌ െδሺa ൅ btሻ		tଵ 	൑ 	t	 ൑ 	with   I୓ሺtଵሻ ൌ 0 (7) 
I୭′ሺtሻ ൌ െδሺa ൅ bμሻ				μ	 ൑ 	t	 ൑ 	T   with   I୓ሺμሻ ൌ 0 (8) 

 

The solution of the above equations can be derived as follows, 

 

ሺtሻ	ୖܫ	 ൌ 			 ቂ1 െ ߙ ௧మ

ଶ
ቃ ቂߙሺݔଵ െ ሻݐ ൅ ௕

ଶ
ሺݔଵ

ଶ െ ଶሻݐ ൅ ఈ௔

଺
ሺݔଵ

ଷ െ ଷሻݐ ൅ ఈ௕

଼
ሺݔଵସ െ 	ସሻቃ 0ݐ ൑

	t	 ൑ 	 xଵ 

(9) 

ሺtሻ	୓ଵܫ ൌ 			ܹ െ 	0                                                                                           ݐߚ ൑ 	t	 ൑ 	 xଵ (10) 

ሺtሻ	୓ଶܫ	 ൌ 								 ቈ1 െ ߚ
ଶݐ

2
቉ ൤ߙሺݐଵ െ ሻݐ ൅

ܾ
2
ሺݐଵ
ଶ െ ଶሻݐ ൅

ܽߚ
6
ሺݐଵ
ଷ െ ଷሻݐ ൨ 							xଵ 	൑ 	t	

൑ 	 tଵ 

(11) 

ሺtሻ	୓ଷܫ	 ൌ ቂܽߜሺݐଵ െ ሻݐ ൅ ఋ௕

ଶ
ሺݐଵ
ଶ െ	ݐଶሻ ቃ       tଵ 	൑ 	t	 ൑ 	μ (12) 

   I(t) 

W 

1x 

T

tଵ

μ
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ሺtሻ	୓ସܫ		 ൌ ሾܽߜሺߤ െ ሻݐ ൅ ଶߤሺܾߜ െ ሻݐߤ	 ሿ μ	 ൑ 	t	 ൑ 	T (13)
 

3.1.1 Holding Cost for the warehouses during the time period     
              0 to t1 under the inflation rate r   

The holding cost for rent warehouse (	ܪோ′) during the time interval 0 to x1 is as follows, 

′ோܪ ൌ ׬ ݁ି௥௧. ݐሻ݀ݐሺ	ܫ
௫భ
଴ .  

 

  The total holding cost during the time period 0 to x1 is given as follows, 

′	ோܪ ൌ ܿଵ න ݁ି௥௧. .ݐሻ݀ݐሺ	ܫ
௫భ

଴
 

Now total holding cost for rent warehouse is given by  

′	ோܪ				   ൌ ܿଵ ቂ
௔

ଶ
ଵݔ
ଶ െ ቀ

ଵ

଺
ݎܽ െ ଵ

ଷ
ܾቁ ଵݔ

ଷ െ ቀ
ଵ

ଶସ
ߙܽ െ ଵ

଼
ݎܾ ൅ ଵ

଼
ቁܽߙ ଵݔ

ସ ൅ ቀ
ଵ

ସ଴
ݎߙܽ െ ଵ

ଷ଴
ܾ ൅		 ଵ

ସହ
ݎܽߙ ൅

ଵ

ଵ଴
ቁߙܾ ଵݔ

ହ ൅ ቀ
ଵ

ସ଼
ܾߙܽ െ ଵ

଻ଶ
ଶܽߙ െ ଵ

ଶସ
ቁݎܾߙ ଵݔ

଺ ൅ ቀ
ଵ

ଵଵଶ
ݎܽ െ ଵ

଼ସ
ଶܾቁߙ ଵݔ

଻ ൅ ቀ
ଵ

ଵଶ଼
ቁܾݎଶߙ ଵݔ

଼ቃ 

The holding cost for own warehouse (ܪைଵ′) during the time interval 0 to x1 is as follows, 

′ைଵܪ ൌ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைଵܫ
௫భ

଴
 

The total holding cost during the time period 0 to x1 is stated as follows, 

ைଵܪ
ᇱ ൌ ܿଶ න ݁ି௥௧. ݐሻ݀ݐሺ	ைଵܫ

௫భ

଴
. 

Now total holding cost will be during the time period 0 to x1 is stated as follows, 

ைଵܪ
ᇱ ൌ ܿଶ ൤ݔݓଵ െ

1
2
ሺݎݓ ൅ ଵݔሻߚ

ଶ ൅
1
3
ଵݔܾݎߚ

଼൨. 

                      
The holding cost for own warehouse (ܪைଶ′) during the time interval x1 to t1 are given as follows, 

	′ைଶܪ ൌ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைଶܫ
௧భ

୶ଵ
 

The total holding cost during the time period x1 to t1 is also given by  

	′ைଶܪ ൌ ܿଶ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைଶܫ
௧భ

୶ଵ
 

ைଶܪ													
ᇱ ൌ ܿଶ ቂ

௔

ଶ
ሺݐଵ
ଶ െ ଵݔ

ଶሻ െ ቀ
ଵ

଺
ݎܽ െ ଵ

ଷ
ܾቁ ሺݐଵ

ଷ 	െ ଵݔ
ଷሻ െ ቀ

ଵ

ଶସ
ߚܽ െ ଵ

଼
ݎܾ ൅ ଵ

଼
ቁܽߚ ሺݐଵ

ସെݔଵ
ସሻ ൅

	ቀ
ଵ

ସ଴
ݎߚܽ െ ଵ

ଷ଴
ܾ ൅ ଵ

ସହ
ݎܽߚ ൅ ଵ

ଵ଴
ቁߚܾ ሺݐଵ

ହെݔଵ
ହሻ ൅ ቀ

ଵ

ସ଼
ܾߚܽ െ ଵ

଻ଶ
ଶܽߚ െ	 ଵ

ଶସ
ቁݎܾߚ ሺݐଵ

଺െݔଵ
଺ሻ ൅ ቀ

ଵ

ଵଵଶ
ݎܽ െ

			
ଵ

଼ସ
ଶܾቁߚ ሺݐଵ

଻െݔଵ
଻ሻ ൅ ቀ

ଵ

ଵଶ଼
ቁܾݎଶߚ ሺݐଵ

଼െݔଵ
଼ሻቃ.                                 

 Now total holding cost for warehouses  

′஼ܪ ൌ ′	ோܪ ൅ 	′	ைଵܪ ൅	ܪைଶ′.                                                                         (14) 
 

3.1.2 Deterioration cost for the warehouses during the time    
               period 0 to t1 under the inflation rate r 

The deterioration cost for rent warehouse (DR) during the time interval 0 to x1 is as follows, 
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ோܦ
ᇱ ൌ න ݁ି௥௧. θଵሺtሻ. ݐሻ݀ݐோሺ	ܫ

௫భ

଴
. 

The total deterioration cost during the time period 0 to x1 is stated as follows, 

ோܦ
ᇱ ൌ ܿଷ න ݁ି௥௧. .ݐߙ ݐሻ݀ݐሺ	ோܫ

௫భ

଴
. 

Now total deterioration cost for rent warehouse can be computed as  

ோܦ		   
ᇱ ൌ ܿଷ ቂ

௔

଺
ଵݔ
ଷ ൅ ሺܾ ൅ ଵݔሻݎ2ܽ

ସ ൅ ሺ3ܽߙ െ ሻݎ2ܾ ௫భ
ఱ

ଷ଴
െ ቀ

ଵ

ଷ଺
ሺ1ݎܽ െ ሻߙ3 ൅ 				ܾ ቀ

௥

ଵ଺
െ	 ఈ

ଶସ
ቁ	ቁ ଵݔ

଺ െ

ߙ ቀ
ଵ

ଵ଴ହ
ݎܾ ൅ ଵ

ଵଵଶ
ቁܽߙ ଵݔ

଻ ൅ ଶߙ ቀ
ଵ

ଵ଺଴
ݎܽ െ ଵ

ଵଶ଼
ܾቁ ଵݔ

଼ ൅						ቀ
ଵ

ଵ଼଴
ቁܾݎଶߙ ଵݔ

ଽቃ.                                                                     

The deterioration cost for own warehouse (ܦைଵ′) during the time interval 0 to x1 is as follows, 

ைଵܦ
ᇱ ൌ ܿଷ න ݁ି௥௧. θଵሺtሻ. ݐሻ݀ݐሺ	ைଵܫ

௫భ

଴
. 

The total deterioration cost during the time period 0 to x1 is as follows, 

′ைଵܦ ൌ ܿଷ න ݁ି௥௧. .ݐߚ .ݐሻ݀ݐሺ	ைଵܫ
௫భ

଴
 

Now total deterioration cost during the time period 0 to x1 is as follows, 

ைଵܦ
ᇱ ൌ ܿଷ ቈߚݓ

ଵݔ
ଶ

2
െ
1
3
ሺݎߚݓ ൅ ଵݔଶሻߚ

ଷ ൅
1
4
ଵݔݎଶߚ

ସ቉. 

               
 The deterioration cost for own warehouse (ܦைଶ′ሻ during the time interval x1 to t1 is as follows, 

ைଶܦ
ᇱ ൌ න ݁ି௥௧. .ݐߚ ݐሻ݀ݐሺ	ைଶܫ

௧భ

୶ଵ
. 

The total deterioration cost during the time period x1 to t1 is stated as follows, 

′ைଶܦ ൌ ܿଶ න ݁ି௥௧. .ݐߚ .ݐሻ݀ݐሺ	ைଶܫ
௧భ

୶ଵ
 

Now total holding cost during the time period x1 to t1 is as follows, 

′ைଶܦ ൌ ܿଷ ቂ
௔

଺
ሺݐଵ
ଷ െ ଵݔ

ଷሻ ൅ ሺܾ ൅ ଵݐሻሺݎ2ܽ
ସ 	െ ଵݔ

ସሻ ൅ ሺ3ܽߙ െ ሻݎ2ܾ
൫௧భ
ఱି௫భ

ఱ൯

ଷ଴
െ ቀ

ଵ

ଷ଺
ሺ1ݎܽ െ ሻߙ3 ൅ ܾሺ ௥

ଵ଺
െ

		
ఈ

ଶସ
ሻ		ቁ ሺݐଵ

଺െݔଵ
଺ሻ െ ߙ ቀ

ଵ

ଵ଴ହ
ݎܾ ൅

ଵ

ଵଵଶ
ቁܽߙ ሺݐଵ

଻െݔଵ
଻ሻ ൅ ଶߙ ቀ

ଵ

ଵ଺଴
ݎܽ െ

ଵ

ଵଶ଼
ܾቁ ሺݐଵ

଼െݔଵ
଼ሻ ൅

ቀ
ଵ

ଵ଼଴
ቁܾݎଶߙ ሺݐଵ

ଽെݔଵ
ଽሻቃ.                                            

  Now total deterioration cost for warehouses is given by 

′஼ܦ ൌ ′ோܦ ൅ 	′ைଵܦ ൅	ܦைଶ′ (15) 
 

3.1.3 Shortage cost for the own warehouses (݄ܵ஼′) during the time period t1 to T under the inflation 
rate r 

 The shortages are occur for own warehouse only so the shortages cost will be for own warehouse. 

The shortage cost for own warehouse (݄ܵைଵ′) during the time interval t1 to μ is given by, 
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݄ܵைଵ′ ൌ െන ݁ି௥௧. .ݐሻ݀ݐைଷሺ	ܫ
ఓ

௧భ

 
 

The total shortage cost during the time period t1 to μ. 

݄ܵைଵ′ ൌ െܿସ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைଷܫ
௫భ

଴
 

 

Now total shortage cost  

݄ܵைଵ	
ᇱ ൌ ܿସ ቈሺߤଶെݐଵ

ଶሻ ቆ
ܽߜ
2
൅
ݐܽݎߜ
2

൅
ଵݐݎܾߜ

ଶ

2
ቇ െ ሺߤ െ ଵሻݐ ቆݐܽߜଵ ൅

ଵݐܾߜ
ଶ

2
ቇ

൅											 							 ሺߤଷെݐଵ
ଷሻ ൬

ܾߜ
6
െ

ܽݎߜ
3
൰ െ ሺߤସെݐଵ

ସሻ ൬
ݎܾߜ
8
൰቉. 

The shortage cost for own warehouse (݄ܵைଶ′) during the time interval μ to T is also as follows, 

݄ܵைଶ
ᇱ ൌ െන ݁ି௥௧. ݐሻ݀ݐሺ	ைସܫ

்

ఓ
. 

 

The total shortage cost during the time period μ to T is given by, 

	݄ܵைଶ′ ൌ െܿସ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைସܫ
்

ఓ
 

Now total shortage cost during the time period 0 to x1 is as follows, 

݄ܵைଶ
ᇱ ൌ ܿସ ቈሺܽ ൅ ሻߤܾ ቆݎߜ ቆ

ଶݐߤ

2
െ
ܶଷ

3
െ
ଷߤ

6
ቇ െ ߜ ቆ

ܶଶ

2
൅
ଶߤ

2
ቇ െ  .ቇ቉ݐߤߜ

                                                                                                                                                                                     
Now total shortage cost for own warehouse during the time period t1 to T is define as 

݄ܵ஼′ ൌ ݄ܵைଵ
ᇱ ൅	݄ܵைଶ

ᇱ .	                                                                                     (16) 
 

3.1.4 Lost Sale Cost during the time period t1 to T 

The lost sale cost (ܮௌଵ′) during the time interval t1 to μ.  

ௌଵܮ
ᇱ ൌ െන ሺ1 െ ሻ݁ି௥௧ሺܽߜ ൅ ݐሻ݀ݐܾ

ఓ

௧భ

. 

The total lost sale cost (Ls1) during the time period t1 to μ is as follows, 

′ௌଵܮ ൌ െܿହ න ሺ1 െ ሻ݁ି௥௧ሺܽߜ ൅ .ݐሻ݀ݐܾ
ఓ

௧భ

 

  

ௌଵܮ
ᇱ ൌ ܿହ ൥ሺߜ െ 1ሻ ൭ܽሺߤ െ ଵሻݐ ൅

ሺܾ െ ሻݎܽ

2
ሺߤଶ െ ଵݐ

ଶሻ ൅
ܾݎ
3
ሺݐଵ
ଷ െ  .ଷሻ൱൩ߤ

                                         
The lost sale cost (ܮௌଶ′) during the time interval μ to T is given by 

′ௌଶܮ ൌ െන ሺ1 െ ሻ݁ି௥௧ሺܽߜ ൅ .ݐሻ݀ߤܾ
்

ఓ
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The total lost sale cost (ܮௌଶ′) during the time period μ to T is as follows, 

′ௌଶܮ ൌ െܿହ න ሺ1 െ ሻ݁ି௥௧ሺܽߜ ൅ .ݐሻ݀ߤܾ
்

ఓ
 

Now total lost sale cost (ܮௌଶ′) is as follows, 

ௌଶܮ
ᇱ ൌ ܿହሺߜ െ 1ሻሺܽ ൅ ሻߤܾ ቈܽሺߤ െ ଵሻݐ ൅

ሺܾ െ ሻݎܽ

2
ሺߤଶ െ ଵݐ

ଶሻ ൅
ܾݎ
3
ሺݐଵ
ଷ െ  .ଷሻ቉ߤ

 

Lost sale cost (ܮௌ஼′) during the time period t1 to T is define as 

′ௌ஼ܮ ൌ 	′ௌଵܮ ൅	ܮௌଶ′ .  (17) 

3.1.5 Total Cost 

Expected total cost can be define as follow, 

஼ܶଵሺT, tଵሻ ൌ 		 ሾܱ݃݊݅ݎ݁݀ݎ	ݐݏ݋ܿ ൅ ݐݏ݋ܿ	݈݃݊݅݀݋݄	݈ܽݐ݋ܶ ൅ ݐݏ݋ܿ	݊݋݅ݐܽݎ݋݅ݎ݁ݐ݁݀	݈ܽݐ݋ܶ	 ൅
	ݐݏ݋ܿ	݁݃ܽݐݎ݋݄ݏ	݈ܽݐ݋ݐ ൅   ሿݐݏ݋ܿ	݈݁ܽݏ	ݐݏ݋݈	݈ܽݐ݋ܶ					

஼ܶଵሺT, tଵሻ ൌ ሾܣ଴ ൅ ′஼ܪ ൅ ′஼ܦ ൅ ݄ܵ஼′ ൅  ௌ஼′ሿ. (18)ܮ
 

3.2    Case II:				ݔଵ 	൑ ߤ	 ൑  ଵݐ

                      

Fig.  2. Inventory system for the case 	xଵ 	൑ 	μ ൑ 	 tଵ 

So that the differential equation can be expressed for Inventory level at time t at RW and OW when the 
instantaneous state over (0,T) are given by 

I′ୖሺtሻ ൅ 	αt. Iୖሺtሻ ൌ െሺa ൅ btሻ			0	 ൑ t ൑ xଵ  with   Iୖሺxଵሻ ൌ 0 (19) 
I′୓ଵሺtሻ ൅ 	βt. I୓ሺtሻ ൌ 0 	0	 ൑ 	t	 ൑ 	 xଵ with   I୓ሺ0ሻ ൌ W (20) 
I′୓ଶሺtሻ ൅ 	βt. I୓ሺtሻ ൌ െሺa ൅ btሻ							xଵ ൑ t ൑ μ with   I୓ሺμሻ ൌ 0 (21) 
I′୓ଷሺtሻ ൅ 	βt. I୓ሺtሻ ൌ െሺa ൅ bμሻ							μ ൑ t ൑ tଵ with   I୓ሺtଵሻ ൌ 0 (22) 
I′୓ସሺt ൌ െδሺa ൅ bμሻ								tଵ 	൑ 	t	 ൑ 	T with   I୓ሺtଵ ሻ ൌ 0 (23) 

 

The solution of the above equations can be derived as follows, 

   I(t) 

W 

1x 

T

tଵμ
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ܫୖ 	ሺtሻ ൌ 			 ቈ1 െ ߙ
ଶݐ

2
቉ ൤ߙሺݔଵ െ ሻݐ ൅

ܾ
2
ሺݔଵଶ െ	ݐଶሻ ൅

ܽߙ
6
ሺݔଵ

ଷ െ ଷሻݐ ൅
ܾߙ
8
ሺݔଵସ െ ସሻ൨ݐ 0 ൑ t ൑ 	 xଵ 

(24) 

ሺtሻ	୓ଵܫ ൌ 			ܹ െ 0                                   ݐߚ ൑ t ൑ xଵ (25) 
			
ሺtሻ	୓ଶܫ	 ൌ 			 ቂ1 െ ߚ

௧మ

ଶ
ቃ ቂߙሺߤ െ ሻݐ ൅

௕

ଶ
ሺߤଶ െ	ݐଶሻ ൅

ఉ௔

଺
ሺߤଷ െ ଷሻݐ ൅

ఉ௕

଼
ሺߤସ െ ସሻቃݐ xଵ ൑ t ൑ 	μ     (26) 

ሺtሻ	୓ଷܫ	 ൌ 			 ቈ1 െ ߚ
ଶݐ

2
቉ ൥ሺܽ ൅ ሻߤܾ ൭ሺݐଵ െ ሻݐ ൅

ߚ
6
ሺݐଵ
ଷ െ ଷሻ൱൩ݐ μ ൑ t ൑ tଵ 

(27) 

ሺtሻ	୓ସܫ				 ൌ ଵݐሾܽሺߜ െ ሻݐ ൅ ଵݐሺߤܾ െ ሻݐ	 ሿ tଵ ൑ t ൑ T (28) 
 

3.2.1 Holding Cost for the warehouses during the time period     
              0 to t1 under the inflation rate r   

The holding cost for rent warehouse (	ܪோ′′) during the time interval 0 to x1 is as follows, 

′′ோܪ ൌ න ݁ି௥௧. .ݐሻ݀ݐሺ	ோܫ
௫భ

଴
 

The total holding cost during the time period 0 to x1 is as follows, 

′′ோܪ ൌ ܿଵ න ݁ି௥௧. .ݐሻ݀ݐሺ	ோܫ
௫భ

଴
 

Now total holding cost is  

ோܪ    
ᇱᇱ ൌ ܿଵ ቂ

௔

ଶ
ଵݔ
ଶ െ ቀ

ଵ

଺
ݎܽ െ

ଵ
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଼
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ଵ

଼
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ଵ

ସହ
ݎܽߙ ൅

ଵ

ଵ଴
ቁߙܾ ଵݔ

ହ ൅ ቀ
ଵ

ସ଼
ܾߙܽ െ ଵ

଻ଶ
ଶܽߙ െ ଵ

ଶସ
ቁݎܾߙ ଵݔ

଺ ൅ ቀ
ଵ

ଵଵଶ
ݎܽ െ		 ଵ

଼ସ
ଶܾቁߙ ଵݔ

଻ ൅ ቀ
ଵ

ଵଶ଼
ቁܾݎଶߙ ଵݔ

଼ቃ.                                         

The holding cost for own warehouse (ܪைଵ′′) during the time interval 0 to x1 is as follows, 

′′ைଵܪ ൌ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைଵܫ
௫భ

଴
 

The total holding cost during the time period 0 to x1 is as follows, 

′′ைଵܪ ൌ ܿଶ ׬ ݁ି௥௧. ݐሻ݀ݐሺ	ைଵܫ
௫భ
଴ . 

Now total holding cost during the time period 0 to x1 is calculated as follows, 

ைଵܪ
ᇱᇱ ൌ ܿଶ ൤ݔݓଵ െ

1
2
ሺݎݓ ൅ ଵݔሻߚ

ଶ ൅
1
3
ଵݔܾݎߚ

଼൨. 

The holding cost for own warehouse (ܪைଶ′′) during the time interval x1 to μ is also given as follows, 

′′ைଶܪ ൌ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைଶܫ
ఓ

୶ଵ
 

The total holding cost during the time period x1 to μ is as follows, 

ைଶܪ
ᇱᇱ ൌ ܿଶ න ݁ି௥௧. ݐሻ݀ݐሺ	ைଶܫ

ఓ

୶ଵ
. 

Now total holding cost during the time period x1 to μ is as follows, 

ைଶܪ		  
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ଶ
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଼ሻቃ.                                 
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 The holding cost for own warehouse (	ܪைଷ′′) during the time interval μ to t1 is as follows, 

′′ைଷܪ ൌ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைଷܫ
୲భ

ఓ
 

The total holding cost during the time period μ to t1 is as follows,   

′′ைଷܪ ൌ ܿଶ න ݁ି௥௧. ݐሻ݀ݐሺ	ைଷܫ
୲భ

ఓ
. 

Now total holding cost during the time period x1 to μ is as follows, 

ைଷܪ
ᇱᇱ ൌ ܿଶ න ݁ି௥௧. ቈ1 െ ߚ

ଶݐ

2
቉ ൥ሺܽ ൅ ሻߤܾ ൭ሺݐଵ െ ሻݐ ൅

ߚ
6
ሺݐଵ
ଷ െ ଷሻ൱൩ݐ ݐ݀

୲భ

ఓ
. 

              
Now total holding cost for warehouse is given by 

஼ܪ  
ᇱᇱ ൌ ோܪ

ᇱᇱ ൅ ைଵܪ
ᇱᇱ ൅ ைଶܪ	

ᇱᇱ ൅ ைଷܪ
ᇱᇱ .            (29) 

 

3.2.2 Deterioration cost for the warehouses during the time period 0 to t1 under the inflation rate r 

The deterioration cost for rent warehouse (ܦோ′′) during the time interval 0 to x1 is  

ோܦ
ᇱᇱ ൌ න ݁ି௥௧. θଵሺtሻ. ܫ ோሺݐሻ݀ݐ

௫భ

଴
. 

The total deterioration cost during the time period 0 to x1 is as follows, 

′′ோܦ ൌ ܿଷ න ݁ି௥௧. .ݐߙ .ݐሻ݀ݐሺ	ோܫ
௫భ

଴
 

Now total deterioration cost will become  
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The deterioration cost for own warehouse (ܦைଵ′′) during the time interval 0 to x1 is as follows, 

′′ைଵܦ ൌ ܿଷ න ݁ି௥௧. θଶሺtሻ. .ݐሻ݀ݐሺ	ைଵܫ
௫భ

଴
 

The total deterioration cost during the time period 0 to x1 is as follows, 

′′ைଵܦ ൌ ܿଷ න ݁ି௥௧. .ݐߚ .ݐሻ݀ݐሺ	ைଵܫ
௫భ

଴
 

Now total deterioration cost during the time period 0 to x1 is as follows, 

ைଵܦ
ᇱᇱ ൌ ܿଷ ቈߚݓ

ଵݔ
ଶ

2
െ
1
3
ሺݎߚݓ ൅ ଵݔଶሻߚ

ଷ ൅
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ଵݔݎଶߚ

ସ቉. 

   
The deterioration cost for own warehouse (ܦைଶ′′) during the time interval x1 to μ is as follows, 

′′ைଶܦ ൌ න ݁ି௥௧. .ݐߚ .ݐሻ݀ݐሺ	ைଶܫ
ఓ

୶ଵ
 

The total deterioration cost during the time period x1 to t1 is given by  
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′′ைଶܦ ൌ ܿଷ න ݁ି௥௧. .ݐߚ .ݐሻ݀ݐሺ	ைଶܫ
ఓ

୶ଵ
 

Now total deterioration cost during the time period x1 to μ is as follows, 

′′ைଶܦ	 ൌ ܿଷ න ݁ି௥௧. .ݐߚ ቈ1 െ ߚ
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The deterioration cost for own warehouse (ܦைଷ′′) during the time interval μ to t1 is as follows, 

′′ைଷܦ ൌ න ݁ି௥௧. .ݐߚ .ݐሻ݀ݐሺ	ைଷܫ
௧భ

ఓ
 

The total deterioration cost during the time period μ to t1 is as follows, 

ைଷܦ
ᇱᇱ ൌ ܿଷ න ݁ି௥௧. .ݐߚ ݐሻ݀ݐሺ	ைଷܫ

௧భ

ஜ
. 

Now total deterioration cost during the time period x1 to t1 is as follows, 

′′ைଷܦ ൌ ܿଷ ׬ ݁ି௥௧. .ݐߚ ቂ1 െ ߚ ௧మ

ଶ
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 Now total deterioration cost for warehouses is summarized as, 

஼ܦ
ᇱᇱ ൌ ோܦ

ᇱᇱ ൅ 	′′ைଵܦ ൅	ܦைଶ′′ ൅  ைଷ′′. (30)ܦ
 

3.2.3 Shortage Cost for the Own Warehouses 	ሺ݄ܵ஼′′ሻ	 during the time Period t1 To T under the Inflation 
Rate r 

The shortage cost for own warehouse	ሺ݄ܵ஼′′ሻ	during the time interval t1 to T is as follows, 

݄ܵ஼
ᇱᇱ ൌ െන ݁ି௥௧. ݐሻ݀ݐைସሺ	ܫ

୘
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. 

The total shortage cost during the time period t1 to μ is as follows, 

݄ܵ஼
ᇱᇱ ൌ െܿସ න ݁ି௥௧. ݐሻ݀ݐைସሺ	ܫ

୘
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. 

Now total shortage cost is as follows, 

݄ܵ஼
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(31) 

3.2.4 Lost Sale Cost during the time period t1 to T                                            

The lost sale cost (ܮௌ஼′′) during the time interval t1 to T is given by 

′′ௌ஼ܮ ൌ െන ሺ1 െ ሻ݁ି௥௧ሺܽߜ ൅ .ݐሻ݀ߤܾ
்

௧భ

 

The total lost sale (ܮௌ஼′′) during the time period t1 to μ is as follows, 

′′ௌ஼ܮ ൌ െܿହ න ሺ1 െ ሻ݁ି௥௧ሺܽߜ ൅ .ݐሻ݀ߤܾ
்

௧భ

 

Now total lost sale (ܮௌ஼′′) is calculated as, 
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ௌ஼ܮ
ᇱᇱ ൌ ܿହ ൥ሺߜ െ 1ሻ൭ሺܽ ൅ ሻߤܾ ቆܶ െ ଵݐ െ

ݎ
2
ሺܶଶ െ ଵݐ

ଶሻቇ൱൩. 
(32) 

 

 3.2.5 Total Cost 

Total cost can be define as follow 

			 ஼ܶଶሺT, tଵሻ ൌ 		 ሾܱ݃݊݅ݎ݁݀ݎ	ݐݏ݋ܿ ൅ ݐݏ݋ܿ	݈݃݊݅݀݋݄	݈ܽݐ݋ܶ ൅ ݐݏ݋ܿ	݊݋݅ݐܽݎ݋݅ݎ݁ݐ݁݀	݈ܽݐ݋ܶ ൅
	ݐݏ݋ܿ	݁݃ܽݐݎ݋݄ݏ	݈ܽݐ݋ܶ ൅   ሿݐݏ݋ܿ	݈݁ܽݏ	ݐݏ݋݈	݈ܽݐ݋ܶ

஼ܶଶሺT, tଵሻ ൌ ሾܣ଴ ൅ ஼ܪ
ᇱᇱ ൅ ஼ܦ

ᇱᇱ ൅ ݄ܵ஼
ᇱᇱ ൅ ௌ஼ܮ

ᇱᇱ ሿ. (33) 

6.3.3 Case III:		ߤ ൑ ଵݔ	 ൑  ଵݐ

 

Fig. 3. Inventory system for the case		μ	 ൑ 	 xଵ ൑ 	 tଵ 

In this case the above equations are defined as follow, 

I′ୖଵሺݐሻ ൅ 	αt. Iୖଵሺtሻ ൌ െሺa ൅ btሻ				0	 ൑ t ൑ μ with   Iୖሺμሻ ൌ 0 (34) 
I′ୖଶሺtሻ ൅ 	αt. Iୖଶሺtሻ ൌ െሺa ൅ bμሻ			μ	 ൑ t ൑ xଵ with   Iୖሺxଵ ሻ ൌ 0 (35) 
۷′୓ଵሺtሻ ൅ 	βt. I୓ଵሺtሻ ൌ 0				0	 ൑ 	t	 ൑ 	μ with   I୓ሺ0ሻ ൌ W (36) 
I′୓ଶሺtሻ ൅ 	βt. I୓ଶሺtሻ ൌ 0		μ	 ൑ 	t	 ൑ 	 xଵ with   I୓ሺxଵሻ ൌ W (37) 
I′୓ଷሺtሻ ൅ 	βt. I୓ሺtሻ ൌ െሺa ൅ bμሻ								xଵ ൑ t ൑ tଵ with   I୓ሺtଵሻ ൌ 0 (38) 
I′୓ସሺtሻ ൌ െδሺa ൅ bμሻ		 	tଵ 	൑ 	t	 ൑ 	T with   I୓ሺtଵ ሻ ൌ 0 (39) 

 

The solution of the above equations can be derived as below, 

ܫୖ ଵ	ሺtሻ ൌ 			 ቂ1 െ ߙ
௧మ

ଶ
ቃ ቂܽሺߤ െ ሻݐ ൅

௕

ଶ
ሺߤଶ െ ଶሻݐ ൅

ఈ௔

଺
ሺߤଷ െ ଷሻݐ ൅

ఈ௕

଼
ሺߤସ െ ସሻቃ 0ݐ ൑ 	t	 ൑ 	μ (40) 

ሺtሻ	ଶୖܫ	 ൌ 			 ቂ1 െ ߙ ௧మ

ଶ
ቃ ቂሺܽ ൅ ሻߤܾ ቀݔଵ െ ݐ ൅ ఈ

଺
ሺݔଵ

ଷ െ ଷሻቁቃ    μݐ ൑ t ൑ xଵ (41) 

ሺtሻ	୓ଵܫ ൌ 			ܹ െ 0                              ݐߚ ൑ t ൑ μ (42) 
ሺtሻ	୓ଶܫ ൌ 			ܹ െ μ                                         ݐߚ ൑ t ൑ xଵ (43) 

ሺtሻ	୓ଷܫ	 ൌ 			 ቂ1 െ ߚ
௧మ

ଶ
ቃ ቂሺܽ ൅ ሻߤܾ ൬ሺݐଵ െ ሻݐ ൅

ఉ

଺
ሺݐଵ
ଷ െ ଷሻ൰ቃ   xଵݐ ൑ t	 ൑ 	 tଵ (44) 

ሺtሻ	୓ସܫ	 ൌ ଵݐሾܽሺߜ െ ሻݐ ൅ ଵݐሺߤܾ െ ሿ	ሻݐ	 tଵ ൑ t ൑ T (45)

   I(t) 

W

1x

T

tଵμ0
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3.3.1 Holding Cost for the warehouses during the time period 0 to t1 under the inflation rate r    

The holding cost for rent warehouse (ܪோଵ′′′) during the time interval 0 to μ is as follows, 

ோଵܪ
′′′ ൌ න ݁ି௥௧. ݐሻ݀ݐሺ	ோଵܫ

ఓ

଴
. 

The total holding cost during the time period 0 to x1 is as follows, 

′′′ோଵܪ ൌ ܿଵ න ݁ି௥௧. ோଵܫ ሺݐሻ݀ݐ.
ఓ

଴
 

	Now total holding cost is calculated as follows, 

′′′ோଵܪ    ൌ ܿଵ ׬ ݁ି௥௧. ቂ1 െ ߙ ௧మ

ଶ
ቃ ቂܽሺߤ െ ሻݐ ൅ ௕

ଶ
ሺߤଶ െ	ݐଶሻ ൅ ఈ௔

଺
ሺߤଷ െ ଷሻݐ ൅		ఈ௕

଼
ሺߤସ െ ସሻቃݐ .ݐ݀

ఓ
଴

  

The holding cost for rent warehouse (	ܪோଶ	′′′) during the time interval μ to x1 is as follows, 

′′′ோଶܪ ൌ න ݁ି௥௧. .ݐሻ݀ݐሺ	ோଶܫ
௫భ

ఓ
 

The total holding cost during the time period 0 to x1 is as follows, 

ோଶܪ
′′′ ൌ ܿଵ න ݁ି௥௧. ݐሻ݀ݐሺ	ோଶܫ

ఓ

଴
. 

Now total holding cost is as follows, 

′′′ோଶܪ    ൌ ܿଵ ׬ ݁ି௥௧. ቂ1 െ ߙ ௧మ

ଶ
ቃ ቂሺܽ ൅ ሻߤܾ ቀݔଵ െ ݐ ൅		ఈ

଺
ሺݔଵ

ଷ െ ଷሻቁቃݐ .ݐ݀
ఓ
଴

                                 

The holding cost for own warehouse (ܪைଵ′′′) during the time interval 0 to μ is as follows, 

ைଵܪ
′′′ ൌ න ݁ି௥௧. ݐሻ݀ݐሺ	ைଵܫ

ఓ

଴
. 

The total holding cost during the time period 0 to x1 is as follows, 

ைଵܪ
′′′ ൌ ܿଶ න ݁ି௥௧. ݐሻ݀ݐሺ	ைଵܫ

ఓ

଴
ൌ ܿଶ ൤ߤݓ െ

1
2
ଶߤߚ ൅

1
2
ଶߤݎݓ ൅

1
3
 .ଷ൨ߤݎߚ

The holding cost for own warehouse (ܪைଶ′′′) during the time interval μ to x1 is as follows, 

′′′ைଶܪ ൌ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைଶܫ
௫భ

μ
 

The total holding cost during the time period x1 to μ is as follows, 

ைଶܪ
′′′ ൌ ܿଶ ׬ ݁ି௥௧. ݐሻ݀ݐሺ	ைଶܫ

௫భ
μ

.  

Now total holding cost during the time period x1 to μ is as follows, 

′′′ைଶܪ ൌ ܿଶ ቂݓሺݔଵ െ ሻߤ െ ሺݔଵ
ଶ െ ଶሻߤ ቀ

ఉ

ଶ
൅ ቁݎݓ െ

ఉ௥

ଷ
ሺݔଵ

ଷ െ  .ଷሻቃߤ

The holding cost for own warehouse (ܪைଷ	′′′) during the time interval μ to t1 is as follows, 

′′′ைଷܪ ൌ න ݁ି௥௧. .ݐሻ݀ݐሺ	ைଷܫ
୲భ

௫భ

 

The total holding cost during the time period μ to t1 is given by   
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ைଷܪ
′′′ ൌ ܿଶ න ݁ି௥௧. ݐሻ݀ݐሺ	ைଷܫ

୲భ

ఓ
. 

Now total holding cost during the time period x1 to μ is as follows, 

ைଷܪ
′′′ ൌ ܿଶ න ݁ି௥௧. ቈ1 െ ߚ

ଶݐ

2
቉ ൥ሺܽ ൅ ሻߤܾ ൭ሺݐଵ െ ሻݐ ൅

ߚ
6
ሺݐଵ
ଷ െ ଷሻ൱൩ݐ ݐ݀

୲భ

ఓ
. 

Now total holding cost for own warehouse during the time period 0 to t1 is defined as 

ைܪ ൌ ோଵܪ
ᇱᇱᇱ ൅ ′′′ோଶܪ ൅ 	′′′ைଵܪ ൅  ைଷ′′′  .                                                    (46)ܪைଶ′′′൅ܪ	

 

3.3.2 Deterioration cost for the warehouses during the time period 0 to t1 under the inflation rate r 

The deterioration cost for rent warehouse (ܦோଵ′′′) during the time interval 0 to x1 is as follows, 

ோଵܦ
′′′ ൌ න ݁ି௥௧. θଵሺtሻ. ݐሻ݀ݐோଵሺ	ܫ

ఓ

଴
. 

The total deterioration cost during the time period 0 to x1 is as follows, 

ோଵܦ
′′′ ൌ ܿଷ න ݁ି௥௧. .ݐߙ ݐሻ݀ݐሺ	ோଵܫ

ఓ

଴
. 

Now total deterioration cost is as follows, 

ோଵܦ			
′′′ ൌ ܿଷ න ݁ି௥௧. .ݐߙ ቈ1 െ ߙ

ଶݐ

2
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8ሺߤସ െ ସሻݐ

൨ ݐ݀
ఓ

଴
. 

The deterioration cost for rent warehouse (ܦோଶ′′′) during the time interval 0 to x1 is as follows, 

ோଶܦ
′′′ ൌ න ݁ି௥௧. θଵሺtሻ. ݐሻ݀ݐோଶሺ	ܫ

௫భ

ఓ
. 

The total deterioration cost during the time period 0 to x1 is as follows, 

ோଶܦ
′′′ ൌ ܿଷ න ݁ି௥௧. θଵሺtሻ. ݐሻ݀ݐோଶሺ	ܫ

௫భ

ఓ
. 

	Now total deterioration cost is as follows, 

′′′ோଶܦ ൌ ܿଷ ׬ ݁ି௥௧. .ݐߙ ቂ1 െ ߙ ௧మ

ଶ
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The deterioration cost for own warehouse (ܦைଵ′′′) during the time interval 0 to μ is as follows, 

ைଵܦ
′′′ ൌ ܿଷ න ݁ି௥௧. θଶሺtሻ. ݐሻ݀ݐሺ	ைଵܫ

ఓ

଴
. 

The total deterioration cost during the time period 0 to x1 is as follows, 

′′′ைଵܦ ൌ ܿଷ න ݁ି௥௧. .ݐߚ .ݐሻ݀ݐሺ	ைଵܫ
ఓ

଴
 

Now total deterioration cost during the time period 0 to x1 is as follows, 

ைଵܦ
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3
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The deterioration cost for own warehouse (DO2) during the time interval μ to x1 is as follows, 
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ைଶܦ
′′′ ൌ න ݁ି௥௧. .ݐߚ ݐሻ݀ݐሺ	ைଶܫ

௫భ

μ
. 

The total deterioration cost during the time period μ to x1 is as follows, 

′′′ைଶܦ ൌ ܿଷ න ݁ି௥௧. .ݐߚ .ݐሻ݀ݐሺ	ைଶܫ
௫భ

μ
 

Now total holding cost during the time period μ to x1 is as follows, 

ைଶܦ
′′′ ൌ ܿଷߚ ቂ
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ሺݔଵ
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The deterioration cost for own warehouse (DO3) during the time interval μ to t1 is as follows, 

′′′ைଷܦ ൌ න ݁ି௥௧. .ݐߚ .ݐሻ݀ݐሺ	ைଷܫ
௧భ

௫భ

 

The total deterioration cost during the time period μ to t1 is as follows, 

ைଷܦ
′′′ ൌ ܿଷ න ݁ି௥௧. .ݐߚ ݐሻ݀ݐሺ	ைଷܫ

௧భ

୶భ

. 

Now total deterioration cost will be during the time period x1 to t1 is as follows, 

ைଷܦ
′′′ ൌ ܿଷ න ݁ି௥௧. .ݐߚ ቈ1 െ ߚ

ଶݐ
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μ
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Now total deterioration cost for own warehouse will be during the time period 0 to t1 is define as 

஼ܦ
ᇱᇱᇱ ൌ ோଵܦ

ᇱᇱᇱ ൅ ோଶܦ
ᇱᇱᇱ ൅ 	′′′ைଵܦ ൅ ைଶ′′′൅ܦ	  ைଷ′′′. (47)ܦ

   

3.3.3 Shortage cost for the own warehouses (݄ܵ஼ ′′′)) during the time  
period t1 to T under the inflation rate r 

The shortage cost for own warehouse (݄ܵ஼ ′′′) during the time interval t1 to T is as follows, 

݄ܵ஼ ′′′ ൌ െන ݁ି௥௧. .ݐሻ݀ݐைସሺ	ܫ
୘

௧భ

 

The total shortage cost during the time period t1 to μ is as follows, 

݄ܵ஼
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Now total shortage cost is: 
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(48) 

3.3.4 Lost Sale Cost during the time period t1 to T  

The lost sale cost (ܮௌ஼ ′′′) during the time interval t1 to T is given by  

ௌ஼ܮ
′′′ ൌ െන ሺ1 െ ሻ݁ି௥௧ሺܽߜ ൅ ݐሻ݀ߤܾ

்

௧భ

. 

 

The total lost sale (Ls) during the time period t1 to μ is also given by  
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ௌ஼ܮ
′′′ ൌ െܿହ න ሺ1 െ ሻ݁ି௥௧ሺܽߜ ൅ ݐሻ݀ߤܾ

்

௧భ

. 

Now total lost sale (Ls1) is stated as  

ௌ஼ܮ
′′′ ൌ ܿହ ൥ሺߜ െ 1ሻ൭ሺܽ ൅ ሻߤܾ ቆܶ െ ଵݐ െ

ݎ
2
ሺܶଶ െ ଵݐ

ଶሻቇ൱൩. 
(49) 

 

3.3.5 Total cost 

		 ஼ܶଷሺT, tଵሻ ൌ 		 ሾܱ݃݊݅ݎ݁݀ݎ	ݐݏ݋ܿ ൅ ݐݏ݋ܿ	݈݃݊݅݀݋݄	݈ܽݐ݋ܶ ൅ ݐݏ݋ܿ	݊݋݅ݐܽݎ݋݅ݎ݁ݐ݁݀	݈ܽݐ݋ܶ ൅
	ݐݏ݋ܿ	݁݃ܽݐݎ݋݄ݏ	݈ܽݐ݋ݐ ൅   ሿݐݏ݋ܿ	݈݁ܽݏ	ݐݏ݋݈	݈ܽݐ݋ܶ

஼ܶଷሺT, tଵሻ ൌ ଴ܣൣ ൅ ஼ܪ
′′′ ൅ ஼ܦ

′′′ ൅ ݄ܵ஼
′′′ ൅ ௌ஼ܮ

′′′ ൧. (50) 

3.4 Total Inventory Cost 

From Eq. (18), Eq. (33) and Eq. (50) the total Inventory cost per unit item per unit time is as follows, 

஼ܶሺT, tଵሻ ൌ ஼ܶଵሺT, tଵሻ ൅ ஼ܶଶሺT, tଵሻ ൅ ஼ܶଷሺT, tଵሻ. (51) 
 

3.4.1 Mathematical formulation of the model                                                              

Our main objective to minimize the Total cost function  ஼ܶሺT, tଵሻ the necessary condition for minimize 
the total inventory cost are 			 

߲ ஼ܶሺܶ, ଵሻݐ

߲ܶ
, 0		ܽ݊݀		

߲ ஼ܶሺܶ, ଵሻݐ

ଵݐ߲
ൌ 0 

(52) 

Using the software mathematica-5.8, we can calculate the optimal value of T* and t1* by equation (53). 
And the optimal value ஼ܶ

∗ሺT, tଵሻ of the total Inventory cost is determined by equation (52). The optimal 
value of T*and t1*, satisfy the sufficient conditions for minimizing the total inventory cost function 

஼ܶ
∗ሺT, tଵሻ  are 

డమ்಴ሺ்,௧భሻ

డ்మ
൏ 0  

డమ்಴ሺ்,௧భሻ

డ௧భ
మ ൏ 0 and  

డమ்಴ሺ்,௧భሻ

డ்మ
. డ

మ்಴ሺ்,௧భሻ

డ௧భ
మ െ డమ்಴ሺ்,௧భሻ

డ்డ௧
൐ 0 . In addition, at T 

= T* optimal value t1 = t1 

4. Numerical Illustration  

    Example 1: Let us consider A = 600, a = 175, b=2.4, r = 0.5, c1 = 1.7,  

                 c2 = 1.4, ߚ 0.2 = ߙ	 ൌ 0.1	,	 ܿଷ ൌ 0.2 ,	ܿସ ൌ 0.3 μ = 0.99, δ = 0. 2 

Based on above input data and using the software mathematica-5.8, we calculate the optimal value 
of		 ஼ܶሺT, tଵሻ, T* and t1* simultaneously by Eq. (51) and Eq. (52)                                                      

		 ஼ܶሺT, tଵሻ= 4420.61, T* = 4.37312, t1* = 2.878721  

Example 2:  Let us consider A = 250, a = 125, b=1.4, r = 0.5, c1 = 1.2, c2 = 0.91, ߚ 0.1 = ߙ	 ൌ 0.091	,	 
ܿଷ ൌ 0.1 ,	ܿସ ൌ 0.2, μ = 0.99 ,δ = 0. 2 

                     		 ஼ܶሺT, tଵሻ= 1815.70,   T* = 2.03141, t1* = 1.237592 

5. Sensitivity analysis and observations 

We have studied the effects of changes of the parameters on the optimal values of  		 ஼ܶሺT, tଵሻ, T*   and 
t1* derived by the proposed method. The sensitivity analysis is performed in view of the numerical 
example. We have executed sensitivity analysis by changing the parameters	ܽ	, b	, ,	ߙ  as ߚ  and	,ݎ
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+20%, +50%, -20% and -50%. All remaining parameters have original values with respect to these 
changes. The corresponding changes in		 ஼ܶሺT, tଵሻ, T*   are t1* are shown in Table 1 as follows, 

Table 1  
Sensitivity Analysis of Optimal Solution {		 ஼ܶሺT, tଵሻ} w.r.t various Parameters 

Parameters % change T* t1* 		 ஼ܶሺT, tଵሻ
 -50 5.60571 3.67621 4557.39
a -20 4.99079 3.2528 4473.95
 20 3.94993 2.0668 3439.06
 50 2.98009 2.79768 2253.59
 -50 4.27685 2.82883 4657.77
α -20 4.3299 2.82109 4599.39
 20 4.45075 2.93656 4081.87
 50 4.51244 3.0099 3928.53
 -50 4.10878 2.62883 3828.73
β -20 4.27408 2.61109 3991.93
 20 4.39004 2.89656 4499.77
 50 4.49729 3.0199 4557.99
 -50 5.97687 2.67387 9905.6
b -20 4.87172 2.97911 7819.88
 20 3.99856 2.69506 3023.15
 50 4.19306 2.80501 802.353
 -50 5.30571 3.67621 762.353
r -20 4.39079 3.2528 2923.15
 20 4.04993 2.0668 8019.88
 50 3.98009 2.79768 9305.6

 
We study above table brings out the following: 

We have observed that as parameters a and b increase the optimal values of T* and t1* decrease and 
the average total cost 	 ஼ܶሺT, tଵሻ of an inventory system also decreases, but as parameters a and b 
decrease, optimal values of T*, t1* and		 ஼ܶሺT, tଵሻ increase. It is interesting to observe that as 
deterioration parameter	ߙ increases, optimal values of T* and t1* decrease and the average total cost 
		 ஼ܶሺT, tଵሻ  of an inventory system increases. If deterioration parameter	ߙ decreases, optimal values of 
T* and t1* increase while the average total cost 		 ஼ܶሺT, tଵሻ of an inventory system decreases. Second as 
deterioration parameter	ߚ increases, optimal values of T* and t1* slightly decrease while the average 
total cost 		 ஼ܶሺT, tଵሻ  of an inventory system increases. If deterioration parameter	ߚ decreases, optimal 
values of T* and t1* increase while the average total cost 		 ஼ܶሺT, tଵሻ of an inventory system decreases.  

 

Fig. 4. Graphical representation of sensitivity of the Time and Total cost versus  a 
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Fig. 5. Graphical representation of sensitivity of the Time and Total cost versus b 

 

Fig. 6. Graphical representation of sensitivity of the Time and Total versus  α 

 

Fig. 7. Graphical representation of sensitivity of the Time and Total cost versus  β 
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Fig. 8. Graphical representation of sensitivity of the Time and Total cost versus  r 

7 Conclusions 

In this paper, we have developed a partially backlogging inventory model for two warehouse problem. 
In our study we have considered two warehouse problems under the inflation with deterioration, one 
with limited storage space and one with rented warehouse with unlimited storage space. This helps in 
reducing inventory costs as well as in obtaining the best prices due to large volume of the purchases. 
The rate of deterioration is time dependent. The ramp type demand rate is assumed in the present model. 
The shortages are allowed and shortages are partially backlogged. The deterioration cost, inventory 
holding cost and shortage cost are considered in this model. The numerical examples are given to 
illustrate the model developed. Comprehensive sensitivity analysis with graph has been carried out for 
showing the effect of variation in the parameter. The model has been solved analytically by minimizing 
the total cost under inflation. Convexity shows that the model is developed for minimum inventory 
cost.     
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