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This paper deals with developing an inventory model for two warehouses. In today’s business
era, there are various types of conditions such as discounts, bulk storage and seasonal products
forcing the buyer to purchase the order more than owned warehouse capacity. To store the
excess unit of purchase order, buyer arrange additional storage space called as rented
warehouse. It is known that the demand of the seasonal products (as woolen garments)
increases at the beginning of the season up to a certain time and then stabilizes to a constant
rate for the remaining time of the season. The ramp type demand rate forces the buyer to store
a higher quantity of the product at the beginning of the season. Most of the physical goods
undergo decay or deterioration over time so we study deteriorating seasonal products in this
paper. This two warehouse inventory model is developed with inflation and shortages. The
model starts with rent warehouse, in first rent warehouse’s inventory level is depleted due to
demand and deterioration. At this time own warehouse is depleted due to deterioration only.
But after that the inventory level of owned warehouse is depleted due to both demand and
deterioration. The shortages are considered in owned warehouse, which is partially
backlogged. Numerical solution of the model is obtained to verify the optimal solution.
Comprehensive sensitivity analysis has been carried out for showing the effect of variations in
the parameters. The model is solved analytically by minimizing the total cost.

© 2016 Growing Science Ltd. All rights reserved.

1. Introduction

It is often seen that the capacity of warehouses may be limited. But in the super markets when an
attractive price discount is offered to customers, the demand of the products increases. The customer
intends to buy more goods, which creates greater demand for the goods. This condition motivates the
buyers to increase their order quantity in an attempt to earn more profit and to increase the revenue. To
store the excess unit of purchase order, buyer arranges the storage space (rent warehouse). It is assumed
that the holding cost in rent warehouse (RW) is greater than owned warehouse (OW) due to additional
rent charge. Sharma (1983) introduced a two warehouse inventory model by assuming the cost of
transporting unit from RW to OW as constant. Goswami and Chaudhuri (1992) proposed an economic
order quantity model for items with two levels of storages for a linear trend in demand. In the first
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phase of the paper, a deterministic model without shortage was developed and in the second phase
deterministic model with shortage was considered. In both cases the authors assumed that the stock of
RW were transported in ‘n’ shipments after an optimum time interval between successive shipments
taking a linear increasing trend in demand with time.

A two warehouse inventory model for a linear trend in demand was proposed by Bhunia and Maiti
(1994) for single item with infinite rate of replenishment and linear increasing demand where shortage
was completely backlogged. Bhunia and Maiti (1998) developed a deterministic inventory model with
two warehouses for deteriorating items taking linearly increasing demand with time, shortages were
acceptable and surplus demand was backlogged as well. Stock was transferred from RW to OW and the
deterioration rate was different in both the warehouses.

Kar et al. (2001) developed a deterministic inventory model for a single item having two separate
storage facilities (owned and rented warehouses) due to limited capacity of the existing storage (owned
warehouse) with linearly time-dependent demand (increasing) over a fixed limited time. The model
was formulated by assuming that the rate of replenishment is infinite. Shortages are permissible and
totally backlogged. Zhou (2003) developed a deterministic replenishment model with warchouse
possessing limited storage capacity. In this model, the replenishment rate is unlimited. The demand rate
is time dependent and increases at a decreasing rate. The stocks of rented warehouse are transported to
owned warehouse in continuous release pattern. In this model shortages are allowed in owned
warehouse and permits part of the backlogged shortages to turn into lost sales which are assumed to be
a function of the currently backlogged amount. As a special case of the model, the parallel models with
fully backlogged shortages and without shortages are also presented.

An inventory model with two warehouses and stock-dependent demand rate was proposed by Zhou and
Yang (2005). Shortages were not allowed in the model and the transportation cost for transferring items
from RW to OW was taken to be dependent on the transported amount. Skouri and Konstantaras (2013)
developed two warehouse inventory models for deteriorating products with ramp type demand rate.

The condition becomes more complex when the inventory deteriorates in nature. Deterioration of goods
is one of the important factors in any inventory and production systems. Many researchers have worked
for inventory with deteriorating items in recent years because most of the physical goods undergo decay
or deterioration over time. Ghare and Schrader (1963) suggested a model for an exponentially decaying
inventory. Inventory models with a time dependent rate of deterioration were considered by Covert and
Philip (1973), Chung and Ting (1993), Hariga and Benkherouf (1994), Wee (1995), Giri and Chaudhuri
(1997), Giri et al. (2003). They have done significant works in the field of structural properties of an
inventory system with deterioration and trended demand. Singh et al. (2008) introduced an ordering
policy for perishable items having stock dependent demand with partial backlogging and inflation.
Chaudhary and Vikas (2013a) proposed an inventory model for deteriorating items with Weibull
deterioration with time dependent demand and shortages. In general holding cost is assumed to be
known and constant. Chaudhary and Vikas (2013b) suggested Retailer’s profit maximization model for
Weibull deteriorating items with permissible delay on payments and shortages. Optimal inventory
model for time dependent decaying items with stock dependent demand rate and shortages was
introduced by Chaudhary and Vikas (2013¢,d). Chaudhary and Vikas (2015) proposed an optimal
policy for Weibull deteriorating items with power demand pattern and permissible delay on payments.
Chaudhary and Vikas (2016) developed supply chain model with multi distributer and multi retailer
with deterioration.

In this paper, we develop an optimal inventory model in which deterioration rate follows Weibull
distribution with two parameters. Shortages are considered as partially backlogged. Demand rate is
price dependent. We solve the model to optimize the total profit which is maximum. Model is illustrated
with numerical examples and comprehensive sensitivity analysis.
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2. Assumptions and Notations
The proposed inventory model is developed under the following assumptions and notations:

2.1 Assumptions

e The system operates for a prescribed period of 7 units of time and the replenishment rate is
infinite.

e Lead time is zero.
e Shortages are partially backlogged and backlogged rate is 6 which is constant.
e The inflation is also consider, the inflation rate is assume r and it is defined as follows,
f=e™ r>0
e The deterioration rate is time dependent given by the deterioration rate 8;(z) in RW as 01(t) = at
where a is deterioration rate parameter with a > 0. Deterioration rate 62(z) in OW is given by
62(t) = Bt where B is deterioration rate parameter with 8 > 0.

e Demand rate D(?) is ramp type function as follows,

f(t) = a+ bt, t<u
b =
O=Uw=a+by t=p
where f(t) is a linear function of time, and f(uw) is a linear function
of u.

e The ordering cost 4o is constant.
e The cycle length is assumed 0<t < T.

2.2 Notations
The following notations are made for development of mathematical model:

lo(?) is the inventory level in OW at time ¢ (0<t <T).

Ir(?) is the inventory level in RW at time ¢ (0<t<T).

t1 is the time at which the inventory level reaches zero in OW.

x1 1s the time at which the inventory level reaches zero in RW.

C1 is the inventory holding cost per unit item per unit time in RW.
C:>is the inventory holding cost per unit item per unit time in OW. (C1> C>).
Cs is the shortage cost per unit item per unit time.

C4is the deterioration cost per unit item per unit time.

Cs is the per unit item opportunity cost due to the lost sales.

Ay is the ordering cost.

W is the capacity of owned warehouse.

u is the point where increasing demand becomes steady.

3. A two-warehouse with ramp type demand rate under inflation

The length of the cycle is 7. During the interval [0, x;] the inventory level in RW depleted due to
demand and deterioration and it vanishes at # = x;. In OW, the inventory level W decreases during [0,x:]
due to deterioration only, But during [x;¢/] the inventory level is depleted due to both demand and
deterioration. At time #; both warehouses are empty and after that the shortages occurring in the period
(21, T) which is partially backlogged. Backlogging rate is 9.

The differential equation can be expressed for inventory level at time ¢ at RW and OW when the
instantaneous state over (0, T) are given by
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R+ at.lg() =-D() 0 <t<zx; with Izg(x)=0
I,')(©) + Bt.Ip(t) =0 0 <t<zx; with I[5(0)=W
I’ + Btlp() =—-D(t) x, <t <t; with [o(t;) =0
I,'(t) = —6D(t) ty <t < T with I(t;) =0

(1)
2)
3)
4)

The solution of these equations are defined by the relation between x, ¢;, and u with respect to demand

rate function so that the following three cases may arise

31Casel: x; < t;5

I(t)

X1 tl\

Fig. 1. Inventory system for the case x; < t; < pn

In this case the above equations are defined as follow,

[R() + at.lzg(t) =—(a+bt) 0 <t < x; with Iz(xy) =0

I,'(© + Bt.Ip(t) =0 0 < t < x,with [o(0) =W I,'() + Bt.Ig(t) = —(a+
bt) x; <t < t; with Io(t) =0

[,)(t) = =8(a+bt) t; < t < with Ig(t;) =0

I,)(O) = —8(a+bp) p<t<T with Iog(p) =0

The solution of the above equations can be derived as follows,

2 b b
RO= [1-a]|at-0+2GF- )+ LG -+ Z(at-tH] o<
t < x4

Iop() = W—pt 0<t<x

2
Ip, (D) = 1—ﬁt— %a(tf—tf“) ] X, <t

5 [a(tl —t) +§(t12 -t +

<t
Sb
oz (V) = [8aty — ) + 2 (¢7 — ¢2) | t, <t <p

)
(6)

(7)
®)

)

(10)
(11

(12)
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Ios (©) = [Sa(u —t) + 8b(u? — ut) | W (13)

IA
[
IA
-

3.1.1 Holding Cost for the warehouses during the time period
0 to t1 under the inflation rate r

The holding cost for rent warehouse ( Hg') during the time interval 0 to x; is as follows,

Hg' = fo"le—”.l (t)dt.

The total holding cost during the time period 0 to x; is given as follows,

X1
Hp' = clj e "t I (t)dt.
0

Now total holding cost for rent warehouse is given by

a 1 1 1 1 1 1 1 1
Hy' = ¢ [—x12 — (—ar ——b)xf’ — (—aa —>br +—aa)x{l + (—aar —=b+ —aar+
2 6 3 24 8 8 40 30 45

iba) X} + (i aab — —a?a — iabr) x$ + (L ar — iazb) x] + (Lazrb) xf]
10 48 72 24 112 84 128
The holding cost for own warehouse (H,,") during the time interval 0 to x; is as follows,

X1
HOll = j e_rt.101 (t)dt.

0
The total holding cost during the time period 0 to x; is stated as follows,

X1
Hél = sz e_rt.101 (t)dt
0

Now total holding cost will be during the time period 0 to x; is stated as follows,
! 1 2 1 8
H); =c¢; [Wx1 —3 (wr + B)xi + §Brbx1].
The holding cost for own warehouse (Hy,") during the time interval x; to t; are given as follows,

ty
HOZI = f e_rt. 102 (t)dt.
x1
The total holding cost during the time period x; to t; is also given by

ty
HOZI = sz e_rt.loz (t)dt.
X1

H), = ¢y [%(tlz —x3) — (%ar —%b) 3 —x3) - (ia,@ —%br +%Ba) (ti—x) +
1 —_lp4+L 1 5_ x5 1 —Llp2g L 6_ 6 L oar—
(s apr — b+ par +—-bp) (t§—x5) + (- apb — = p2a — = fbr) (tt—x§) + (> ar
1 1
52 B7b) (W] =x]) + (5 87D ) (tF D)
Now total holding cost for warehouses

HC’ = HR’+H01’ + HOZI. (14)

3.1.2 Deterioration cost for the warehouses during the time
period 0 to t; under the inflation rate r

The deterioration cost for rent warehouse (Dr) during the time interval 0 to x; is as follows,
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X1
Dj :f e .0,(0).1 z(t)dt.
0

The total deterioration cost during the time period 0 to x; is stated as follows,

X1
Dj = c3f e " at. I (t)dt.
0

Now total deterioration cost for rent warehouse can be computed as

= e [2n3 4 _ x_i"_(i _ (L_i)) 6 _
Dp = cg [6 x; + (b + 2ar)xy + (3aa — 2br) vl by ar(1—=3a)+ b = 5.) )X
2 1 7+ (—ar—-Lp)x8 L a2 9
a (105 br + e aa) Xy +a (160 ar b) x7 + (180 a rb) xl].
The deterioration cost for own warehouse (D4 ") during the time interval 0 to x; is as follows,

X1
Dél = C3 f e_rt. el(t). 101 (t)dt.
0

The total deterioration cost during the time period 0 to X; is as follows,

X1
Dy, = c3f e Bt.1,, (t)dt.
0

Now total deterioration cost during the time period 0 to x; is as follows,

2

, x; 1 1
D)y = c3 |wB—=— = (wBr + BH)x} + = B2rxit|.

2 3 4
The deterioration cost for own warehouse (Dy,") during the time interval x; to t; is as follows,
21
D), = f e Tt Bt. 1y, (t)dt.
X

1
The total deterioration cost during the time period x; to t; is stated as follows,

ty

DOZI = Cz f e_rt.ﬁt. 102 (t)dt.
X1

Now total holding cost during the time period X; to t; is as follows,

S [P 3 4 4 (t3-x3) 1 r
Dy, =c¢3 [g (t7 —x7) + (b + 2ar)(t{ —x7{) + (Baa — 2br)T— (Ear(l —3a) + b(E _
1 1 1 1
7 ) (7 -x7) —a (105br + E“a) (] —x{) + a (mar - Eb) (t7—x7) +
1
(S a?rb) (172D

180

Now total deterioration cost for warehouses is given by

DC, = DR’ + DOII + DOZI (15)
3.1.3 Shortage cost for the own warehouses (Sh¢') during the time period t1 to T under the inflation
rater

The shortages are occur for own warchouse only so the shortages cost will be for own warehouse.

The shortage cost for own warehouse (Shy;') during the time interval t; to p is given by,
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u
Sh01, = _f e_rt.l 03(t)dt.
t

1

The total shortage cost during the time period t; to p.

X1

Sh01’ = _C4_f e_rt.Iog (t)dt
0
Now total shortage cost

da Orat Obrt? Sbt?
Sho1 =c¢4 [(uz—tf) <7+—2 +— 1) —(u—ty) <8at1 +— 1>

+ w5 %) - w5

The shortage cost for own warehouse (Shy,') during the time interval p to T is also as follows,

T
Shbz = _J e_rt.104 (t)dt.

u
The total shortage cost during the time period p to T is given by,

T
Shozl = _C4f e_rt.104 (t)dt.
u

Now total shortage cost during the time period 0 to x; is as follows,

. MtZ T3 ‘u3 TZ ‘le
Shp, = ¢4 [(a+b,u)<5r(7 3¢ & 7+? Sut ||

Now total shortage cost for own warehouse during the time period t; to T is define as

3.1.4 Lost Sale Cost during the time period ti to T

The lost sale cost (Lg;") during the time interval t; to p.

u
Ly =—| (1=6)e " (a+ bt)dt.
ty
The total lost sale cost (Ls1) during the time period t; to p is as follows,

u
Lg,' = —C5J (1 —=46)e " (a + bt)dt.
t

1

(b —ar)

Ly = s [(6 -1 (a(u )+

b
WD) + 5 (@ —u3)> .

The lost sale cost (Lg,") during the time interval p to T is given by

T
Lg,' = —J (1 —68)e " (a + bu)dt.
u
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The total lost sale cost (Lg,") during the time period p to T is as follows,

T
Lg, = —c5j (1—8)e " (a + bu)dt.
u

Now total lost sale cost (Lg,") is as follows,

b — b
Ly = ¢5(6 — 1)(a + bi) [a(u ~e)+ 8D e iy D - )|

Lost sale cost (Lg.") during the time period t; to T is define as

Ls¢'=Lsi' + L' (17)
3.1.5 Total Cost
Expected total cost can be define as follow,

Tc1(T,t) = [Ordering cost + Total holding cost + Total deterioration cost +
total shortage cost + Total lost sale cost]

TCl(T'tl) = [AO +HC’+DC,+ShC,+LSC’]' (18)

3.2 Casell: x; < u<sty

I(t)

X1 u t

Fig. 2. Inventory system for the case x; < u< ty

So that the differential equation can be expressed for Inventory level at time t at RW and OW when the
instantaneous state over (0,T) are given by

I'R() + at.Ig(t) = —(a+bt) 0 < t < x; with Iz(x;) =0 (19)
I'o1()+ Btlp(®) =00 < t < x; with [5(0) =W (20)
I'o2() + Bt.lg(t) =—(@+bt) x; <t < pwith Io(w) =0 (21)
I'ozs(®) + Bt.lg(t) =—(@a+bp) p <t < tywith Ig(t) =0 (22)
I'gs(t=—-8(@+bp) t; <t < Twith Io(t;) =0 (23)

The solution of the above equations can be derived as follows,
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2
Ig () = [1—6{%] [a(xl—t)+g(x12— t2)+%(x13—t3)+ %b(xl“—t“)]O St<x
Iy ®= [1=B]Jau-0+202 - D+ 2@ -H+ 2@t -th|x<t<y

t? B
Ioz (t) = [1 - B?] (a + bu) ((Q -0+ g(tf - t3))

Ios (©) = 8[alt; — £) + bu(t, — )] t<t<T

n<tst

3.2.1 Holding Cost for the warehouses during the time
0 to t1 under the inflation rate r

The holding cost for rent warehouse ( Hg'") during the time interval 0 to x; is as follows,

X1
HR” = f e_rt.IR (t)dt
0

The total holding cost during the time period 0 to x; is as follows,

X1
Hg'' = clf e "t I (t)dt.
0

Now total holding cost is

295

(24)

(25)
(26)

27)

(28)

period

a 1 1 1 1 1 1 1 1
HY = ¢ [—xf - (-ar ——b)x13 — (—aa —-br+—aa)xf + (—aar ——b+ —aar+
2 6 3 24 8 8 40 30 45

1 1 1 1 1 1 1
—ba) x? + (—aab ——a’a— —abr) x$ + (—ar - —azb) x] + (—azrb) xf].
10 48 72 24 112 84 128

The holding cost for own warehouse (H,,'") during the time interval 0 to x; is as follows,

X1
H01” = f e_Tt.Io:l (t)dt
0

The total holding cost during the time period 0 to x; is as follows,

Hoi' = ¢, [, "e ™. Ipy (D)dL.
Now total holding cost during the time period 0 to x; is calculated as follows,

14 1 2 1 8
H); =c; [le —3 (wr + B)xi + §ﬁrbx1].

The holding cost for own warehouse (H,,'") during the time interval x; to p is also given as follows,

u

HOZH = f e_rt.loz (t)dt
X1
The total holding cost during the time period x; to p is as follows,

u
Hp, = czf e . 1,, (t)dt.
x1
Now total holding cost during the time period x; to  is as follows,

" 1 1 1 1 1 1
HE, = ¢ [5 (w2 —xP) = (Gar = 3b) (u* —x) = (5;aB — 5 br + 3 pa) (u—x) + (j5abr —

%b + 4—15ﬁar +%b,8) (p5—x7) + (%aﬁb — %ﬁza - iﬁbr) (ue—x9) + (iar -

112
52 B70) (W =x]) + (55 B%rb) (=),
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The holding cost for own warehouse ( Hy3'") during the time interval u to t; is as follows,

£
H03” = f e_rt.103 (t)dt.
u

The total holding cost during the time period p to t; is as follows,

t1
H03” = CZ.’. e_rt.lo3 (t)dt

Now total holding cost during the time period x; to p is as follows,

t £2
Hps = CZJ e ", [1 - [3—]
u 2

Now total holding cost for warehouse is given by

6

(a + bu) <(1:1 -+ f 3 - t3))‘ dt.

Hf = HR + Hy; + Hp, + Hjs. (29)
3.2.2 Deterioration cost for the warehouses during the time period 0 to t; under the inflation rate r

The deterioration cost for rent warehouse (Di"") during the time interval 0 to x; is

X1
D} :f e t.0,(0).1 z(t)dt.
0

The total deterioration cost during the time period 0 to X; is as follows,

X1
DR = c3f e "t at. I (t)dt.
0

Now total deterioration cost will become

5
e 4 o265~ (L - )
DY =c4 [6x1 + (b + 2ar)xt + (Baa — 2br) 30 36617’(1 3a) + b(16 24) *1

(fms o+ 1500)x + o rgger = gt ot + (ge’ro)

1057 T112) " T 160 T1287) "t T \180 " V)M

The deterioration cost for own warehouse (Dy,"’) during the time interval 0 to x; is as follows,
X1

D01” = C3J. e_rt. 62 (t).]01 (t)dt.
0

The total deterioration cost during the time period 0 to x; is as follows,

X1
Dp" =5 f e . Bt.1,, (t)dt.
0
Now total deterioration cost during the time period 0 to x; is as follows,

x2

1 1
D1 =c3 [wﬁ?1 — §(wﬁr + B?)x3 + Z,Bzrxf :

The deterioration cost for own warehouse (Dy,'") during the time interval x; to p is as follows,

u

DOZH = f e_rt. Bt 102 (t)dt
X1

The total deterioration cost during the time period x; to ti is given by
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u

DOZH = C3 J. e_rt. Bt. 102 (t)dt.
x1
Now total deterioration cost during the time period x; to p is as follows,

u 2 b b
DOZH = ¢, le e_rt.ﬂt. [1 _ '3%] [a(u — t) + E(HZ _ tz) + %(lﬁ — t3) + $} dt.

The deterioration cost for own warehouse (Dy3'’) during the time interval p to t; is as follows,

ty
D03” = f e_rt.ﬁt. 103 (t)dt.
u

The total deterioration cost during the time period p to t; is as follows,

t1
Dg3 = C3.’. e_rt.ﬁt.lo?) (t)dt
n

Now total deterioration cost during the time period x; to t; is as follows,

Dos" = c3 f:l e "t Bt. [1 -B ;] [(a + bu) ((t1 —t)+ % & - t3))] dt.
Now total deterioration cost for warehouses is summarized as,

D¢ =Dg + Do1" + Dop" + Dp3"". (30)
3.2.3 Shortage Cost for the Own Warehouses (Sh¢'") during the time Period t1 To T under the Inflation
Rate r
The shortage cost for own warehouse (Sh'") during the time interval #; to T is as follows,

T
Shi = —J e T T pa(t)dt.
t

1
The total shortage cost during the time period t; to u is as follows,

T
She’ = _C4_f e_rt.I 04(t)dt
21
Now total shortage cost is as follows,
. t,it2 T3 3 T? t? €2))
She = ¢, |(a+ bty) | 61 T—?—g +6 7—?—51'171 .

3.2.4 Lost Sale Cost during the time period ti to T

The lost sale cost (Lg;'") during the time interval t; to T is given by

T
L' == (1=68)e " (a+ bu)dt.
ty
The total lost sale (Lgc'") during the time period t; to p is as follows,

T

L' = —cs | (1 —=368)e ™ (a+ bu)dt.
t1

Now total lost sale (Lgc"") is calculated as,
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r (32)
Lsc =cs|(6—1) (a+b,u)<T—t1—§(T2—t12)> .

3.2.5 Total Cost
Total cost can be define as follow

Tc,(T,t;) = [Ordering cost + Total holding cost + Total deterioration cost +
Total shortage cost + Total lost sale cost]

Tcz(T, tl) = [AO + Hé, + Dé, + Shg + Lgc . (33)

6.33Caselll: u< x1 <t

I(t)

X1 t

Fig. 3. Inventory system for the case p < x; < t4

In this case the above equations are defined as follow,

I'pRi(®) + at.lzg;() = —(a+bt) 0 <t < pwith Ig(n) =0 (34)
I'Ro(®) + ot g, () =—(@+bp) p <t < xywith [g(x; ) =0 (35)
I'o1()+ Bt.lp;() =0 0 < t < pwith I5(0) =W (36)
I'oo(0) + Bt.lo() =0 p < t < xq with [g(x) =W (37)
I'gs(®) + Bt.lg(t) = —(@+bp) x; <t <ty with Ig(t) =0 (38)
I'os(t) = =8(@+bu) t; <t < Twith Ig(t;) =0 (39)

The solution of the above equations can be derived as below,

= [1-af]la-0+202 - )+ L@ -t)+ Lt -H]o <t < (40)
Ig, (V) = [1 - ag] [(a + bu) (x1 —t+ %(xf - t3))] H<t<zx (41)
Ipy ()= W-—pt 0<t<np (42)
Iop, = W—pt L<t<x (43)
oy © = [1-p5][@+bw) (@6 - 0 +2a - )] St 49

los (V) = 68[a(ty —t) + bu(t; — t) ] ty, <t <T (45)
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3.3.1 Holding Cost for the warehouses during the time period 0 to t; under the inflation rate r

The holding cost for rent warechouse (Hg,'"") during the time interval 0 to p is as follows,

u
Hg, :f e "t I, (t)dt.
0

The total holding cost during the time period O to x; is as follows,

u
Hp "' = clf e Tt Ip, (t)dt.
0

Now total holding cost is calculated as follows,

aa

" - 2 b b
Hpi"= ¢, foﬂe rt, [1 — a%] [a(u —-t)+ ;(HZ - t?) +?(u3 —t3)+ %(u“ — t4)] dt.

The holding cost for rent warehouse ( Hg, ") during the time interval p to x; is as follows,

X1
HRZ "= J e_rt. IRZ (t)dt.
u

The total holding cost during the time period 0 to x; is as follows,

u
H}l*:z = le e_rt.le (t)dt.
0
Now total holding cost is as follows,
" [ t?
Hpy"'=c; [; e [1 — a?] [(a + bu) (xl —t+ %(xf — t3))] dt.
The holding cost for own warehouse (Hy, ') during the time interval 0 to p is as follows,

u
Hp, =f e " 1y (t)dt.
0

The total holding cost during the time period 0 to x; is as follows,

" H 1 2 1 2 1
Hy, = czj e "t Iy, (B)dt = ¢, lwu —Eﬁ,u + SWrH + §ﬁr,u3].
0

The holding cost for own warehouse (Hg, ") during the time interval p to x; is as follows,

X1
HOZ "= J. e_rt.Ioz (t)dt

The total holding cost during the time period x; to p is as follows,

Hy, = ¢, f:cl e " 1,, (t)dt.

Now total holding cost during the time period x1 to p is as follows,

Hop"" = ¢z |wle =) = e = u2) (5 +wr) = G — )|
The holding cost for own warehouse (Hy3 ') during the time interval p to t; is as follows,

t1
H03 "= J. e_Tt.103 (t)dt
X1

The total holding cost during the time period p to t; is given by

299
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t
Hps = czf e " 1,5 (t)dt.
u

Now total holding cost during the time period x; to p is as follows,
Bis_ s
(a+bu)| (t; — t) +=(; —t2) || dt.

" t t2
I‘IO3 = CZJ# e ", [1 - ﬁ?:l g

Now total holding cost for own warehouse during the time period 0 to t; is defined as

Ho = Hgi + Hry""' + Hor"" + Hoa"'+ Hos"" . (46)

3.3.2 Deterioration cost for the warehouses during the time period 0 to t; under the inflation rate r

The deterioration cost for rent warehouse (Dg, ") during the time interval 0 to x; is as follows,

u
Dgy =f e 7.0, (1).1 g, ()dt.
0

The total deterioration cost during the time period 0 to X; is as follows,

I
Dgy = c3j et at. I, (t)dt.
0

Now total deterioration cost is as follows,

K t? b aa ab
" - 2 2 3 _ 43
Dy, _C3f0 e rt_at.[l—a 2“a(u—t)+§(u — t3) + c (w3 —t3)+ 8(u4—t4)]dt'
The deterioration cost for rent warehouse (D, ") during the time interval 0 to x; is as follows,

X1
Dg, :f e 7 0,(0).1 g, (t)dt.
u

The total deterioration cost during the time period 0 to x; is as follows,

X1
D}’-\;,z = C3 f e_rt.el(t).l RZ(t)dt'
u
Now total deterioration cost is as follows,
" X1 _—rt _ ﬁ — g 3 _ 3
Dg,"" = c3f# e .at.[l a 2] [(a+bu) (x1 t+ (-t ))]dt.
The deterioration cost for own warehouse (D, "'’) during the time interval 0 to u is as follows,

u
Dy, = c3f e Tt 0,(t). 1y, ()dt.
0

The total deterioration cost during the time period 0 to X; is as follows,

u
Do = c3 f e Tt Bt. I, (t)dt.
0
Now total deterioration cost during the time period 0 to x; is as follows,

2
"o pwol, s 1 3,1 4
Doy = c3B [W > T3PR mgTwet + i),

The deterioration cost for own warehouse (Doz) during the time interval p to x; is as follows,
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X1
Dy, =f e "t Bt. 1, (t)dt.
n

The total deterioration cost during the time period p to xi is as follows,

X1
DOZ’” =C3 f e_rt.ﬁt. IOZ (t)dt
0
Now total holding cost during the time period p to x; is as follows,
Do = c3B 3 OF — 1) — (e — 1) (B4 57) + prixt — ut)]

The deterioration cost for own warehouse (Do3) during the time interval p to t; is as follows,

t1
D03’” == f e_rt.ﬁt.log) (t)dt
X1
The total deterioration cost during the time period p to t; is as follows,

"

ty
D03 = C3.’. e_rt.ﬁt.lo?) (t)dt
X1

Now total deterioration cost will be during the time period x; to t; is as follows,

h t?

Dz = c3f e Tt Bt. [1 - ,8?] (a+ bu) <(t1 —t) +§(t13 - t3))] dt.
n

Now total deterioration cost for own warehouse will be during the time period 0 to t; is define as

D(I:II — D}"\!l, + D}I?IZI + D01m + D02m+ D03m~ (47)

3.3.3  Shortage cost for the own  warehouses  (Sh;'""))  during  the  time
period ti to T under the inflation rate r

The shortage cost for own warehouse (Sh."") during the time interval t; to T is as follows,

T
ShC”, = _f e_rt.I 04(t)dt
t

1
The total shortage cost during the time period t; to  is as follows,

T
Shg = _C4J e_rt.l 04(t)dt.
t

1
Now total shortage cost is:

48
She' = ¢4 [(a + bt,) <6r (BE-T-H)ps(Z-4- 6t1T))]. %)

2 3 6
3.3.4 Lost Sale Cost during the time period ti to T

The lost sale cost (Lg ") during the time interval t; to T is given by

T
Lgc = —f (1 =8)e " (a+ bu)dt.
t

1

The total lost sale (Ls) during the time period t; to p is also given by
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T

Lee = —cs | (1—=268)e " (a+ bu)dt.

ty
Now total lost sale (Ls) is stated as
. (49)
Lsc =cs|(6 —1)| (a+ bw) T—t1—E(T2—t12) .

3.3.5 Total cost

Te3(T,t;) = [Ordering cost + Total holding cost + Total deterioration cost +
total shortage cost + Total lost sale cost]

Tes(T,ty) = [Ag + He + D¢ + Sh¢ + Lgc - (50)
3.4 Total Inventory Cost

From Eq. (18), Eq. (33) and Eq. (50) the total Inventory cost per unit item per unit time is as follows,
TC(T' tl) = TCl(T' tl) + TCZ (T, tl) + TC3 (T, tl)- (51)
3.4.1 Mathematical formulation of the model

Our main objective to minimize the Total cost function T¢(T,t;) the necessary condition for minimize
the total inventory cost are

aTc(T, t1) aTc(T, t,) (52)
———,0and ——=0
oT Jaty
Using the software mathematica-5.8, we can calculate the optimal value of T* and t;* by equation (53).
And the optimal value T; (T, t;) of the total Inventory cost is determined by equation (52). The optimal
value of T*and t;*, satisfy the sufficient conditions for minimizing the total inventory cost function

x 92T ¢(T.t1) 92T ¢(T.t1) 0%Tc(Tt1) 9°Tc(T,ty)  9*Tc(Tty) .
T;(T,t,) are oz < 0 o2 <0and oz o2 ror 0 . In addition, at T

= T* optimal value t; = t;

4. Numerical Illustration
Example 1: Let us consider A = 600,a=175,b=2.4,r=0.5,c1=1.7,
c2=14,a=02p =01, ¢c3=02,¢c,=03u1=0.99,6=0.2

Based on above input data and using the software mathematica-5.8, we calculate the optimal value
of T¢(T,ty), T* and t;* simultaneously by Eq. (51) and Eq. (52)

T, (T, t,)=4420.61, T* = 437312, t;* = 2.878721

Example 2: Let us consider A =250,a=125,b=1.4,r=0.5,¢c1=1.2,¢2=091,a=0.1 8 = 0.091,
c3=01,c,=02,1=099,6=0.2

To(T,t1)=1815.70, T*=2.03141, t;* = 1.237592
5. Sensitivity analysis and observations

We have studied the effects of changes of the parameters on the optimal values of T.(T,t;), T* and
t1* derived by the proposed method. The sensitivity analysis is performed in view of the numerical
example. We have executed sensitivity analysis by changing the parametersa, b,a, r,and S as
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+20%, +50%, -20% and -50%. All remaining parameters have original values with respect to these
changes. The corresponding changes in T-(T,t;), T* are t;* are shown in Table 1 as follows,

Table 1
Sensitivity Analysis of Optimal Solution { T.(T,t;)} w.r.t various Parameters

Parameters % change T* t* T-(T,t1)
-50 5.60571 3.67621 4557.39

a -20 4.99079 3.2528 4473.95
20 3.94993 2.0668 3439.06
50 2.98009 2.79768 2253.59
-50 4.27685 2.82883 4657.77

a -20 4.3299 2.82109 4599.39
20 4.45075 2.93656 4081.87
50 4.51244 3.0099 3928.53
-50 4.10878 2.62883 3828.73

B -20 4.27408 2.61109 3991.93
20 4.39004 2.89656 4499.77
50 4.49729 3.0199 4557.99
-50 5.97687 2.67387 9905.6

b -20 4.87172 2.97911 7819.88
20 3.99856 2.69506 3023.15
50 4.19306 2.80501 802.353
-50 5.30571 3.67621 762.353

r -20 4.39079 3.2528 2923.15
20 4.04993 2.0668 8019.88
50 3.98009 2.79768 9305.6

We study above table brings out the following:

We have observed that as parameters @ and b increase the optimal values of 7* and ¢;* decrease and
the average total cost T.(T,t;) of an inventory system also decreases, but as parameters a and b
decrease, optimal values of 7% #* and T.(T,t;) increase. It is interesting to observe that as
deterioration parameter a increases, optimal values of T* and t;* decrease and the average total cost

T:(T,t;) of an inventory system increases. If deterioration parameter a decreases, optimal values of
T* and t;* increase while the average total cost T (T, t;) of an inventory system decreases. Second as
deterioration parameter 5 increases, optimal values of T* and t;* slightly decrease while the average
total cost T.(T,t;) of an inventory system increases. If deterioration parameter § decreases, optimal
values of T* and t;* increase while the average total cost T(T,t;) of an inventory system decreases.
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Fig. 4. Graphical representation of sensitivity of the Time and Total cost versus a



304

6000

4000

2000

1.60375 0.4986 -0.37456 -0.18006

Toatal cost
o

-2000

-4000

-6000

Time

Fig. 5. Graphical representation of sensitivity of the Time and Total cost versus b

300 237.1643
178.7833

200

100

-0.09627 -0.04322 0.07763 0.13932

0

-100

-200

Toatal cost

-300

-400

-500

-600

time

Fig. 6. Graphical representation of sensitivity of the Time and Total versus

200 137.379

79.1589
100
-0.26434 -0.09904 0 01692 0.12417
0

-100

-200

-300

Total cost

-400

-500

-600

-700
Time

Fig. 7. Graphical representation of sensitivity of the Time and Total cost versus 3



V. Sharma and R. R. Chaudhary /Uncertain Supply Chain Management 4 (2016) 305

6000 4884.9876

5000

4000 3599.2702

3000
2000

1000

0.93259 0.01767 -0.32319 -0.39303

Total cost

1 -1492.462 4 5

-1000
-2000
3000  -3658.25

-4000

-5000
Time

Fig. 8. Graphical representation of sensitivity of the Time and Total cost versus r
7 Conclusions

In this paper, we have developed a partially backlogging inventory model for two warehouse problem.
In our study we have considered two warehouse problems under the inflation with deterioration, one
with limited storage space and one with rented warehouse with unlimited storage space. This helps in
reducing inventory costs as well as in obtaining the best prices due to large volume of the purchases.
The rate of deterioration is time dependent. The ramp type demand rate is assumed in the present model.
The shortages are allowed and shortages are partially backlogged. The deterioration cost, inventory
holding cost and shortage cost are considered in this model. The numerical examples are given to
illustrate the model developed. Comprehensive sensitivity analysis with graph has been carried out for
showing the effect of variation in the parameter. The model has been solved analytically by minimizing
the total cost under inflation. Convexity shows that the model is developed for minimum inventory
cost.
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