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1. Introduction

In today’s competitive business transactions, it is common for the supplier to offer a certain credit
period to the retailer for stimulating his/her demand. During this credit period the retailer can
accumulate the revenue and earn interest on that revenue. However, beyond this period the supplier
charges interest on the unpaid balance. Hence, a permissible delay indirectly reduces the cost of holding
stock. On the other hand, trade credit offered by the supplier encourages the retailer to buy more. Thus,
it is also a powerful promotional tool that attracts new customers, who consider it as an alternative
incentive policy to quantity discounts. Hence, trade credit can play a major role in inventory control
for both the supplier as well as the retailer. Owing this fact, during the last few years, many articles
dealing with various inventory models under a variety of trade credit have appeared in the literature.

In most of the above papers, two types of time varying demand rate have been considered: (i) linear
positive/negative trend in demand rate and (ii) exponentially increasing/decreasing demand rate.
However, demand cannot increase continuously over time. For example, demand rate for fashionable
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products, increases with time up to a certain moment (only if customers are satisfied with quality and
price) and then stabilizes to a constant rate. The term “‘ramp type’’ is used to represent such demand
pattern. Therefore, a ramp type demand function has two different time segments. In its first segment,
the demand is any increasing function of time. But demand remains constant in its second time segment.
Hill (1995) proposed an inventory model with increasing demand (general power of time) followed by
a constant demand. Mandal and Pal (1998) considered an inventory model for exponentially decaying
items by allowing shortages. Wu et al. (1999) related the backlogging rate to the waiting time up to the
next replenishment (partial backlogging). Wu and Ouyang (2000) studied the Mandal and Pal’s (1998)
inventory model under two different replenishment policies: (a) those starting with no shortages and
(b) those starting with shortages. Wu (2001) investigated an inventory model with ramp type demand
rate, Weibull distributed deterioration rate and partial backlogging. Giri et al. (2003) extended the ramp
type demand inventory model with a more generalized Weibull deterioration distribution. Deng et al.
(2007) revisit the inventory model considered by Mandal and Pal (1998) and Wu and Ouyang (2000).
They study it by considering the two cases given above and comment on these questionable results.
Panda et al. (2007) built an inventory model for deteriorating items with generalized exponential ramp
type demand rate and complete backlogging. Skouri et al. (2009) extend the work of Deng et al. (2007)
by introducing a general ramp type demand rate and Weibull deterioration rate. Skouri et al. (2011)
developed an order level inventory model for deteriorating items deteriorated with constant rate with
ramp type demand rate under the conditions of permissible delay in payment.

In the most of the above referred papers, complete backlogging of unsatisfied demand is assumed. In
practice, there are customers who are willing to wait and receive their orders at the end of shortage
period, while others are not. Inventory models, which consider a mixture of backorders and lost sales
for non-deteriorating products, were proposed by Montgomery et al. (1973), Park (1982), and
Rosenberg (1979). These authors assumed that only a fixed fraction of demand during the stockout
time is backlogged and the rest is lost. In the last few years, considerable attention has been paid to
inventory models with partial backlogging. The backlogging rate can be modeled taking into account
the customers’ behavior. The first paper in which customers’ impatience functions are proposed seems
to be that by Abad (1996). Chang and Dye (1999) developed a finite horizon inventory model using
Abad’s reciprocal backlogging rate. Skouri and Papachristos (2002) studied a multi-period inventory
model using the negative exponential backlogging rate proposed by Abad. Teng et al. (2002) extended
the Chang and Dye’s (1999) and Skouri and Papachristos’ (2002) models, assuming as backlogging
rate any decreasing function of the waiting time up to the next replenishment. Research on models with
partial backlogging continues with Wang (2002), San Jose et al. (2006), Agrawal and Banerjee (2011),
and Goyal et al. (2015).

In all of the models mentioned above, the inflation and time value of money were disregarded. It has
happened mostly because of the belief that the inflation and the time value of money would not
influence the inventory policy to any significant degree. However, most of the countries have suffered
from large-scale inflation and sharp decline in the purchasing power of money last several years. As a
result, while determining the optimal inventory policy, the effects of inflation and time value of money
cannot be ignored. The pioneer research in this direction was Buzacott (1975), who developed an EOQ
model with inflation subject to different types of pricing policies. In the same year, Misra (1975) also
developed an EOQ model incorporating inflationary effects. Vrat and Padmanabhan (1990) developed
an inventory model under a constant inflation rate for initial stock-dependent consumption rate. Datta
and Pal (1991) developed a model with linear time-dependent demand rate and shortages to investigate
the effects of inflation and time value of money on ordering policy over a finite time horizon. Hariga
(1995) extended Datta and Pal (1991) model by relaxing the assumption of equal inventory carrying
time during each replenishment cycle and modified their mathematical formulation. Hariga and Ben-
Daya (1996) then extended Hariga (1995) by removing the restriction of equal replenishment cycle and
provided two solution procedures with and without shortages. Later, Ray and Chaudhuri (1997), Chen
(1998), Sarker et al. (2000), Chung and Lin (2001), and Wee and Law (2001), Hou (2006), Yadav et
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al. (2015) all have investigated the effects of inflation, time value of money and deterioration on
inventory models.

In this paper, an inventory model under inflationary environment with ramp type demand rate, linear
deterioration rate, partial backlogging rate and conditions of trade credit in payment. Its study requires
exploring the feasible ordering relations between the times parameters appeared, which leads to three
models. For each model the optimal replenishment policy is determined. Numerical examples are
provided to illustrate the proposed inventory model and sensitivity analyses of optimal solutions are
given for each case of trapezoidal demand assumption.

2. Notations and Assumptions

The following notations and assumptions are used throughout in this paper for developing the model.

Notations
T Cycle time
t1 Time at which the inventory level falls to zero
S Maximum inventory level at each cycle time

Cre(t)  Unit purchase cost per item, i.e., Cp(t)=Cpe"', where Cp is the purchasing cost at time zero

Cu(t)  Holding cost per item, i.e., CH(t)=CreX', where Ch is the holding cost at time zero

Cs(t)  Shortage cost, i.e., Cs(t)=CseX!, where Cs is the shortage cost at time zero

Co(t)  Deterioration cost per item, i.e., Co(t)=Cpe", where Cp is the deterioration cost at time zero

Cu(t)  Unit opportunity cost due to lost sales, i.e., CL(t)=CcreX', where Cv is unit opportunity cost
due to lost sales at time zero

Cs(t)  Unit selling price per item, i.e., Cs(t)=Cse*', where Cs is the selling price at time zero

le Interest rate earned per unit per unit of time

Ip Interest rate charged per unit per unit of time

M Credit period offered by retailer

u The parameter of the ramp type demand function (break point)

Assumptions
1. The ordering quantity brings the inventory level up to the order level S.
2. Replenishment rate is infinite.

3. Shortages are allowed. Unsatisfied demand is backlogged, and the fraction of shortages backordered
is 1/(1 + ox), where x is the waiting time up to the next replenishment and & is a positive constant.

4. The retailer can use the sale revenue to earn the interest with annual rate le during the period [0,t1].
Beyond the fixed credit period, the product still in stock is assumed to be financed with an annual rate
lc.

5. The on hand inventory deteriorates at the rate (a+bt) per unit of time where a,b>0. The deteriorated
items are withdrawn immediately from the warehouse and there is no provision for repair or
replacement.

6. Demand rate D(t) is a ramp type function of time given by:

a, + bt t<u

b(®) :{a1+b1u t=zu

7. The time horizon of the inventory system is infinite.
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8. The unit price is subject to the same inflation rate as other inventory related costs, thereby implying
that the ordering size can be determined by minimizing the total cost over a planning period.

9. The inflation rate is constant.
10. Lead time is zero.

3. Retailer’s Inventory Model

Here, the deterministic inventory model for deteriorating items for retailer where shortages occur at the
end of the cycle is being discussed. At time t=0, a lot size of S units enters into the system. During the
time interval [0, t1], the inventory S in retailer warehouse decreases due to demand and deterioration
and it vanishes at t=t1. At time t=t1, the inventory in retailer’s warehouse reaches to zero and thereafter
the shortages occur during the time interval [t1, T]. The shortage quantity is supplied to customers at
the beginning of the next cycle. The objective of the inventory system is to determine the timing t1 in
order to keep the total relevant cost per unit of time as low as possible.

The inventory level, I(t), satisfies the following differential equations:

LD = D) - (a+b)I(t), 0<t<t (1)

With boundary condition 1(t1)=0 and

ai@)y _ D)

()
dt a4 st=T

With boundary condition 1(t1)=0

There are two possible relations between parameters t1 and p:

() tu<p
(i) t>p

Now, we discuss two cases one by one.
(i) Case-1: ti<p
In this, Eq. (1) and Eq. (2) reduces as follows:

ED = (@ +bt) = (a+bDI(E), 0=t<t 3)

with boundary condition I(t1)=0 and

d[(t) _ a1+b1t

4
dt ~ 148(T-t)’ hstsu )

with boundary condition 1(t1)=0

dl(t) _ a1+b1ﬂ

5
dt 1+8(T-t)’ pstsT ®)

with boundary condition I(u_)=1(u,)

Solutions of Egs. (3-5) are as follows:
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bt?
at+—

1(t) = a; ((q — )+ 5 (-t +2(8 - t3)) e %) 4, G (tf —t3) +5 (& -
bt?
2 —n)e ) o< o<,

—5(T—-
(b1+(@r+b)8)log (1 5im=s)

I(t) = bl(;_tl) + = St <t<u
1-8(T—p) 1+8(T—t)
I(t) = bi(u—ty) (by + (a1 + b1)d)log (1—6(T—t1)) (a1 + bylog (1+6(T—u))
= 6‘ 52 5 )

Us<t<sT
Total amount of deteriorated items during [O,t1] is

ty
D, =1(0)—f (a + bt)dt

0

at? bt} t? at} bt} bt?
Dl—a1<t1+7+? +b, ?+T+? — | aty +T

Total inventory during the time interval [0,t1] is

Iy = ftll(t)dt
I, = J:1 <a1 ((t1 —t)+ %(tf —t?) +§(t13 — t3)> e—(at+7)

bt?
+b, (% (2 =) + 5 (6 — ) + 2 (tf - t‘*)) e‘(a”7)> dt

t? at} 5bt} t3 atf
In=a (= +—=2+2L)4b (2 +=2
n a1<2 6 48 ) "\3 78

Total amount of backorders due to shortages in the interval [t1,T] is

Ig; = jT—I(t)dt = fu—l(t)dt + fT—I(t)dt
t t u

1 1

1-8(T—t)
ko (bt —t) | by (@t b)®og ((55) T by ty)
IBlzj - 5 + 52 dt‘l‘f —(T-F
ty u
1-8(T—w) 14+8(T—t)
(by + (a1 + b)O)log (pa—3)  (ar + biwlog (150—2)
+ dt
62 0
_ (_bi(u—t1)*>  (b1+(a1+b1)9d) 1-6T 1-6(T—-p) _ _ [ ba(u—t1)
Ips _( 28 52 (”+ 5 )log (1—6(T—t1)) + tl)]) ( 5 T

(b1+(ay+b1)8)log (2201 b 16T
A ) (T — ) — ) ((T =) log(1+8(T — ) + (T — u))
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(6)

(7)

(8)

©)

(10)

(11)
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The amount of lost sales during [t1,T] is

T
L, = ft” (1 _ m) (a, + byt)dt + fu (1 _ m) (a, + by)dt

5 —
Ly = (‘11 + %) (u—1t)+ %(Hz —t?) + (a15 +b (1 + 6T))l0g 11:6((77:+1i)) +(a+
b) [(T = 1) = 21og(1 +8(T — )]

Case-2: ti>pu
In this case, Eq. (1) and Eq. (2) reduces as follows:

aio

T —(a; +bit) —(a+bt)I(t), 0<t<u

with boundary condition I(z™)=I(u*) and
dil(t
% =—(a; + b)) —(@a+bt)I(t), u<t<t

with boundary condition I(t;)=0

di(t +b
&) ___Gathp t,<t<T
dt 1+06(T —¢t)

with boundary condition 1(t1)=0

Solutions of Egs. (13-14) are as follows:

I(t) = a, ((/J —t) +%(ﬂ2 _ t2) +g(‘u3 _ t3)> e—(at+b7)

1 a b —(at+22
+b, <§ U2 =) + 5 (0 =t + 2 (- t“)) e (%)

a b _ bt2
+(a1+b1u)<§(tf—u2)+g(tf’—u3)>e (473 ),os t<u

I(t) = (a1+b1ﬂ)<%(t12—t2)+g(t13—t3)>e_< 2 u<t<t

1+8(T-t)
(a; + byulog (1+6(T—t1))

5 )

Total amount of deteriorated items during [O,t1] is

I(t) =

t,<t<T

u t1
D, =1(0) — f (a + bt)dt — (a + bu)dt
0 n

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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au® bud u? au® bu* a b (19)
D, = a1(ﬂ+7+?>+b1<7+T+? + (ay + byp) E(tf —p?) +g(t13 - i)

b 2
- <au +%> —(a+bw)(t, — W

Total inventory during the time interval [0,t1] is
tq u ty
I, =f I1(t)dt =f I(t)dt+f I(t)dt
0 0 u
H a b —(ae+2t
Iy :f <a1 ((#_t)+—(ﬂz—t2)+—(ﬂ3—t3)>9 <at+ 2)
o 2 6
1 b —(ar+2t
++by (zmz ) S ) Dt t4>> o)

+ (a + byp) (% (tz2 —u®) + g (t3 - ,u3)> e_<at+b%)> dt

t1 a b bt2 (20)
+ f (ay + byp) (E (-t + g(tf - t3)) e"(“”T) dt
u
2 3 4 3 4 5
ue o oau u W oau®  bu
& ‘“1<7+T+E>+bl<?+T+1_5>
@z oy Pos s (e, b
+(a1+b1u)(2(t1 M)+6(t1 ) |\ u 5 + 6
Total amount of backorders due to shortages in the interval [t1,T] is
T
IBZ = ft]_ _I(t)dt
1+8(T—t) 21
I = fT_ (@; + byp)log (1+8(T—t1)) dr D
B2 —
. )
1
a; +b 1— 26T
The amount of lost sales during [t1,T] is
(22)

L, = J;T (1 — m) (a; + byu)dt

1

1
L, = (ay + byp) [(T —t)) = 5log(1+8(T - tl))]

It is assumed that T>p otherwise, demand rate is increasing but not ramp-type through the entire
planning horizon T. For the given value of M, following three possibilities arises:

I. M=<pn
. u<M<T
iii. <M
In different three cases different cost are different. So, we discuss all the three models one by one.
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3.1 Derivation of Retailer’s cost function for model-7 (M<u)

From the possible values of t1, we obtain the three possible sub-cases, i<M<u<T, M < t1 <u<T and M
<u<t1 <T. For details, see Figs. 1-3.

3.1.a The case ti<M<u<T

The interest earned during the credit period where the inventory level is positive is

© t1 / pt t
Ig1q = Z Cs(nT) [Ief <f (a; + blx)dx> dt+I1,(M —t;) | (a; +bix)dx
~ 0 0 0 (23)
a,t? bt} 1
Ig11 = Csl, (M — -
E1,1 ste [ 2 3 1 —e
Since t1<M, so there is no interest paid in that duration.
A \nventory Level
S
M u
0 s > Time

Fig. 1. Inventory level for the model M< 1 (the case t1<M=<u<T)

3 4
Holding Cost = Y5, Cy(nT) <a1 (t21 +— atl + Sbtl) + by (%1 + C%))

= Cy (a1 ( n “_tl + Sbtl) + b, (? + %)) 1_:_”

—t4)2 — — -
Backordering Cost = Yo, Cg(nT) ((_ bi(u-t1)*  (b1+(a1+b1)d) (# + %) log (11 ;S((: ;‘))) +(u-— tl)]) —
=6(T-t1

28 82

1-6(T—p)

_ (b1+(ay+b1)8)log( —s—
(W ), CrtCertbdlos(iosg m)) (T — ) — 2t ((T ) 10g(1+ 6(T — ) + (T — u)))

s §2

26 52 ) 1-8(T-t1)

=G, <(_ by (u—t1)*  (b1+(a1+b1)8) [(‘u + 1—57') log (1—5(T—#)) +(u— tl)]) _ <%—t1) +

1-8(T-w)

(b1+(as+b1)8)log|—srrm 5
52 (1 2 tl))> (T—w - (a1+5b11‘) ((T = T) log(l +6(T - #)) +(T - ﬂ))) KT
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Lost Sale Cost = Y.5°_, C.(nT) ((a1 + %) (nw—t) + % (W —t2) + (a6 + b, (1 4+ 6T))

1+6(T— 1
log% + (@ + by [T = 10 = Slog (1 + 8(T - m)])

=C ((a1 + %) (u—t)+ %(uz —t2) + (a6 + b, (1 + 6T))

14+8(T—p) 1 1
log 1rsires + (ar +bi) [(T = @) = 5log (1 + (T = w)]) ;=2

2
Deterioration Cost = Y, Cp(nT) <a1 (t1 +— atl + btl) +b, ( atl + btl) (atl + b%))

at? bt} t1 at13 bt bt? 1
<a1<1+2+6 2733 )\t g )T

TC,, = Holding Cost + Backorering Cost + Deterioration Cost + Lost Sale Cost (24)
— Interest Earned

3.1.b The case M <t1 <u<T

The interest earned during the credit period where the inventory level is positive is

> t, / rt (25)
IE1,2 = Z CS(nT) I, f (f (a1 + b1x)dx> dt
n=0 0 0
a,t? bt} 1
Ig12 = Csle < > T 6 |1 wr
The interest charged Pp1,.2, for the inventory not being sold after the due date M, is given by:
C f1 a b (42t
Ipip = Z Cp(nT) ij <a1 <(t1 —-t)+ E(tf -t + g(tf - t3)> e <at+ 2 )
n=0 M
1 a b (st
++b, (5 (tf -t +3 @ - ) + 5 - t4)) e (o4 )> dt (26)

6 2

Ipvz = Colp (a [@+ﬁ—ﬂ(t1 -0 2 —”?M(tf—MTs)+aM2<i—
o - e e D

Since t1<M, so there is no interest paid in that duration.

3 4
Holding Cost = Y,5_q Cy(nT) <a1 ( +— atl + 5bt1) + b, (%1 + %))

—c, (al (t21 4t at1 N 5bt1) + b, (? N a%‘f)) 1_81_”
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4 Inventory Level

Fig. 2. Inventory level for the model M< p (the case M<t1< u<T)

w s ~ o
Backordering Cost = Z Cy(nT) ((_ bl(.u25 t) _ (by + (a§2+ b1)8) u+ 1 5§T) log <]il - :;((;j_ ;l))) + - tl)])
n=0 1
bi(u—t) (b (@ + by)8)log (od—t) b 1- 6T
( 1(#5 W, 52 (5 (T—u)—(alz 1’”((r— Y tog(1+8(r - ) + (T—#))
_ bi(u—1t)*  (by + (a; + by)8) 1-6T 1-6(T—p)
=Cs ((" T 52 (k45 tos <1 —8(T - t1)> = tl)])
1-5(T—p)
b=ty B+ @+ b)®)log (5—22)
(1 5 Yt 52 L A ()

b 1-6T !
_(a1';1/"')<(T_ . )ZOg(1+6(T—#))+(T‘”)> T—e

Lost Sale Cost = Y7, C,.(nT) ((a1 + %) (u—t)+ % (u? —t?) + (a16 + b (1 + 6T))

1+ 6(T — 1
og% + (a; + b 1) [(T — ) — glog(l + 6(T — u))])
b, b,
=C, ((al + F) (w—t) + 7(;12 —t?) + (a16 + by (1 + 87T))

14 6T —p) 1
lOgTYW-g) + (ag + byp) [(T —u) — 5109(1 +6(T — IJ))DW

)

4-
Deterioration Cost = Y- Cp(nT) <a1 (t1 + = atl + btl) +b; ( atl + —1) - (at1 +

at? bt} 1:1 au:l3 bt} bt? 1
R A L i ] S RN R R § ey
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TC,, = Holding Cost + Backorering Cost + Deterioration Cost +
Lost Sale Cost + Interest paid — Interest Earned

3.1.c The case M <u<t1 <T

The interest earned during the credit period where the inventory level is positive is

Ig13 = Xin=o Cs(nT) I, [foﬂ (fot(‘h + blx)dx) dt + f:l(foﬂ(ch + byx)dx)dt + f:l (f:(‘h +

blu)dx) dt]

= Cs Iaﬁ% + byt3 + (a1+b1ﬂ)(t1—ﬂ)zl 1

2 6 2 1—e~kT

The interest charged Pr1.2, for the inventory not being sold after the due date M, is given by:

2
at+bL)
2

oo u ) )
=3 60| [ o0+ 20—+ sy
n=0 M
(ay + byp) (g (t7 - 2) + 2 (5 - t3)) o ()
+b1 <% (MZ _ tZ) +%(M3 _ t3) +g(l~l4 _ t_4)> e—(at+b%)‘| dt
ty
+
)

1
= Cplp (—g(al + byp)(—3at? — bt} + 3au? + bu®)(6t, — 3at? — bt} + u(—6 + 3au + bu?))

(ay + byp) (g (tf —u») + Z (& - u3)> e_(a”b%)l dtl

+ ﬁ <7Oa1(36(M — )2+ 2b%(t3 — M3)(M3 — pu3)

—3b(M — w)(4t3 + M3 = 3M?u — 3Mu? + p))

+ 4202 (30, (t7 — M2)(M? — u?)

+ by (—8M® — 15M*y — 30623 + 35 + 10M?(3t2u + 2u3)))

+ by (—126bM5 — 45h2M7 + 210bM*u — 70b2M®y

— 210Mu(4bt3 + 12p + 3bu®) + 35M3(24 + 12bu? + b2(4M3p + 3u*))
+ 2u2(840p + 21b(20¢3 + 3u3) + b2(= 701263 + sus)))

+ 35a(M

D) (12a1 (btf(M +w) + t2(—6 + b(M? + Mu + u?))

— M(—6u + bM(2M? + 2Mu + HZ)))

+ b, (—7bM5 — 19bM*u + M?u(18 + 12bt? — 11bu?) — M3(6 + 19bu?)
+ 2u(6but? + 3u? — bu* + 6t2(—6 + bu?))

+2Mu(27p + b(6t3 + 6t2p — u3))))>> :

1—e kT
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(27)

(28)
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4 Inventory Level

v

Time

Fig. 3. Inventory level for the model M< p (the case M< p <t1<T)
Holding Cost = Z Cy(nT) Uﬂ [al(y -t +%(,u2 —t2) + %(#3 —t3) e_(a”g)
n=0 0

T T

be?

+b1 <% (#2 _ tZ) +g(M3 _ t3) + g(#zt _ t4)) e—(at+ 2 )

21
s
u

1 1 1 1 1 1 1 1 1
=Cy (Eaaltlzu + gbaltfu +oau’ - Zazaltfuz - Eaalbtfuz + gbbltfuz +5b® - Eaalbtflﬁ - Zazbltflﬁ -

(ay + bip) (g (tf —p®) + % G M3)> e_(aw%)] dt]

1 1 1 1 1 1 1 1 1
galbztfpﬁ - Eabbltf/ﬁ + §a1bﬂ4 - Zablu“ - Eabbltlzu“ - Ebzbitfu“ + Eazblys + Ebblus + Eabbl;ﬁ +

ﬁbzbilﬂ - i (a; + byp)(—3at? — bt3 + 3au? + bu®) (6t1 —3at? — btd + u(—6 + 3au + byz)))

1-ekT

T (T—x)

Backordering Cost = Y.5_,Cg(nT)(a, + b 1) 2 TH 80T

= S (T — ) — 31og (1 + 6(T — t1))| —=

Lost Sale Cost = Y7o C;,(nT)(a; + byp) ftTl (1 - 1+5(1T_x)) dx

1 1
= CL(Cll + bl,u) [(T - tl) - Elog(l + 6(T — tl))] m
Deterioration Cost = Yoo Cp(nT) [a1 (y + QZLZ + %) +b, (”2—2 + aT’ﬁ + %) + (aq + byp) (g (t2 —u?®) + S (3 -

M3)) - (au + bziz) —(a+bu)(t; — u)]

2 2

3 au®  bud ur au®  bu* a. ., L, . b . bu
—CD[a1<Il+ 2 + 6>+b1<2+ 3 + P + (a; + byp) 2(t1 M)+6(t1 ©) ap + 5

~(a+ b}t u)lﬁ

TC,3 = Holding Cost + Backorering Cost + Deterioration Cost + (30)
Lost Sale Cost + Interest paid — Interest Earned
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3.1.d Algorithm to Determine Optimal Replenishment Policy

The total cost function in different cases can be combined as follows:

TCy4(t1) ty <M,
TC, ={TC15(t1) M<t <u
TCy5(ty) U=t

and the problem is
minTC, (t;)
We follow the following step obtain the optimal replenishment policy:

Step-1: Find the global say min TC, 1 (t;), say t; ; as follows:

TCy(ty)_

Step-1a: Compute t; ; on solving the equation dT—O iftia<M thensett;; =t

1

and compute  TC, 1(t1,), else go to step 1b.
Step-1b: Find the min{T'C, 1(0), TCy, (M)} and accordingly set ¢; ;.

Step-2: Find the global say min TC, ,(t;), say t; , as follows:

TCq2(t1)

Step-2a: Compute t; , on solving the equation d " =0 if M< t1,2 <p then set

1
ti, =t;, and compute TC,,(t7,), else go to step 2b.
Step-2b: Find the min{TC, ,(M), TC, , (1)} and accordingly set ¢ ,.

Step-3: Find the global say min T'C; 3(t;), say t; 3 as follows:

TCy3(t1)

Step-3a: Compute ¢; 3 on solving the equation d =0 if M< t1,3 <p then set

1

tiz =t;3 and compute  TC,3(t73), else go to step 3b.
Step-3b: Find the min{TC, 3(M), TC, 3(w)} and accordingly set ¢; 5.
Step-4: Find the min{TC; 1 (¢; 1), TC12(t; ), TC15(¢i )} and accordingly set ¢, .

3.2 Derivation of Retailer’s cost function for model-2 (u<M<T)
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In this case, the offered credit period M is longer than the demand stabilizing point p and shorter than
the planning horizon T. To obtain the total cost function the three cases arises. We discuss all the three

cases one by one.
32aThecaseti<u<M<T

The interest earned during the period of positive inventory level is:

Igpy = Z Co(nT) 1, [ f ' ( f (a, + blx)dx> dt+M—t) [ (ay+ blx)dx]
= 0 0 0
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a t? bt} bt 1
=Csle[%+ 161+(M tl)(a1t+ 121>]1——€_RT

Since t1<M, so there is no interest paid in that duration.

Holding Cost ic (nT) ( <t12+at13+5btf>+b <t13+atf>>
olding Cost = y(n a; | =—+— l=+—
! 2 6 48 3 8
t t 5bt t3 t} 1

= (o (G2t 2y (S48 ) 2

—t1)2 — — —
Backordering Cost = Y%, Cy(nT) ((_ bi(u—t1)* _ (bi+(ai+b1)d) (,Ll + ﬂ) log (1 s(T ll)) +(u- tl)]) _

28 52 ) 1-8(T—tq)

1-6(T—p)

_ (b1+(ai+b1)8)L
<b1(# Wy og(l_m_tl))> (T — ) — 2 ((T ) 10g(1+6(T — ) + (T — u))>

9 52

—c, (_ bl(;;;tl)z 3 (b1+(a612+b1)6) [(u N 1—66T) log (i_‘;g_‘i ))) + (u— tl)]) — (@ +

(b1+(a3+b1)8)log (=T -1) b 16T 1
N 1-8(T—t7) (T — 'u) _ (a1+6—1#) ((T )log(l +68(T — /J)) + (T — ﬂ)) .

— by by 2 2
Lost Sale Cost = c,(nT)|a, + 5 (u—ty) +?(u —t°) + (a16 + b, (1+ 8T))
n=0

1+6(T —p)

1
9T s ny T (@t |7 10~ 51091 + 57 - m)])

b b
=(y ((al + gl) (n—t) + ?1(#2 —t2) + (a6 + by (1 + 8T))

1+4+6(T—p)

1 1
Ogm‘F (ay + byw) [(T — W —5109(1 +6(T —#))Dm

2

at? bt} t1 at13 bt bt? 1
= t, +—+— | +b L+ 2 —(aty; + =) | ——=
<a1<1+2+6 273 vg )\t g )T

TC,, = Holding Cost + Backorering Cost + Deterioration Cost + Lost Sale Cost (31)
— Interest Earned

2
Deterioration Cost = Y p_ Cp(nT) <a1 (t1 4 att at1 n btl) +b, ( at1 N btl) _ (atl + lﬂ)>

32bThecaseuy <t <M <T

The interest earned during the period of positive inventory level is:
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Igzp = Ynzo Cs(nT) I, [fou (fot(a1 + blx)dx) dt + f:l(fo#(ch + byx)dx)dt + f,fl (f:(ﬁh + b1ﬂ)dx) dt + f:l (f:l(‘h +
by)dx) dt]

(a; + byu)(ty — ”)2
2

aip® by by 2
=Csle[1T‘u+%+<a1.U+ 12M>(M—u)+

1
+ (a; + by (t, — WM — t1)] PR

Since t1<M, so there is no interest paid in that case.

bt?
at+T)

Holding Cost = Y5 Cy(nT) [fou [al(u —t) +%(u2 —t3) + g (u3 —t3) e_(

bt?

by (308 =)+ 2G8 — ) + 2 — ) e‘(“”T)l de+ [, I(al + by (26 - 1) +

st =)t

1 1 1 1 1 1 1
= Cy <§ aa t?u + gbaltf,u + Ealuz — Zazaltfuz — Eaalbtfuz + gbbltf/xz + §b1u3

1 1 1 1 1
——aa,bt?ud - Zazbltf;ﬁ — %albztf;ﬁ — —abb t3u® + ﬁalbu“

12 12
1 1 1 1 1 1
_ 4 _ 2,4 _ " 12 3,,4 A2 5 _ 5 _ 6
24ab1u 1Zabbltl/,t 36b bitiu +40a biu +40bb1/,t +72abb1u
+Lb2b u’
5104 !
- £(a1 + byp)(—3at? — bt} + 3apu? + bu®)(6t, — 3at? — bt3
1
+ ,u(—6 + 3au + b,uz))> m
Backordering Cost icm")( +b )]T T-x _,
ackordering Cost = nT)(a U ———dx
g Ve 1T ) TR 8T — %)
—M[(T—t)—llo (1+8(T—t))] L
- s =509 1) 1-e-kT

Lost Sale Cost = Z) C,(nT)(ay + byp) J;l (1 T 1+6(T - x)) dx
n=

1

= C.(ay + byp) [(T —t) — %lOg(l +6(T - tl))] 1-e=kT

2 3 2 3 4
Deterioration Cost = Y 5—, Cp(nT) [a1 (,u + % + b%) +b, (”7 + % + b%) + (a, +

bu) (367 = 12) + 283 = %)) = (ase + 22°) = (@ + b (&3 — )]

2 b 3 2 3 b4 b
= Cp [ (1 + 45+ 27) by (4 254 20) (o b (206 = 12 + 26 = 1) = (o +

3
bziz) —(a+ bu)(t, — /i)] 1_el—kT
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TC,, = Holding Cost + Backorering Cost + Deterioration Cost + Lost Sale Cost +
Interest paid — Interest Earned

3.2.cThecaseu <M <n<T

The interest earned during the period of positive inventory level is:

Igz3 = Ym0 Cs(nT) I, [fou (fot(a1 + blx)dx) dt + f:l(foﬂ(al + byx)dx)dt + f:l (flf(a1 + bl,u)dx) dt]

2 3 2 2
ap” | byp b (a; + byp)(ty — 1) 1
=csle[17+ 13 +<a1u+ 12 )(tl—u)+ L 12 ! T

The interest payable for the inventory not being sold after the due date M is
_ 0 t1 a 2 2 b 3 3 —(at+bzi)
Ipyz = Yoo Cp(T) Ip [, [(ay + bypr) > (tf —t9) + g(t1 —t))e dt

at} aM bt bM 1
= Coll [ 5= 516 = M) + 51 =506 - M) |

at+T

Holding Cost = Z?LO=0 CH(nT) [fO# [al(‘u — t) +§(M2 _ tz) +§(ﬂ3 _ t3) e_( bt )
(@ b (507 =)+ 20t = ) e ()

+b, (% W2 =) + 2 (3 - £3) + 2 (u* - t4)> e_(“”%)l dt+ [} l(al + byu) (%(tf — 1) +

st -)e o

1 1 1 1 1 1 1
== CH <Eaa1t12ﬂ +gba1tfﬂ + Ealﬂz - Zazaltlzﬂz - Eaalbtfﬂz +gbb1tfﬂ2 + Ebllus -

1 2,3_1 2y 4.2,3 1 243,3 _ 1 3,341 4 _ 1 4 _ 1 2,4
5 aa,btiu 4 bitiu v a;b°tiu " abb,t; u t5 a;bu 24abl/ut " abb tiu

(32)

1 1 1 1 1 1
gbzbltfﬂLL + Eazblﬂs + Ebblﬂs + Eabb1ﬂ6 + abzbll’lj - g(al + blﬂ)(_gatf - bt13 +

3ap® + bu®)(6t; — 3at? — bt; + u(—6 + 3au + bﬂz))> —1_el—kT

T (T-x)

Backordering Cost = Y.o°_, Cg(nT)(a; + byu) 6, T 60—

1
1—e~kT

= ST - t,) — 2log(1 + 6(T — t))]

Lost Sale Cost = Yo C,(nT)(ay + bip) fti (1 - 1+5(17_x)) dx

= C(ay + by) (T = ) = log(1+ (T — t)| —=

au?

bu*
)+ @t

2 3 2
Deterioration Cost = Y%, Cp(nT) [al (‘u + % + b%) +by (”7 +

bu) (367 = 19 +2.6F = 9)) = (e +22) = (@ + )&, — 0]
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au? . bud u? aud® | bu* a b
=0Cp [611 (ll +T+T) +by (T+T+T) + (ay + byp) (5@12 —u) += —Hs)) - (all +
M) _ _ ];
)~ (a+b)(ts — )| ==

TC,3 = Holding Cost + Backorering Cost + Deterioration Cost + Lost Sale Cost +  (33)
Interest paid — Interest Earned

3.2.d Algorithm to Determine Optimal Replenishment Policy

The total cost function in different cases can be combined as follows:

TCy1(t) t1 < U,
TC, = {TC2(t1) p<t; <M,
TCy5(t1) M<t

and the problem is
minTC,(t;)
We follow the following step obtain the optimal replenishment policy:

Step-1: Find the global say min TC, 1 (t;), say t; ; as follows:

dTCz 1(t1)

Step-1a: Compute t, ; on solving the equation =0 if tia<p thensetty; =ty

and compute  TC,4(t1), else go to step 1b.
Step-1b: Find the min{TC, ,(0), TC, ,(1)} and accordingly set ¢} ;.

Step-2: Find the global say min TC;,(t;), say t; , as follows:
- - dTCZ z(tl) .
Step-2a: Compute t; , on solving the equation TZO if p<t12 = t1,1<M then set
1

ti, = t;;, and compute  TC,,(t;,), else go to step 2b.
Step-2b: Find the min{T'C, ,(M), TC,, (1)} and accordingly set ¢; ,.

Step-3: Find the global say min TC, 3(t,), say t; 3 as follows:

TCy3(t1)

Step-3a: Compute t; 3 on solving the equation d " =0 if M< t1,3 <T then set

1

ti3 = t;3 and compute  TC,3(t13), else go to step 3b.
Step-3b: Find the min{TC, 3(M), TC,5(T)} and accordingly set ¢} 5.

Step-4: Find the min{TC, 1 (¢t{ ), TC,,(¢;,), TC,3(t; 3)} and accordingly set ¢ .

3.3 Derivation of Retailer’s cost function for model-3 (T<M)

In this case the credit period M is longer than the planning horizon T and the following sub cases can
arises.
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3.3.a The case ti<u

The interest earned during the period with positive inventory is:

Igz1 = Xp=o Cs(nT) I, [ftl (ft(a1 + blx)dx) dt + fM (ftl(a1 +

M u (aq1+b1x) M T (a1+b1u)
blx)dx) dt + fT ( t1 14+468(T—x) dx )dt + fT (fu 1+8(T—x) dx )dt]

2 6 _ -

5 52 1+68(T—t1)] 1—e~KT

2 3 4
Holding Cost = Y5 Cy(nT) <a1 (%1 TN Sbtl) + by (%1 + %))

at3 = sbt t3  atf 1
= ¢, (a1 ( +5 4 1) + b, (;1+ f)) —

' —_ y'o by(u=t1)?  (b1+(a1+b1)8) 1-6T 1-8(T—p)
Backordering Cost = Y.7_, Cg(nT) <(— Y =2 (,u + T) log (1—6(T—t1)) + (u— tl)D —

1-8(T-p)

_ (b1+(ai+b1)8)log(——
<b1(u5 t1)+ 1+(ag+by 52 (1 5T m)) (T — ) — (a1+5b1u) ((T 1- 6T) log(l +8(T — ,u)) +(T - ,u)))

_ _ by(p=t1)*  (b1+(ay1+b1)d) 1-6T 1-8(T-p) _ [ ba(u—tq)
=Cp ( 26 82 (lH— 8 )log (1—6(T—t1))+(# tl)D ( 5 T

=8(T-
(by+(a1+b1)8)log( s((T t%

e )> (T_M)_—(“ltsbl“) ((T - 5T)l g(1+8T—w)+ (T - H)) 1kT

- b b
Lost Sale Cost = Z C,(nT) <<a1 + ?) (u—t) + ?1 (u? —t?) + (a16 + b (1 + 6T))

14+6(T—w)
1+6(T+tq)

+ (ay+ byn) [T = ) = 5log (1 +6(T = )] )

b, b,
=C <<a1 + F) (u—t)) + ?(/ﬂ —t) + (a6 + by (1 +6T))

14+6(T—w)
1+6(T+tq)

+ (a; + bip) [(T — W - % log(1+ (T - u))]) 1_el_kT

2
Deterioration Cost = ¥*_, Cp(nT) <a1 (t1 4+ &1 atl + btl) +b, ( afl + btl) (at1 + ”A))

2
. atf btl) (i at} btl) ( btl) 1
—( (t1+ + +b; 2 + . + 5 at; + > =

TC3, = Holding Cost + Backorering Cost + Deterioration Cost + (34)
Lost Sale Cost — Interest Earned
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3.3.b The case u<t1
The interest earned during the period with positive inventory is:

Igz2 = Xn=o Cs(nT) I, [fou (fot(al + blx)dx) dt + f:l(foﬂ(% + byx)dx)dt + fﬂtl (f:(al +
bl,u)dx) dt + [, ([ (ay + byx)dx)dt + [ ( [} (ay + bl,u)dx) dt + [ ( [T larthun dx) dt]

t1 14+6(T—x)

2 3 2 —_12 2
= Csl, [%#’16” +(a1u+”12” )(tl—ﬂ)+w+(alﬂ+blf )(M—t1)+(a1+
1

bun)(ty — (M — ty) + (ay + byp)(M — Tlog(1 + (T — 1)) | —=

In this case, no interest is paid.

bt?
at+T)

Holding Cost = ¥, Cy(nT) [ e [al(u — )+ - ) + 2 — ) o

bt?
at+T)

(a1 + byp) (3 (2 —t2) +2(t - t3)) e

+by (% W2 =) + 53— %) + 2 (u* - t‘*)) e_(a”%)l de+ [} l(al + byp) (%(tf — )+

st =)o

= Cy (%aaltlzu +%ba1t13,u + %aluz - iazaltf,uz — :—Zaalbtfuz +%bb1tf’u2 + gbl,u?’ —

1 1 1 1 1 1 1
11—2aa1bt12u3 — Zlazb1t1zll3 —15 albztfu: — Eabblti’;ﬁ + Zalb/,t: — Zabl/,t4 — Eabbltfu“ —
A2y 034, 1 2y 5 1, 5 1 6, 1 42y 7 1 _2+2 _ ht3
36b bit;u +5a biu +40bb1u + abbiu +504b biu ” (a; + byu)(—3at; — bt; +
1

3au? + bu®)(6t; — 3at? — bt} + u(—6 + 3au + b,uz))>

1—e~kT
B ) o T (T—-x)
ackordering Cost = Yn_o Cg(nT)(as + byp) J, T+ 6T ) dx
Cplay+bip) 1 1
= S (T — ) — 5log (1 + 6(T — t1))| —=
Lost Sale Cost = Y, C,(nT)(a, + byu) ftl (1 - 1+5(T_x)) dx

= C(ay + by) (T = ) = log(1+ (T — t)| —=

, . Yo aHZ bMS HZ aHS
Deterioration Cost = Y p_ Cp(nT) [al (‘u +—+ T) +b, (7 +-—

byp) (% (€7 - u?) +2 (8 - u3)> — (ap + %) = (@ + bty — )]

bu*
+25) + (ay +

2 b 3 2 3 b 4 b
= Cp [ar (i + %54 29) by (4 25 4 2) o (ay + ) (265 = 12) + 262 = 19)) = (o +
bu? 1
%) = @bt~ 0|

TC;, = Holding Cost + Backorering Cost + Deterioration Cost + (35)
Lost Sale Cost + Interest paid — Interest Earned
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3.3.c Algorithm to Determine Optimal Replenishment Policy

The total cost function in different cases can be combined as follows:

TCs4(t1) ti =,
TC3 == TC?)’Z (tl) :u < tl

and the problem is
min TC5(t;)
We follow the following step obtain the optimal replenishment policy:

dTC31(t1) -0

Step-1: Compute t; = t;; = t;, on solving the equation
Step-2: Compare t; and p:
Step-2a: t; < p then optimal cost can be obtained from the case 3.3.a
Step-2b: t; > p then optimal cost can be obtained from the case 3.3.b
4. Numerical Analysis

In this section, we provide numerical example to illustrate the model which we develop in previous
sections and also carry out sensitive analysis with respect to different parameters to illustrate how they
affect our optimal solutions. Following data has been used to illustrate the model.

Cr=$3per unit per month, Cs=$15 per unit per month, Co=$5per unit, CL.=$20 per unit, Cs=$12per unit,
Cr=$10per unit, 1.=0.09, 1p.=0.1, p=3month, a=0.002, b=0.0001, T=5month, a1=3, b1=5, 6=0.5, k=0.05,
M=1month

By using algorithm which we discussed in section 3.3.c and MATHEMATICA software, we obtained
the optimal values as

t; = 3.95,Q* = 3978569, TC; = $39577889
Now, we perform sensitivity analysis with the same parameters as we taken in example-1.

34.09

0.3

-4.09

e % Change in Order Quantity

e, Change in Total Inventory Cost

Fig. 4. Effect of le on the Optimal Order Quantity Fig. 5. Effect of ‘k> on the Optimal Order
and on Total Inventory Cost Quantity and on Total Inventory Cost

Fig. 4 shows that as rate of interest earned increases, order quantity decreases whereas total inventory
cost decreases. These two quantities are not so much affected by rate of interest earned. Fig. 5 indicates



A. Shastri et al. /Uncertain Supply Chain Management 3 (2015) 359

that a higher value of inflation rate causes higher value of order quantity and total inventory cost. This
indicates that while taking the decision related to inventory control, effect of inflation cannot be
ignored.

e % Change in Order Quantity

100.12 e % Change in Total Inventory Cost

123.45

14.00 100.12

_112.89 '98.24

Fig. 6. Effect of ‘M’ on the Optimal Order Fig. 7. Effect of ‘W’ on the Optimal Order
Quantity and on Total Inventory Cost Quantity and on Total Inventory Cost

Fig. 6 shows that as the value of trade credit increases retailer’s order quantity increases where
inventory cost decreases total.

e 9% Change in Order Quantity

e 9% Change in Total Inventory Cost

6.01

5 112

Fig. 8. Effect of “Ip” on the Optimal Order Quantity and on Total Inventory Cost

Fig. 8 shows the effect of interest paid rate on the optimal order quantity and on the total inventory
cost. Order quantity is inversely related to Ir where total inventory cost is directly related. Thus as the
Ir increases total inventory cost of the system is also increases.

5. Conclusions

In present paper, a model has been presented that incorporates some realistic features that are likely to
be associated with some types of inventory. These features include ramp type demand, deterioration,
partial backlogging, inflation and trade credit. It is observed from market that the demand rate is
increases during the growth stage and then the market grows into a stable stage such that the demand
becomes a constant until the end of the inventory cycle. Such type of demand pattern is generally seen
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in the case of any fashionable or seasonal goods coming to market. We think that such type of demand
rate is quite realistic. Deterioration of many items during storage period is a real fact. Customer may
turn back during the condition of stock out state in inventory management system, to seek out better
representation of such situations, we have allowed shortages in this study and partial backlogging
approach has taken in to fulfill the total backordered demand at the receiving of next replenishment.
The partial backlogging rate is the decreasing function of waiting time for the next replenishment.

Next, from a financial point of view, inventory represents a capital investment and must compete with
other assets because of a firm’s limited capital funds. Hence, the effect of inflation on the inventory
system cannot be ignored. Finally, in real life situations, the supplier frequently offers a trade credit to
the customers especially when the economy turns sour. We have studied optimal policies for three
cases that are occurred by the combination of shortage point in model and trapezoidal interval. Since
this type of demand is time-consuming so to give better demonstration of cost under consideration, we
have also considered the effect of inflation during entire order cycle.

Present study can be used for the determination of the optimal replenishment policy under a specific
trade credit and for supplier’s selection on the basis of trade credit they are providing. Since this study
deals with decaying item with trapezoidal demand and inflation, inventory managers may use this study
in wide extend of decision making in inventory controlling. There are several hopeful areas for further
research. In this study, there is a trapezoidal demand rate with linear pattern in every interval is
considered. In the future version of the present study, this model can be extended by considering for
exponentially increasing demand in every interval of trapezoidal demand function.
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