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inventory cost per cycle. Truncated Taylor’s series expansion is used for finding closed form
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1. Introduction

In classical EOQ model the demand rate is assumed to be constant, but in real life demand rate for
physical goods may be time- dependent, price dependent and stock- dependent. It is observed that in
supermarkets the demand rate is usually influenced by the demand in the stock. In business the
presence of larger quantity of goods may attract more customers than that with a smaller quantity of
goods. This phenomenon may valid for demand that have stock- level. Thus, building up a good
inventory usually has a positive impact on the sales, and profit. Levin et al. (1972) observed that large
group of consumer goods displayed in a supermarket will lead the buyer to purchase more. Baker and
Urban (1988) presented an economic order quantity (EOQ) model for a power form inventory level
dependent demand pattern. Mandal and Phaujdar (1989) established a production inventory model for
deteriorating items with uniform production rate and stock- dependent demand. Silver and Peterson
(1982) discussed that a sale at the retail level is proportional to the amount of inventory. Dutta and
Pal (1990) developed inventory model for deteriorating items with the assumption that the demand
rate is a linear function of the on — hand inventory by allowing shortages, which are completely
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backlogged for finite and infinite horizons. Soni and Shah (2008) formulated optimal ordering
policies for retailer when demand is partially constant and partially dependent on the stock, and the
supplier offers progressive credit periods to settle the account. You and Hsieh (2007) presented a
continuous inventory model for finding the strategy for a firm that sells a seasonal item over a finite
planning time.

There are varieties of inventory models with stock- dependent demand examined, extensively. The
main two types of stock- dependent demand are usually considered (i) the linear form of o + BI(t)

and (ii) the power form of o {I(t)}’B , where a and B are constants and I(t) is the inventory level at

time ‘t’. In this direction, Zhou and Yang (2005) presented two warehouse inventory models for items
with stock- level dependent demand rate. Mandal and Maiti (1999) developed an inventory model of
damageable item with variable replenishment rate, stock-dependent demand rate and some units in
hand. Giri and Chaudhuri (1998) presented an inventory model with power form stock-dependent
demand and nonlinear holding cost. Chung (2003) discussed an algorithm for an inventory system
with a power form stock-dependent demand. Balkhi and Benkherouf (2004) presented an inventory
model for deteriorating items with a power form stock and time dependent demand rate for a finite
time planning horizon. Urban (2005) provided an overview on inventory models with inventory level
dependent demand and differentiated between the initial inventory dependent model and
instantaneous inventory level dependent models. Gupta and Vrat (1986) developed an inventory
model in which demand rate was a function of initial stock level. For seasonal products, the inventory
problem with price and stock dependent demand cannot be ignored. Urban and Baker (1997)
established a deterministic inventory model for demand having multivariate function of price, time
value and inventory level. Some of the related works in this area have been accomplished by Wee
(1995), Goh (1994), Dye (2002), Chung and Tsai (2001), Sarker et al. (1997), Chung (1989), Goyal
and Chang (2009), Yang et al.(2010), Teng et al. (2011), etc.

Many products such as blood bank, food, medicine, voletile liquids, green vegetable and many others,
deteriorate during their normal storage time. Thus, while determining the economic order quantity
(EOQ) policy, the loss due to deterioration cannot be ignored. Ghare and Schrader (1963) who
discussed the classical, no shortage inventory model with constant deterioration rate, initiated the
analysis of deteriorating inventory. Covert and Philip (1973) extended Levin (1972) model and
presented an EOQ model for a variable deterioration rate by assuming a two parameter Weibull
distribution. Chang et al. (2003) established an EOQ model for deteriorating item in which the
supplier provides a permissible delay to a purchaser if the order quantity is greater than or equal to a
predetermined quantity. Tripathi and Pandey (2013) presented an inventory model for deteriorating
items with Weibull distribution time dependent demand rate under trade credits.

In many cases, customers are used to a shipping delay and may be willing to a short time to receive
their first choice. For popular items, the length of the waiting time for the next cycle time determines
whether a backlog is accepted or rejected. Therefore the backlog rate should be variable and time
dependent (waiting time). When shortages occur, it is assumed that there is either a complete backlog
or the item lost. Tripathi (2012) developed an inventory model for items with an exponential demand
rate under shortages and trade credits. Eduardo and Barron (2009) considered an EPQ inventory
model for products manufactured in the environment of an imperfect production system that produces
imperfect quality products. Dye et al. (2007) developed inventory model for deteriorating items with
price dependent demand under shortages. Pentico et al. (2009) developed the deterministic EPQ with
partial backordering. Chiu (2008) presented a simple algebraic method to replace the use of calculus
for determining the optimal lot size. There are many other studies on production inventory model
with shortages and partially backlogs such as Wee (1995), Hollier and Mark (1983) Goyal and Giri
(2003), Park (1982) and others.
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The rest of the paper is organized as follows. The next section presents notations and assumptions
followed by mathematical formulation in section 3. In section 4, optimal solutions are given followed
by numerical example in section 5. Section 6 indicates the sensitivity analysis. Finally, conclusion
and future research is given the last section 7.

2. Notations and Assumptions

The following notations are used throughout the paper:

D =D(t)=a + pI(t) Demandrate a >0, 0<p <1

o Consumption rate

p Stock dependent consumption rate

I(t) The inventory level at any time t.

0 Rate of deterioration 0 < 0 <l

T Total cycle time

qi Initial stock-level at the beginning of every inventory
SC Shortage cost

] Shortage cost per unit

HC Holding cost

h Holding cost per unit

Dr Total deteriorating item

c Deteriorating cost per unit

qQz Maximum shortage level

TIC Total inventory cost per cycle

DC Deteriorating cost

k Ordering cost per order (OC)

TIC Optimal Total inventory cost per cycle

In addition, the following assumptions exist in this manuscript:

. The demand rate D is known and stock-level dependent i.e. D = D(t)=a + SI(t),a >0, 0<f <1.
. Shortages are allowed and fully backlogged.

. Deterioration rate 0 is constant and is age specific failure rate.

. The scheduling period is constant.

. Lead time is zero.

. Initial stock-level is raised to order level at the beginning of every period.

~N N L AW~

. Deterioration of the units is considered only after they have being received into the inventory.

3. Mathematical Formulation

The inventory level decreases to meet demand and partially due to deterioration. By this process the
stock reaches zero level at t = T;. Again shortages occur and accumulate to the level q» at t =T.
The differential equations in (0,T) are given by
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Fig. 1. Inventory level vs time

Solution of Eq. (1) with boundary conditions 1(0) = -q; and I(T;) = 0 yields

__ o (O+p)XT—1) _
I(t)—0+ﬁ{e 1} ,0<t<T

I(O) =q, ZQL{e(mﬂ)T; _1}

+p
from Eq. (4), we get

ro log{H(ew)ql}
0+ p a

The solution of Eq. (2) with the conditions I(T1) =0 and I(T) = -qa, is given by
I)y=a(l,-t), T, <t <T
Using the condition I(T) = —q, in Eq. (6), we obtain

N P (0 +p)q,
qz—o{T 0+ﬂ10g{1+ o H

Total deteriorating units during the time (0, T;) is given by

(1)

2)

)

(4)

)

(6)

(7
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I ©+Ah _q
Drzjel(t)dt= 9 {e —Tl},O <ts<T, (8)
0 0+p| 6+p
where T; is defined in Eq. (5). The deteriorating cost is given by
O+p)L _ 9)
DC=cp, =<9 )¢ Lrlo<ist
0+p| 6+p
Holding cost over the period (0, T;) is given by
1 O+PL _ 1
HC = h[ I(t)d1 = ha_|e “TLL0<t<T
0 0+p | 0+p (10)
Shortage cost is given by
T
sa 2
SC=SO—I(t)dt=7(T—T1) . (11)
Hence total inventory cost per cycle is given by
TIC = l[OC +SC+ HC +CD],
T (12)

O+pL _
ric=1 k+ﬂ(T_Tl)z+a(h+09) e l_T1 ‘
r 2 0+p 0+p

4. Determination of Optimal Solution

For finding optimal solution differentiating Eq. (12) partially with respect to T and T; two times we
get

oT T?

arTIC) _ 1 k+SO£(T—T1)2+a(h+c9) e<9+ﬁ>fl—1_T1 ,sa(T-T)) ;
2 0+8 | 0+p T (13)

, 2 O+pT, _
0 (TIC)Zi{kJrsa(T T) +a(h+00){e 1_T1H+sa(2T_T) -0

or* 1’ 2 0+p 0+p 72! (14)
oaTIC) _a| T-T)+ (h+c6) (P 1
or, T 0+p (15)
2 16
aa(?zC) :%[s+(h+c@)e(9+ﬁm}>0 (16)
1
2
oTaT, T 0+pB (17)

> 0 , the optimal values

Since [az(TIC)j[az (TIC)j_{aZ(TIC)j 20 ang 20O 2O

o1’ or? oTaT, or or,

TIC = TIC™ is minimum. Optimal (minimum) values of 7=7" and T = T " is obtained by solving
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oT oT,

obtain

(0+p)1 _
2k—sa(T2—T12)+2a(h+ce) ¢ 1—T1 =0,
0+p 0+p

ATIC) _

=0 simultaneously is minimum. Putting 0, and

1

S(T—Tl)—(};JrTcﬁg)(e(mﬁ)TI —1)= 0.

Truncated Taylor’s series is used in exponential terms for finding closed form solution i.e.
0+p)T?
PPN 214 (0+ BT, + % Eq. (18) and Eq. (19) become

a(h+s+cO) —sal* +2k =0
(h+c0)(0+ BT +2(h+s+cO)T, —2sT =0

Solving Eq. (20) and Eq. (21) simultaneously, we obtain optimal T = T and T, =T,

5. Numerical Example

A(TIC)

=0.We

(18)
(19)

(20)
21

Given the following parameters in appropriate units, 6 = 0.2, a = 500, h=10, s = 1000, k =20, c =4,
we get T =T =0.084247439 year T, =T, = 0.08331021 year, and TIC = TIC = $468.6135991.

6. Sensitivity Analysis

By using the same data as in above numerical example, we study the effect of the changes in a single

parameter on the optimal solutions of T, = T,", T=T and Z(T, T)=Z"(T.T).

Case I: Variation of consumption rate o

Table 1a
Variation of consumption rate a
o T=T T,=T, TIC = TIC’
500 0.084247439 0.08331021 468.6135991
550 0.080421804 0.07952874 491.1854657
600 0.077077804 0.07622322 512.7508545
650 0.074121928 0.07330126 533.4344034
700 0.071484280 0.07069380 553.3361639
750 0.069111434 0.06834805 572.5385937
800 0.066961739 0.06622285 591.1106321
850 0.065002190 0.06428559 609.1105782
900 0.063206259 0.06251005 626.5882238
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Case II: Variation of deterioration rate 0
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Table 1b
Variation of deterioration rate 6
0 T=T T,=T, TIC = TIC"
0.25 0.08327689 0.08235088 473.445575
0.30 0.082336034 0.08142089 478.2367439
0.35 0.081423382 0.08051877 482.9891115
0.40 0.080537588 0.79643194 487.7034512
0.45 0.079677357 0.78792877 492.3812089
0.50 0.078841505 0.07796664 497.0230666
0.55 0.078028907 0.077163395 499.4695849
0.60 0.077238521 0.076382091 506.2024369
0.65 0.076469355 0.07562176 510.7418448
Case III: Variation of ordering cost per order k
Table 1(c)
Variation of ordering cost per order k
k T=T T,=T, TIC = TIC’
40 0.117924913 0.11659231 666.3016397
60 0.143332216 0.14169351 819.3530278
80 0.164475155 0.16257660 949.2777956
100 0.182902371 0.18077355 1064.410681
120 0.199406675 0.19706862 1169.02789
140 0.214458271 0.21192693 1265.670640
160 0.228363030 0.225615104 1355.995273
180 0.241333055 0.23845075 1441.152706
200 0.253522562 0.25047860 1521.981199
Case IV: Variation of shortage costs
Table 1(d)
Variation of shortage cost s
s T=T T,=T, TIC = TIC'
1100 0.088161077 0.08726689 469.3667993
1300 0.095471557 0.09464804 473.1333754
1500 0.102218388 0.10145089 479.8747421
1700 0.108510088 0.10778841 485.8346361
1900 0.114424356 0.11374106 493.5669116
2100 0.120019045 0.11936851 501.7939039
2300 0.125338633 0.12471649 510.3357624
2500 0.130418180 0.12982095 519.0722780
2700 0.135285907 0.13471077 527.9211419
From the results of Table 1a to Table 1d, the following observations can be stated,
(1) From Table 1(a), we observe that any increase of consumption rate ‘o’ results decrease in

optimal cycle time T = T, optimal time to finish positive inventory T; = T," and increase of optimal
total inventory cost TIC = TIC .
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(i1) From Table 1(b), it can be easily seen that any increase of deterioration rate ‘0’ results a
decrease in T = T, optimal time to finish positive inventory T; = T,” and optimal increase total
inventory cost TIC = TIC .

(iii)  From Table 1(c) any increase of ordering cost per order ‘k’ results to any increase in optimal
cycle time T =T, optimal time to finish positive inventory T; = T;" and optimal total inventory cost
TIC = TIC".

(iv)  From Table 1(d) it can be observed that any increase of shortage cost ‘s’ results to any
increase in optimal cycle time T = T', optimal time to finish positive inventory T, = T," and optimal
total inventory cost TIC = TIC .

7. Conclusion and Future Research

In this study, EOQ model for deteriorating items with stock — dependent demand in a single
warehouse has been developed. Since stock dependent consumption rate ‘B’ is small, we simplified
the model by assuming Pt as a small value. While dealing with time — varying demand pattern, the
researchers usually take demand rate to be linearly time dependent. It is rarely seen to occur for any
manufacturing commodity. Some researcher take exponential rate, but it is doubtful whether the real
market demand of any commodity can really rise or fall, exponentially. The traditional parameters of
holding cost are assumed to be (i) constant, (ii) exponential time dependent and (iii) stock dependent.
Most of the researchers considered the holding cost to be constant. However, holding cost cannot
constant over time due to changes in the time value of money and in the price index.

This paper investigated the effect of a single warehouse system within the EOQ framework. In this
study, shortages were allowed and completely backlogged. Taylor’s series approximation has been
used for finding closed form solution. The deterioration factor has been taken into consideration in
the model as almost all items undergo either direct spoilage or physical decay in the course of time;
deterioration is a natural feature in inventory system. Numerical example is given to prove the
propose model. Form the sensitivity analysis we see that if shortage cost and consumption rate
increase, total cost will also increase.

The proposed model can be extended in several ways. For instance, we may extend the model for
exponential demand rate, quantity discount, inflation rate, time value of money. We could consider
the demand as a function of price, stock- dependent, time product quantity, etc. Finally, we could
generalize the model for quantity discount and others.
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