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both stages. They are categorized and reworked to maintain the desired product quality. Finally,
we derive an optimal cost-minimization rotation cycle for our model and use a numerical example
to investigate the collective and individual influences of reworking, postponement, and
outsourcing to external providers on the multiproduct fabrication problem. In summary, this study
can offer an optimization solution for production planning in various modern industries.
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1. Introduction

Customer requirements simultaneously emphasize quality, variety, and fast response in the current markets. To meet the
customer’s needs, most manufacturers today plan their multi-product fabrication incorporating a postponement strategy,
rework process, and an outsourcing option. Motivated by the viewpoints above, this study presents a single-machine two-
stage delayed differentiation multi-product fabrication system with rework, commonality, and external providers, to address
customers’ external anticipation and optimize internal operating expenses and machine utilization. Delayed differentiation
strategy intends to produce all common parts needed for the multi-product at once. Then, it finishes the distinct end products
to reduce the order response time and/or total operating expenses. Iyer et al. (2003) used a postponement model to manage
demand uncertainty. Their model incorporated an assumed portion of regular demand to cope with the order in the postponed
period. Their policy allowed the postponed demand’s capacity to be purchased, and its unit reimbursement was paid back to
customers who accepted their needs to be postponed. The authors proposed a power-range distribution to address the potential
demand surges in their capacity planning system. They derived the cost-minimized regular capacity for the two-stage
demand- postponement capacity planning problem through formulation and analyses. The authors also suggested a few
possible extensions to their models. Jewkes and Alfa (2009) used a geometric matrix methodology to decide the optimal
semi-finished items’ completion percentage and buffer size supplied by external sources in a make-to-order manufacturing
system. They used enumerable techniques to find optimal solutions. They concluded the delayed differentiation strategy is
in favor when the producer can balance the order delay fulfillment cost with the unsuitable items’ expense. Inkaya et al.
(2018) explored the influence of cost structure, coordination, and competition on the product pricing and variety decisions
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for vertically differentiated industries’ supply chains. The authors examined and compared three scenarios of the supply
chain’s coordination between the manufacturers and assembly firms on the product offers’ differentiation issues. Their
performance evaluation included: (i) the bill-of-materials cost; (ii) quality levels; (iii) product competition strength; and (iv)
partial differentiation option through numerical experiments. Additional studies (Guericke et al., 2012; Chiu et al., 2020a;
Duan et al., 2021) examined the impact of postponement strategies on multi-product manufacturing planning and operations
control.

Defective items are inevitably produced in most fabrication systems due to diverse unanticipated factors. These items must
be reworked (if repairable) or removed to achieve the desired product quality. Abboud (1996) proposed an algorithm to
explore a two-echelon Markovian fabrication system comprising repairable goods. The time to a machine failure and the
needed time for repairing products are assumed following an exponential distribution. The researchers presented an algorithm
to jointly decide the optimal number of repair channels and machines to meet the desired service level and minimize system
expenses. Li (2004) analyzed the throughput performance of a fabrication system featuring rework loops. The author used
the overlapping decomposition approach by decomposing the system into serial overlapping fabrication lines to study the
interactions of modified machines and buffers in the design and estimate their relative throughput performance. In addition,
an automotive assembly line case demonstrated the proposed framework. Krishnamoorthi and Panayappan (2013) studied an
imperfect economic production quantity system with a rework process for defects. Two separate models were studied, one
allows shortages, and the other disallows shortages. The authors developed mathematical models to decide each model’s
cost-minimized fabrication lot size and verified them numerically. Al-Salamah (2019) explored the imperfect EPQ model
featuring the rework process with variable repairing rates synchronously or asynchronously. In their synchronous case, the
defective goods are reworked right away as they are produced. While, in the asynchronous example, the rework of faulty
items waits until the fabrication batch completes. The author built two separate models to represent the problems and derived
the cost-minimization batch sizes and backorders under various rework rates. Other recent works studied the impact of various
defect matters and rework strategies on fabrication-inventory planning and control (Al Taweel, 2019; Homolka et al., 2019;
Siouris et al., 2019; Abukhader and Onbasioglu, 2021; Chiu et al., 2021; Daryanto and Christata, 2021; Suroso et al., 2021;
To6th and Kulesar, 2021; Yamada et al., 2021).

Most manufacturers always seek an effective strategy to reduce their production uptimes and shorten their orders’ response
times. To subcontract a portion of their production to external suppliers is often chosen. Arnold (2000) built an outsourcing
model comprising institutional economic theory alternatives to analyze and explore the impact of outsourcing and relating
decision-making. The author employed the analytical approach incorporating core competencies and transaction cost
economics to recommend outsourcing decisions and managerial implications. Araz et al. (2007) used fuzzy goal
programming (FGP) to build a system to evaluate and manage a textile firm’s outsourcer. The authors first decided on the
firm’s objectives and the method and criteria of the outsourcer evaluation system. The most suitable strategic outsourcer
partners were chosen, along with quantities allocated to these external suppliers. Lastly, the results generated from their
proposed method are compared to the firm’s current outsourcer status to verify their proposed system’s performance. Kaipia
and Turkulainen (2016) explored the impact of quality and cost priorities on outsourcing relationships between contract
suppliers and buyers. The authors used eight real cases from the electronics and food industries to investigate different
integration modes before and at the early production stage for the outsourcing relationship. The results indicated considerable
resources are required after an outsourcing decision was made, and integrating and managing outsourcing relationships lead
to a successful supplier-buyer relationship. Other recent works (Sadjadi et al., 2018; Skowronski and Benton, 2018; Dan-
asabe et al., 2019; Chiu et al., 2020b) examined the impact of diverse outsourcing alternatives on manufacturing planning
and corporation operation management. As few past studies investigated the individual/combined effect of rework,
postponement, and outsourcings on the multi-product fabrication problem, this work intends to fill this gap.

2. Materials and Methods

This study proposes a postponement model for multiproduct fabrication decisions incorporating commonality, rework, and
external sources. The notation is defined in Appendix A.

2.1. Description and assumption

A postponement model for multiproduct fabrication decisions incorporating commonality, rework, and the external source is
investigated. The problem is specifically described below: (i) it is a two-stage multiproduct fabrication problem,; (ii) it features
the commonality of intermediate parts and its outsourcing option, the delayed differentiation, and the reworking of faulty
items; (iii) all mutual/common parts are made in stage 1, and L end products (where i = 1, 2, ..., L) are produced in stage 2
(see Figure 1); (iv) we assume constant annual demand 4; for end product i; (v) a constant mutual part’s completion rate y is
assumed and fabricating rate P depends on y; (vi) the finished goods’ fabrication rate P, ; is dependent on y as well. For
instance, if y is 0.50, then both fabricating rates P; and P;; become two times their standard production rate as in a single-
stage process; (vii) a my portion of the mutual parts is provided by an outsourcer to reduce its uptime. Thus, a different unit
cost Cro and setup cost Ky are connected with this outsourcing policy (refer to Egs. (1) and (2)). (h) the random
nonconforming ratios xo and x; are experienced in both stages. Their defects can be repaired at the rates of P»y and P,; per
year (see Fig. 1 and Fig. 3); (i) a preset receipt schedule for outsourcing common parts is after the rework times (See Fig. 1).
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Coo =(1415,,)C, (D
Ky =(1+5,)K, 2

where Co, Ko, 2,0, and f1 o stand for the in-house unit, setup costs, and connecting factors. For example, f1,0 =— 0.65 indicates
Kro is 65% less than Ko, and S0 = 0.22 indicates Cyo is 18% more than Cy, etc. Fig. 1 depicts the stock level of our
multiproduct manufacturing decision model with rework, commonality, the external source, and postponement. It describes
that common parts’ stock level rises to H; o when stage one’s uptime completes. It goes on growing to H> o when its rework
ends. Upon receiving the outsourced common parts from the external source, the common parts reach the highest point H3 .
Fig. 1 also points out that the level of common parts starts to decline as the fabrication of L distinct end products begins. The
progress of separate common parts’ levels for each finished goods’ production is shown in Fig. 2. Further, Fig. 1 specifies
each finished goods’ inventory level rises up to H;; when their uptime completes; and it further goes up to H»; when their
rework finish. Stock-out conditions are not allowed. So (P1; — di; — 4; ) and (P1o — dip) must be > 0. The level of faulty
finished goods and mutual parts are shown in Fig. 3. It can be seen, the nonconforming mutual parts’ level rises maximally
to (dit1,0) when uptime completes, and it declines to zero when the rework finishes. The nonconforming finished stock level
reaches maximally (d,t1,;) before the rework begins in stage 2.
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Fig. 1. The stock status of the proposed multiproduct fabrication problem considering rework, commonality, external
source, and postponement compared with the same problem without outsourcing policy (in grey)
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2.2. Stage two’s formulation

Fori=1,2, ..., L, the following equations are observed from stage 2 of our study (see Fig. 1 to Fig. 3):

0 =AT 3)
T= 4ty -l—ll1 :% (4)
__H, 0o (5)
! Pl,i dl,i _/11‘ Li

x0, (6)
L = P

2,i

H b (Plr _dl,i _ﬂ'!) (7)

H,, ®)
L, = /1)
Hz,i = (P21 _ﬂ’i )t2,i +H1,1 ©)

From Eq. (9), one knows the common parts’ requirements are as follows:

Hs,o=ZQ:ZiT (10)
2.3. Model formulation in stage one

The following equations are observed from stage one of our study (see Fig. 1 to Fig. 3):

20
A= (11
. L

H3‘0_H2,0:ZQ.'_H2.0:”O[Z:Qij (12)
H,, = ;Qf](l—ﬂo) (13)
0,=H,, (14)
fo=ee - (15)

' P],o _dl,O PL,o
%0, _ Moo =Hi (16)

* B, B,
H,,=H, ,+P,t, (17)
H =H,,-0, (18)
H,=t,,(B,~d,) (19)
T=t,+t,,+1, (20
H =H,, -0, fori=2,3,..L (21
H =H,,-0, =0 (22)

3. Results and discussions

3.1. System cost analysis

The total cost in a replenishing cycle TC(7) includes the following: the cost incurred in (A) the first stage’s outsourcing,
variable and setup (in-house) costs, and the internal rework and holding costs; (B) stage two: the sum of the manufacturing
variable, setup, and holding costs for L distinct end products. So, TC(T) is as follows:
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(23)
+ZL:{K,, +0C+(x0)C,, +hy, (zz,,,)[d‘;‘" JH'“ {MJr%(,H% sz (1)+ Hy,+H, (e, )}}

2

E[TCU(T)] can be derived using the following steps: (a) using E[xo] and E[x;] to cope with the faulty mutual parts and finished
goods’ randomness; and (b) substitute Egs. (3) to (22) in Eq. (23) and calculating E[TC(T)]/E[T]. With additional derivation
E[TCU(T)] becomes as follows:
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where Eop denotes the following:
1-E E E
E, = L+( [xo]) [x0]+ [x]
By By B,
3.2. Solving T*
The 1 and 2™ derivatives of E[TCU(T)] are applied as follows:
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Since Kro, Ko, T, and K; in Eq. (26) are positive; therefore, E[TCU(T)] is convex. It follows by setting Eq. (25) equal to zero
the optimal 7* is derived as follows:

ZK +K, (B, +2)
e .
oA Elx,] (1-7,)° L& A, AE[x] LA
B e P
hoA'Ey(1-7) &)1 1 E[x] |mAY A E[x] @7
e F e e

4. Numerical example
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This section uses a numerical illustration to demonstrate how our multiproduct postponement model works. The assumed
values for variables in stages one and two are listed in Tables 1 and 2. In contrast, the assumption of system variables’ values
for the single-stage model of the same problem (with five end products) is listed Table B-1 (refer to Appendix B).

Table 1
The assumption of stage one’s system variables in our illustration
Ao Ko o Cryo N io hap P20
17406 $8500 0.4 $25 $8 0.2 $8 0.4
Co ¥ Xo Py Py o Bro
$40 0.5 2.5% 96000 120000 0.5 -0.7
Table 2
The assumption of system variables’ values in stage two of our illustration
Item i C; Py Ai K; Xi Py, i ho Cri hy
1 $40 112258 3000 $8500 2.5% 89806 0.2 $16 $25 $16
2 $50 116066 3200 $9000 7.5% 92852 0.2 $18 $30 $18
3 $60 120000 3400 $9500 12.5% 96000 0.2 $20 $35 $20
4 $70 124068 3600 $10000 17.5% 99254 0.2 $22 $40 $22
5 $80 128276 3800 $10500 22.5% 102621 0.2 $24 $45 $24

To obtain the optimal operating 7% and E[TCU(T*)] for our multiproduct postponement model featuring rework,
commonality, and external provide works, one can apply the resulting formulas (27) and (24), and find that 7* = 0.5689 and
E[TCU(T*)] = $2,081,646. The influence of variations in the outsourcing portion my on diverse system-relevant parameters
has been further investigated and displayed in Table C-1 (see Appendix C). Consequently, numerous in-depth system
characteristics are revealed as follows.

4.1. Convexity of E[TCU(T)]

Fig. 4 depicts E[TCU(T)]’s behavior concerning 7. As the cycle time departs from 7%, E[TCU(T)] knowingly increases.

E[TCU(D) 0w
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$2.140.000 1.0700 o
$2.130.000 0.0600
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Fig. 4. Behavior of E[TCU(T)] concerning T Fig. 5.The impact of variations in common parts’

outsourcing portion 7y on f* in stage 1

4.2. Influence of outsourcing percentage on in-house fabrication time/utilization

Since this research considers an outsourcing strategy on the common parts with 7o = 0.4, the summation of stage one’s
manufacturing uptime and rework time #* declines to 0.0491 from 0.0787 (year), that is a drop of 37.61%. Fig. 5 also shows
that as 7o increases, f* knowingly decreases. Fig. 6 exhibits the analytical outcome of the total utilization (in percentage) of
the system vis-a-vis mo. It specifies that in this example (i.e., mo = 0.4 and y = 0.5), utilization decreases to 23.89% from
29.64%, that is a drop of 19.40%. Figure 6 also indicates that as 7o increases, utilization decreases knowingly.

Fig. 7 compares our study’s utilization with other similar models. Since our research considers an outsourcing strategy in
stage one, our utilization declines to 23.89% (from 29.64%), or a 19.40% lower than that in a similar two-stage model
without outsourcing plan (see Fig. 7). Further, it shows a 22.99% less in utilization (i.e., declining from 31.02% to 23.89%;
see Fig. 7) compared to that in a one-stage same fabrication model with neither postponement nor outsourcing.
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4.3. Impact on the system relevant cost
Fig. 8 compares this study’s E[TCU(T*)] with other similar models. An outsourcing strategy helps this study to reduce
19.40% in utilization compared to that in the same two-stage model without outsourcing at a 5.46% increase in E[TCU(T*)]
(i.e., increasing from $1,973,946 to $2,081,646; see Fig. 8). Further, we pay a 1.74% cost increase (i.e., increasing from
$2,046,098 to $2,081,646) for a decrease of 22.99% in utilization compared to that in a one-stage same fabrication model
with neither postponement nor outsourcing.
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Fig. 7. Comparing our study’s utilization with that in

similar models
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Fig. 9. The breakup of [TCU(T*)]
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Moreover, the breakup of the system cost is analyzed and exhibited in Fig. 9. It specifies that for my = 0.4 and y = 0.5, the
main contributors to E[TCU(T*)] add up 93.02%. They are the variable costs for finished products (54.53%) and common
parts (19.98%), and mutual parts’ outsourcing cost (18.51%). The rework cost is 2.26% of the system cost. Fig. 10 reveals
the impact of average rework cost’s ratio against unit cost on [7CU(T*)]. It confirms that the ratio average rework cost at 0.6,
our optimal [TCU(T*)] is $2,081,646. As the average rework cost ratio rises, [TCU(T*)] increases accordingly.
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Fig. 10. The behavior of [TCU(T*)] regarding average Fig. 11. The variable manufacturing costs for each

rework cost’s ratio against the unit cost finished goods concerning 7y
Fig. 11 depicts the variable fabrication costs for each end product concerning 7. It explicitly depicts our model can analyze
the detailed performance of stage two of the proposed system. However, it reveals that each finished goods’ variable cost is
different, and the changes in my have no effects on these separated variable costs. The collective effect of the mutual part’s
completion rate y and add-up percentage of outsourcing unit cost 2o on E[TCU(T*)] is studied and revealed in Fig. 12. As
[0 increases, E[TCU(T*)] upsurges enormously, especially when y is higher. If the add-up percentage of outsourcing unit
cost S is high, then as y rises, E[TCU(T*)] increases significantly.

E[TCU(T)]
$2.400,000
$2,300,000
$2,200,000
$2,100,000
$2,000,000
$1,900,000

$1.800,000

Fig. 12. The collective influence of y and $» on E[TCU(T*)] Fig. 13. The collective effect of >0 and y on T*

4.4. Collective influence on T* and the relationship between 8 and yon E[TCU(T*)]

Fig. 13 exhibits the collective effect of the add-up percentage of outsourcing unit cost 5> and the completion rate of common
part y on T*. As y rises, T* declines significantly, and 7* changes trivially as f» increases. Fig. 14 reveals the influence of
the nonlinear (e.g., 0= ¥) and linear (i.e., 0= ) relationships on E[TCU(T*)]. It shows our model can disclose the diverse
relationships between the mutual part’s d values and its relating yvalues on E[TCU(T*)]. It also indicates that for y= 0.5, the
distinct values of E[TCU(T*)] for both relationships of linear (5 = ') and nonlinear (5 = »?).

LT e Linear value: 6=y’
$2.110,000 o e o Nunlin‘em' value:
=7 (lower)
$2,100,000 -
$2,090.000 -
$2.081,646
$2,080,000 -
$2,070.000 —
$2,060,000 -
|
$2,057.454 7
$2,050,000 4
$2,040.000

Fig. 14. The impact of linear and nonlinear relationships on E[TCU(T*)]

5. Conclusions

To satisfy customer demands that simultaneously emphasize quality, variety, and fast response time, most present-day
manufacturers plan their multi-product fabrication by incorporating a postponement strategy, rework process, and an
outsourcing option. Motivated by the viewpoints above, this study builds a two-stage delayed differentiation model to offer
a decision support system to address customers’ external expectations while optimizing internal operating expenses and
machine utilization. Modeling, analysis, and optimization processes help us derive an optimal cost-minimization rotation
cycle (refer to Section 2 to Subsection 3-2). A numerical example demonstrates our result’s applicability. It enables the
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exploration of collective and individual influences of reworking, postponement, and outsourcing to external providers on the
studied problem (see Numerical example section and Tables C-1 for details). The examples comprise

(1) The optimal replenishing cycle and convexity of the cost function (refer to Fig. 4);

(2) Influence of changes in outsourcing percentage on in-house fabrication time/utilization (refer to Figs. 5-7);
(3) Impact on the system relevant cost (see Figs. 8-12); and

(4) Collective influence on T* and the relationship between dand yon E[TCU(T*)] (Figs. 13-14).

In summary, our model provides an optimization solution for production and operations planning in various modern
industries (e.g., clothing, automotive, household goods, etc.) For future research, combining an end-product multi-
shipment discipline in the same context of the studied problem is worth exploring.
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Appendix A

Definition of notation in the mutual parts’ making stage

o = outsourcing portion,

Qo = in-house lot size,

Ao = annual demand,

t° = the optimal uptime,

hio = unit holding cost,

Co = unit cost (in-house),

Ko = setup cost (in-house),

K = fixed outsourcing cost,

fio = the connecting factor between Ky and Ko,

Cr = unit outsourcing cost,

p20 = the connecting factor between Cro and Co,

tio = manufacturing uptime with outsourcing option,
o = nonconforming items’ rework time,

130 = depleting time,

Py = annual manufacturing rate (in-house),

X0 = nonconforming percentage,

dip = nonconforming mutual parts’ fabricating rate (where di o = xoP1 ),
Po = annual reworking rate,

Cro = unit rework cost,

Hip = stock level when uptime ends,

h2o = unit holding cost for reworked items,

H,y = stock level when rework ends,

iy = holding cost’s relating ratio (where 41 ; = (iy)C)),
Hsy = stock level upon receiving outsourced items,

Definition of notation in the end-product making stage (wherei=1,2, ..., L)

T = the decision variable — rotation cycle length,
L = the number of distinct end products,

P,; = annual manufacturing rate,

Ai = annual demand rate,

Oi = lot size,

1 = uptime,

Xi = random nonconforming percentage,

di; = nonconforming items’ manufacturing rate (where d;; = x;P1 ),
C = unit cost,

K; = setup cost,

hi; = holding cost,

4" = the sum of the optimal uptimes,

ha = holding cost,

th rework time,
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13 = the depleting time,

P,; = annual reworking rate,

H,; = stock level when uptime ends,

Cr; = unit rework cost,

H,; = stock level when rework ends,

H; = common parts’ stock level when uptime of product i ends,
1(f); = stock level at time ¢,

E[T] = the expected common cycle time,
TC(T) = system cost in a cycle,

E[TC(T)]= the expected system cost in a cycle,
E[TCU(T)] = the expected system cost per unit time.

Appendix - B

Table B-1. The assumed values for parameters in a single-stage model of the same problem

Product i G P X A Cri K; I Py hai i
1 $80 58000 5% 3000 $50 $17000 $16 46400 $16 0.2
2 $90 59000 10% 3200 $55 $17500 $18 47200 $18 0.2
3 $100 60000 15% 3400 $60 $18000 $20 48000 $20 0.2
4 $110 61000 20% 3600 $65 $18500 $22 48800 $22 0.2
5 $120 62000 25% 3800 $70 $19000 $24 49600 $24 0.2
Appendix - C
Table C-1
Influence of variations ins in 7o on utilization & various system relevant parameters
% Total % ae % %
T fo* decline in uptime decline Utilization decline Tot_al Tework T* E[rcu(r)] increase
* A) ®) in (B) © in (C) time (D) () In (E)
0.00 0.0787 - 0.1547 - 29.64% - 0.0074 0.5468  $1,973,946 -
0.05 0.0766  -2.61% 0.1546 -0.05% 28.92% -2.43% 0.0075 0.5606  $1,991,349 0.88%
0.10 0.0728  -7.51% 0.1510 -2.38% 28.20% -4.85% 0.0074 0.5620  $2,004,168 1.53%
0.15 0.0689 -12.44% 0.1474 -4.72% 27.48% -7.28% 0.0074 0.5633  $2,017,013 2.18%
020 0.0650 -17.41% 0.1437 -7.10% 26.76% -9.71% 0.0074 0.5645  $2,029,885 2.83%
025 0.06010 -22.41% 0.1400 -9.49% 26.04% -12.14% 0.0073 0.5657  $2,042,784 3.49%
0.30 0.0571 -27.44% 0.1363 -11.91% 25.32% -14.56% 0.0073 0.5669  $2,055,711 4.14%
0.35 0.0531 -32.49% 0.1325 -14.35% 24.61% -16.99% 0.0072 0.5679  $2,068,665 4.80%
0.40 0.0491 -37.61% 0.1287 -16.80% 23.89% -19.40% 0.0072 0.5689  $2,081,646 5.46%
0.45 0.0451 -42.69% 0.1249 -19.28% 23.17% -21.84% 0.0071 0.5698  $2,094,656 6.12%
0.50 0.0410 -47.83% 0.1210 -21.78% 22.45% -24.27% 0.0071 0.5706  $2,107,693 6.78%
0.55 0.0370 -52.98% 0.1171 -24.29% 21.73% -26.70% 0.0070 0.5713  $2,120,757 7.44%
0.60 0.0329 -58.16% 0.1132 -26.82% 21.01% -29.12% 0.0069 0.5720  $2,133,850 8.10%
0.65 0.0288 -63.35% 0.1093 -29.36% 20.29% -31.55% 0.0069 0.5726  $2,146,972 8.77%
0.70 0.0247 -68.56% 0.1053 -31.92% 19.57% -33.98% 0.0068 0.5731  $2,160,121 9.43%
0.75 0.0206 -73.78% 0.1013 -34.50% 18.85% -36.41% 0.0068 0.5736  $2,173,299 10.10%
0.80 0.0165 -79.01% 0.0973 -37.08% 18.13% -38.83% 0.0067 0.5739  $2,186,505 10.77%
0.85 0.0124  -84.25% 0.0933 -39.68% 17.41% -41.26% 0.0067 0.5742  $2,199,739 11.44%
0.90 0.0083 -89.50% 0.0893 -42.29% 16.69% -43.69% 0.0066 0.5744  $2,213,003 12.11%
095 0.0041 -94.75% 0.0852 -44.91% 15.97% -46.11% 0.0065 0.5745  $2,226,294 12.78%
1.00  0.0000 -100.00% 0.0750 -51.49% 15.25% -48.54% 0.0060 0.5312  $2,224,241 12.68%
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