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1. Introduction

During the past few years, there have been many unpleasant macro-economical events, which have
influenced financial figures significantly. European countries are facing with financial turmoil, their
governments are not able to handle their liabilities, and they must go under sever cost reduction
programs. In such circumstances, all capital budgeting analysis must consider uncertainty associated
with the numbers. There are different methods for handling uncertainties in numbers such as
stochastic programming, robust optimization and fuzzy programming. In fuzzy programming, we
deal with numbers, which are more in terms of linguistic terms. Fuzzy programming helps us provide
insight about the projects where there is no historical data. Fuzzy programming has been widely
implemented in different areas of sciences.

Remer and Nieto (1995) presented 25 various techniques implemented to make an assessment the
economic desirability of projects. They categorized these 25 methods into 5 types: net present value
methods, rate of return methods, ratio methods, payback methods, and accounting methods. They
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provided some insight into the advantages and limitations of these project evaluation methods by
comparing and contrasting them.

Kahraman et al. (2000) made an assumption on vague input data and the fuzzy benefit—cost (B/C)
ratio method was implemented to justify manufacturing technologies. After calculating the B/C ratio
based on fuzzy equivalent uniform annual value, they compared two assembly manufacturing systems
having various life cycles. Kahraman et al. (2002) in another assignment provided formulas for the
analyses of fuzzy present value, fuzzy equivalent uniform annual value, fuzzy future value, fuzzy
benefit—cost ratio, and fuzzy payback period. They also examined cash flows to geometric and
trigonometric cash flows and using these cash flows fuzzy present value, fuzzy future value, and
fuzzy annual value formulas were developed for both discrete compounding and continuous
compounding. Huang (2007) presented an investigation on capital budgeting problem with fuzzy
investment outlays and fuzzy annual net cash flows based on credibility measure. Huang (2007) used
net present value (NPV) method using two fuzzy chance-constrained programming models for capital
budgeting problem. He also used a fuzzy simulation-based genetic algorithm to solve the resulted
problem formulation and, using two numerical examples, the implementation of the method was
presented and analyzed.

Sobel et al. (2009) formulated the problem of adaptively optimizing the expected present value of a
project’s cash flow, and explained that it is possible to perform the optimization. The formulation
included randomness in activity durations, costs, and revenues, so the optimization leads to a
recursion with a large state space even if the durations are exponentially distributed. They presented
an algorithm that partially exercises the “curse of dimensionality” as computational results
demonstrate.

Tsao (2012) presented a series of pragmatic algorithms to calculate NPV of capital investments in an
environment, which are subject to uncertainty from randomness of outcomes and vagueness of
estimation. He used linguistic terms to evaluate the possibilities of future economic scenarios, and
fuzzy numbers were implemented to represent the linguistic assessments and estimate cash flows and
costs of capital. He also utilized the standard fuzzy arithmetic in his method and presented the
equations of the expected fuzzy NPV for a single project, expected fuzzy equivalent annuity for
mutually exclusive projects with equal life spans, and expected fuzzy equivalent annuity to infinity
for projects with unequal risks (jointly called expected FNPVS).

Liao and Ho (2010) proposed a fuzzy binomial approach, which could be implemented in project
valuation under uncertainty. The proposed approach also discloses the value of flexibilities embedded
in the project and provided a method to compute the mean value of a project’s fuzzy NPV. The
project’s fuzzy NPV was characterized with right-skewed possibilistic distribution because these
flexibilities keep the upside potential of profit but limit the downside risk of loss. Huang (2008)
discussed the existing difficulties in an uncertain economic environment to forecast accurately the
investment outlays and annual net cash flows of a project. Besides, available investment capital
sometimes cannot be precisely given either.

Huang (2008) presented capital budgeting problem with fuzzy investment outlays, fuzzy annual net
cash flows and fuzzy available investment capital based on credibility measure. Shahsavar et al.
(2010) investigated the resource investment problem with discounted cash flows and generalized
precedence relations under inflation factor. They attempt to detect activity schedules and resource
requirement levels, which maximizes the NPV of the project cash flows. Sheen (2005) derived fuzzy
NPV and pay back year techniques as decision indexes for cogeneration alternatives decision-making.
They restricted the model to build the means and variances of the fuzzy indexes to rank various
cogeneration alternatives. The mean and variance values depend only on the vertexes of the fuzzy
index, and are independent of their height. The study also compared the results with simulating two
numerical examples and by considering a cogeneration program in a petrochemical industry. The
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results indicated that the proposed fuzzy economic models provided consistent results with those of
the conventional crisp models, and that the developed concepts could be easily implemented
compared with the fuzzy ranking methods proposed in previous studies.

Ho and Liao (2011) presented a fuzzy method for investment project valuation in uncertain
environments in terms of real options. They explained that the traditional methods were based on
discounted cash flows (DCF) analysis, which were based on NPV and internal rate of return.
However, DCF-based techniques provide two major pitfalls, where one is that DCF parameters such
as cash flow approximation are imprecise in the uncertain decision making environments. The other
issue is that the values of managerial flexibilities in investment projects are not precisely disclosed
through DCF analysis. Both of them would entail improper outputs on strategic investment projects
valuation. They proposed a fuzzy binomial approach, which could be implemented in project
valuation under uncertainty. The proposed approach also disclosed the value of flexibilities embedded
in the project. In addition, the proposed model provided a technique to measure the mean value of a
project’s fuzzy expanded NPV, which represents the entire value of project.

Ustundag et al. (2010) introduced a systematic model for the economic analysis for RFID investment
is proposed. In this approach, the elements of expenditure and benefits were determined to measure
the value of an RFID investment. The Monte-Carlo simulation was implemented to find the expected
NPV of RFID investment.

This paper presents a an approach based on NPV and fuzzy numbers to evaluate the present value of
a project in triangular fuzzy number. The organization of this paper first presents some preliminary
on fuzzy method in section 2. Section 3 demonstrates the implementation of the proposed model
using a numerical example and the paper ends with concluding remarks.

2. Fuzzy method

Definition: M is a left and right fuzzy number if there are functions for left (L) and right (R),
respectively,

m-—x
L(T) Xx<m 1)

Hy (X) = X—m

R(

) X>m

where m is a scalar and maintains an average of M and a,>0. We denote M as (m,a, ) - The
LR fuzzy numbers have the following characteristics,

. L and R are non-increasing functions of R* —[0,1].
. L(0) =R(0) =1.

L(x) <1, R(x)<1 Vx>0

.L(X)>0, R(x)>1 WVvx<1

L) =R(0)=0
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Definition: A fuzzy triangular M = (o), a,, t3) is stated as follows,
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2.1 Fuzzy net present value

In traditional NPV problems, the cash flow diagram consists of different numbers in crisp format. For
instance, we know exactly how much we should invest on a particular construction project within
time horizon but in real-world case studies, construction materials are subject to uncertainties and it is
not possible to assign a precise value to each cash flow item. Therefore, we may ask some experts to
determine the cost of a project, separately through a Delphi process. Next, we gather all feedbacks
from experts and inform the numbers to experts asking them to reconsider their numbers based on
what the other people think and this process is repeated until we reach some common factors. The
following summarizes details of our fuzzy survey,

Stage 1. Assign three the lowest (a ), most probable (a;,) and the highest (a)) values to
E,,i=1---,n and state the numbers as A =(a/,a,,,a}) i=12,...,n

Stage 2. Calculate A,,=(m;,m,,,m,) for all Aand for each expert's opinion we calculate the
deviation between A, and A and report it to expert.

Stage 3. Each expert provides a new triangular number as B, = (b;,by, ,b3)

Stage 4. Replace a;,a,,,a,with b/ b, ,bjand go to stage 2 until there is a negligible difference
between the new triangular fuzzy numbers and the older ones.

In order to calculate the fuzzy net present value (FNPV), let L be the smallest possible value, M be
the mean or most promising value, R be the largest possible value, F be the cash flow, i be the
interest rate and (n,t) be the time, respectively. The factor to calculate the present value of a particular

future revenue (F) with interest rate i after nperiods is (P/F,i,n)=(1+i)™". Therefore, to calculate
FNPV = (NPV ,NPV ,,,NPV .) we use the following,

n [1(P/F,it.1) F'<0 ©)
NPV, =F+>F'q"
= [1(P/F,if1) F'>0

t=1

-

NPV, = F +1221F1M i[l(P/F,itM,l) (5)
M(P/F.it1) Ff>0 (6)

E]

n
NPV, = FR + FR
" ’ Elt (P/F,i*1) FR<o0
1 t t

t

Note that in order to calculate the difference between two numbers M =(a,,a, ag)and
N = (b, b, ,bs) we use the following,
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(a_ +2a,, +ayz)—(b_+2b, +by) (7)
2 :
For more details, the interested readers are referred to Zadeh (1975a-c) and Zimmermann (1996).

S(M,N)=

3. Numerical example

Consider the following numerical example shown in Fig. 1.

F, = (60,63,67) F, = (60,63,67) F, =(70,71,74)

T

l i, =(5,6,7) i, = (6,8,10) i, =(7,8,11)
P, = (~70,-65,-59)

(¢8)

2
Z

H

Fig. 1. Cash flow diagram for numerical example

As we can observe from the Fig. 1, the cash flow needs an initial investment of Po=(-70,-65,-59) with
three positive returns. Using Eqgs. (3-7) yields FNPV= (87,104,123).

4, Conclusion

In this paper, we have presented a simple but sophisticated method to calculate the net present value
of a cash flow where both the costs and benefits of building a project are subject to uncertainty. The
proposed model of this paper considers all expenditures and revenues in terms of triangular fuzzy
numbers and based on fuzzy theory, we calculate the fuzzy net present value. The main advantage of
using such methodology is to have more sophisticated final figures for net present value, which
incorporates the least probable, more likely and the highest possible values.
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