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 This paper addresses the stochastic permutation flow shop problem (SPFSP) in which the 
stochastic parameters are the processing times. This allows the modeling of setups and ma-
chine breakdowns. Likewise, it is proposed a multi-objective greedy randomized adaptive 
search procedure (GRASP) coupled with Monte-Carlo Simulation to obtain expected 
makespan and expected tardiness. To manage the bi-objective function, a sequential com-
bined method is considered in the construction phase of the meta-heuristic. Moreover, the 
local Search combines 2-optimal interchanges with a Pareto Archived Evolution Strategy 
(PAES) to obtain the Pareto front. Also, some Taillard benchmark instances of deterministic 
permutation flow shop problem were adapted in order to include the variation in processing 
times. Accordingly, two coefficients of variation (CVs) were tested: one depending on ex-
pected processing times values defined as twice the expected processing time of a job, and 
a fixed value of 0.25. Thus, the computational results on benchmark instances show that the 
variable CV provided lower values of the expected makespan and tardiness, while the con-
stant CV presented higher expected measures. The computational results present insights for 
further analysis on the behavior of stochastic scheduling problems for a better approach in 
real-life scenarios at industrial and service systems.    
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1. Introduction 
 
Scheduling deals with the efficient allocation of a set of resources to the execution of a set of jobs 
or tasks. One of the most studied scheduling problems is the Flow Shop Problem (FSP). The FSP 
is characterized by the continuous and uninterrupted flow of ݊  jobs through ݉  machines. Therefore, 
the flow is unidirectional implying that all jobs follow the same route on the shop floor (Pinedo, 
2012), meaning that there are ሺ݊!ሻ௠	 possible solutions. It is demonstrated that this problem for 
three or more machines is NP-hard (Garey & Johnson, 1977), which means that it is not possible to 
find optimal solutions for large-sized data sets in a reasonable computational time. For this reason, 
a lot of heuristics and meta-heuristics approaches have been proposed to solve it. A special case of 
FSP consists of jobs having the same processing sequence in all machines. This configuration is 
called Permutation Flow Shop Problem (PFSP) and it reduces the solution space to ݊! possible 
outcomes. This kind of sequencing is appropriate in real-world industries in which in-process stor-
age of products is very limited (Ciavotta et al., 2013). 
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A wide variety of researches have been done in the academic literature of FSP. As a result, extensive 
reviews of the state of the art have been widely studied for single objective deterministic cases 
(Framinan et al., 2004; Hejazi & Saghafian, 2005; Ruiz & Maroto, 2005; Gupta & Stafford, 2006; 
Vallada et al., 2008; Pan & Ruiz, 2013), and multi-objective deterministic FSP (Minella et al., 2008; 
Sun et al., 2011; Yenisey and Yagmahan, 2014). Nevertheless, only two reviews were found in 
Stochastic FSP (SFSP) and Stochastic PFSP (SPFSP) (Gourgand et al., 2000; González-Neira et 
al., 2017). This shows that there is less research for SFSP than for deterministic FSP (Framinan & 
Perez-Gonzalez, 2015). According to (Aytug et al., 2005) the inability of great part of the research 
on scheduling problems to face with uncertainty was frequently mentioned as a main reason for the 
low influence of those researches in real-life industrial practice. Moreover, (Li & Ierapetritou, 2008) 
affirm that having systematic ways to consider the uncertainty is as important as the model itself. 
Therefore, stochastic scheduling literature has been growing recently. 
 
With the previous ideas in mind, it is essential to notice that actual production systems are subject 
to different sources of randomness which can be caused by human resources, stochastic processing, 
setup or release times, machine breakdowns, modifications of due dates, out of stock of raw mate-
rials, and so on (Elyasi & Salmasi, 2013). Thus, the two of the most studied elements have been 
processing times and machine breakdowns. In fact, the occurrence of machine breakdowns and 
setup times can be modeled by modifying the statistical distributions of processing times in such a 
way that the possibility of breakdowns and setups be an integral part of processing times (Pinedo, 
2012). Therefore, this study will include the processing times as the uncertain parameter, which 
represents a more realistic scenario that only solving the deterministic case (Juan et al., 2014). Pro-
cessing times usually are modelled with Log-Normal, Normal, Weibull, Exponential distributions. 
Nevertheless, Normal distribution is unrealistic because it can produce negative times. Thence, Log-
Normal and Weibull distributions are better options to consider (Juan et al., 2014). In fact, besides 
the non-negative values, Log-normal distribution has another practical characteristic for modelling 
processing times since it can represent high and low coefficients of variation (CVs) (Baker & 
Altheimer, 2012). 
 
Although, there is plenty of deterministic FSP literature and some investigations have incorporated 
uncertainties into this problem, very few researches have addressed the multi-objective SFSP 
(MOSFSP). The analysis of multiple objective scheduling problems plays an important role in prac-
tice, because real life problems are naturally multi-objective problems (Sun et al., 2011; Yenisey & 
Yagmahan, 2014). Therefore, the aim of this paper is to study a SPFSP with stochastic processing 
times and minimization of expected makespan and expected tardiness to achieve both good machine 
utilization and fulfillment of delivery times. According to notation presented by (González-Neira 
et al., 2017), the problem is noted as ܵܨหݑ݉ݎ݌, ,ሿݔܽ݉ܥሾܧหܰ݃݋ܮ~௜௝݌ ∑ൣܧ ௝ܶ൧. To solve the prob-
lem, a simheuristic approach is proposed using Greedy Randomized Adaptive Search Procedure 
(GRASP) to deal with the optimization and a Monte-Carlo Simulation to obtain the expected values 
of the two objective functions. 
 
The remainder of the paper is organized as follows. Section 2 presents the review of related litera-
ture. Section 3 describes the integration between GRASP and Monte-Carlo simulation. Computa-
tional results are presented in Section 4 and concluding remarks and opportunities for further re-
search are drawn in Section 5. 
 
2. Literature review  
 
Since the current paper solves a SPFSP with multiple objectives using a modification of GRASP 
meta-heuristic, this section is divided in two main parts. The first part presents a review of current 
solution approaches for the FSP under uncertainties focusing in multi-objective cases and the sec-
ond part reviews works related to the application of GRASP for scheduling problems. 
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2.1 FSP under uncertainties 
 
There is no as much studies in FSP that consider uncertainties in comparison with deterministic 
FSP. This is demonstrated by the difference in literature reviews of deterministic and uncertain 
counterparts in literature. For the deterministic FSP there are more than five literature reviews in 
the last five years, for mentioning (Pan & Ruiz, 2013; Yenisey & Yagmahan, 2014; Arora & 
Agarwal, 2016; Nagano & Miyata, 2016; Fernandez-Viagas et al., 2017; Rossit et al., 2018) whereas 
for the stochastic and uncertain counterparts there are only two literature reviews done by 
(Gourgand et al., 2000; González-Neira et al., 2017) in the last eighteen years. In FSP under uncer-
tainties, mainly, one can find three methods to deal with uncertain parameters: stochastic, robust 
and fuzzy methods. The most used approach has been the stochastic in which uncertain parameters 
are modeled with probability distributions. Some examples are works of (Framinan & Perez-
Gonzalez, 2015; Lin & Chen, 2015; Qin et al., 2015). The  robust approaches models the uncertain 
parameters with intervals or data sets. In this case there is no need a knowledge of the distribution 
of data as can be seen in researches of (Ying, 2015; Fazayeli et al., 2016). Finally, in fuzzy methods 
the uncertain parameter are modeled with fuzzy numbers as showed in (Huang et al., 2012; 
Behnamian & Fatemi Ghomi, 2014). 
 
Majority of research in uncertain FSP consider only one objective function, being the makespan the 
most studied one. Specifically, in multi-objective FSP under uncertainties few studies can be find. 
Those are briefly chronologically explained as follows. First, (Forst, 1995) developed a theorem to 
minimize the sum of the expected total weighted tardiness and the expected total weighted flowtime 
having stochastic processing times and common due dates in a PSFP. Second, (Celano et al., 2003) 
concentrated in a FSP with fuzzy processing times and fuzzy due dates to deal with maximum 
tardiness and makespan. They proposed an evolutionary algorithm which fitness function is a ratio 
between the average of fulfillment of due dates and the corresponding makespan. Furthermore, 
(Temiz & Erol, 2007) dealt with the minimization of fuzzy makespan, fuzzy maximum tardiness 
and fuzzy total flow time in a FS with uncertain processing times and due dates and proposed a 
genetic algorithm. (Zhou & Cui, 2008) designed a hybrid multi-objective genetic algorithm and run 
a simulation as a solution approach to solve a FSP with stochastic processing times and stochastic 
machine breakdowns.  
 
In addition, (Azadeh et al., 2012) solved a SPFS with two machines. The objective function was 
weighted makespan plus weighted mean completion time. The authors proposed a simulation model 
whose results are inputs of an artificial neural network meta-model. The meta-model allowed them 
to reduce the simulation runs. Then, (Liefooghe et al., 2012) developed an indicator-based evolu-
tionary algorithm to deal with a bi-objective PFSP with stochastic processing times. The objectives 
were makespan and total tardiness. (Rahmani et al., 2014) considered stochastic processing and 
release times in a FS to minimize the fuzzy weighted makespan, total flowtime and total tardiness 
through fuzzy goal programming. They applied Chance-constrained programming to transform the 
stochastic problem into a deterministic one. A genetic algorithm was developed to solve the deter-
ministic and converted single objective problem. (Mou et al., 2015) developed a hybrid multi-ob-
jective evolutionary algorithm with NEH-based insertion method (Nawaz et al., 1983) to make a 
local improvement in a SPFS inverse scheduling problem. The objectives were to maintain the job 
sequence as far as possible (hamming distance) and the minimization of adjustment of total com-
pletion times and adjustments of processing times. Lastly, (Han et al., 2017) proposed a Non-dom-
inated Sorting Genetic Algorithm II to find robust schedules for makespan and tardiness considering 
stochastic machine breakdowns. 
 
2.2 GRASP for scheduling problems 
 
GRASP is a multi-start meta-heuristic developed by (Feo & Resende, 1989). It has the advantage 
that does not need an initial solution to be constructed, and it is a procedure that does not use 
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memory. Therefore, GRASP is a faster procedure in comparison with other meta-heuristics and has 
been widely used as a solution approach for different combinatorial problems as: set covering, lo-
cation, planning and scheduling, quadratic assignment, transportation, among others. For more de-
tails, the reader is referred to Festa and Resende (2009).  
 
As a matter of fact, some authors have used GRASP in specific applications to solve scheduling 
problems. For instance, single machine scheduling problems were studied by (Armentano & Araujo, 
2006) and (Niño-Navarrete & Caballero-Villalobos, 2009). Former authors dealt with tardiness 
minimization while latter authors considered the total weighted tardiness as objective function. 
(Armentano and de França Filho, 2007) applied GRASP to total tardiness reduction and 
(Damodaran et al., 2011) minimized makespan, in a parallel machine environment. (Prabhaharan et 
al., 2006) solved a FSP problem with makespan objective, (Arroyo & de Souza Pereira, 2011) dealt 
with a multi-objective FSP involving in a first part makespan and maximum tardiness objectives, 
and in the second part tri-objective function adding the total flowtime. The proposed multi-objective 
GRASP was implemented under two approaches: scalarizing functions and Pareto dominance. 
(González-Neira et al., 2016) minimized weighted tardiness and considered the accomplishment of 
customer importance in a Hybrid FSP (HFSP). (Davoudpour & Ashrafi, 2009) considered a multi-
objective function with four delivery-time-based criteria in a HFSP. (Rajkumar et al., 2011) solved 
a flexible jobshop (JS) scheduling problem with limited resource constraints for the minimization 
of makespan, maximum workload and total workload. Finally, (Chassaing et al., 2014) proposed a 
GRASP combined with an evolutionary local search to minimize makespan in a JS with simultane-
ously satisfaction of hard constraints. 
 
3. Proposed GRASP  
 
GRASP meta-heuristic is a multi-start iterative process that consists in two phases: construction and 
local search. For the first phase, a greedy function is required to build an initial solution. The greedy 
function has to be defined in such a way that helps to construct a good initial solution to achieve a 
certain objective previously defined. This function must be calculated for each job that is not in the 
solution yet. Next, the elements with best ߙ% values of that function determine a new set called 
Restricted Candidate List (RCL). An element that belongs to the RCL is selected at random to be 
part of the partial solution, and the set of elements that still are not in the solution is updated. This 
process is executed until the initial solution is completely constructed. As soon as the construction 
phase is done, local search begins until a local optimum is found. This process is repeated as many 
times as the number of iterations have been defined (Resende & Ribeiro, 2003). 
 
Special variations of GRASP have been proposed to solve multi-objective problems. Those are 
combinations of two different strategies for construction phase and two for local search phase (Martí 
et al., 2015). The authors called these strategies: pure and combined. Pure strategies are those in 
which only one objective function guides each construction and the entire local search. Instead, 
combined methods consider more than one objective in each construction or local search. Specifi-
cally, sequential combined strategies mix, at each step of one construction or local search, the ob-
jectives functions that guide the process. In the case of construction phase of GRASP, a sequential 
combined method implies that a greedy function is selected at each step of the construction, whereas 
in the local this type of strategy entails that a different objective function is considered at each 
movement. In this paper, a GRASP with a sequential combined method for construction and local 
phases is proposed. It allows considering all the desired objectives in each entire construction and 
improves the solution until no movement can be done without deteriorating any of the considered 
objectives. 
 
Due to the stochastic nature of the problem, a simheuristic that couples the GRASP algorithm with 
Monte-Carlo Simulations is proposed. The construction phase is ordered-sequential, which means 
that two greedy functions were defined for this problem, one attending to each of the objectives. In 
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other words, the first step of the procedure uses the first greedy function, while the second greedy 
function is used in the second step; then the third step uses the first greedy function again, while the 
four step uses the second greedy function, and so on. Once all jobs have been sequenced, the pro-
posed procedure runs a simulation with the number of runs required to give an accurate confidence 
interval of ±1% around the mean of makespan and tardiness, following the procedure proposed by 
(Framinan and Perez-Gonzalez, 2015). This solution is saved into the archive of Pareto front solu-
tions. Then, the local search consists in 2-optimal interchanges between jobs. At each interchange 
the algorithm evaluates deterministically if the new sequence is a promise solution. If it is, then it 
is carried out a Monte Carlo simulation that also follows the procedure of (Framinan and Perez-
Gonzalez, 2015) to estimate precise results of both objectives. Once the simulation is executed, the 
meta-heuristic evaluates if the solution is effectively Pareto-optimal for the stochastic case (i.e., if 
the solution should be saved on the archive of Pareto optimal solutions or not, depending on the 
solutions actually archived). GRASP ends when no interchanges can enter to the archive or until 
the maximum time is reached. Through preliminary experiments this maximum time was estab-
lished as the number of jobs  number of machines  1000 mili-seconds (100 seconds to give ac-
curate stochastic Pareto solutions for instances of 20 jobs with 5 machines and 1000 second for 
instances of 50 jobs with 20 machines). Fig. 1 presents the pseudo-code of the GRAPS algorithm. 
 

PROCEDURE GRASP 
 
START PROCEDURE 
 Step 1. Read problem’s data 
 Step 2. ݁݉݅ݐ ൌ0, ܽ݁ݒ݄݅ܿݎ ൌ ሼ∅ሽ 
 WHILE ݁݉݅ݐ ൑  ݁݉݅ݐ	݉ݑ݉݅ݔܽ݉

Step 3. ܽ݁ݒ݄݅ܿݎ	 ← Construction_Phase	 
  Step 4. ܽ݁ݒ݄݅ܿݎ	 ← Local_Search_Phase	 
 END WHILE 
 RETURN ܽ݁ݒ݄݅ܿݎ 
END OF PROCEDURE 

Fig. 1. GRASP procedure 
 
3.1 Construction phase  
 
For the construction phase two greedy functions were taken into account, one for each objective 
function. On one side, an adaptation of the dispatching rule called Longest Processing Time (LPT) 
was applied for makespan objective. On the other side, an adaptation of Modified Due Date (MDD) 
dispatching rule was implemented for tardiness minimization.  
 
The LPT rule was selected for two reasons. Firstly, LPT was applied in (Nawaz et al., 1983) as part 
of a more complex solution method for makespan minimization. Also it was used by (Arroyo & de 
Souza Pereira, 2011) as a greedy function for the same objective in a GRASP meta-heuristic. The 
adaptation made to the LPT c in the current paper converted it in a dynamic rule that changes at 
each step of the construction. According to (Arroyo and de Souza Pereira, 2011), LPT indicates that 
jobs ሺ݆ ∈ ۸ሻ  has to be ordered in decreasing values of ∑ ۻ∋௜௝௜݌  (where ݌௜௝ are the processing time 
of job ݆	in machine ݅). As in PFSP there are ݉ machines, the sum of processing times on all ma-
chines of a job is not actually the additional time that the job ݆ will increment the makespan of a 
partial sequence. The real amount of time that makespan will increase, will be the difference be-
tween the makespan with job ݆ on the partial sequence and the makespan before scheduling the job 
݆ in the partial schedule. Hence, jobs will be organized in increasing number of that difference that 
has to be recalculated in each step of the construction phase for all unscheduled jobs. That is, ܲܮ ௝ܶ ൌ
௠௝ܥ െ  ௠௝ is the completion time of job ݆ at last machine ݉, ݄ is the job scheduled atܥ ௠௛, whereܥ
the position immediately before of the position of job ݆. 
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Correspondingly, the adaptation of Modified Due Date (MDD) dispatching rule, implemented by 
(Molina-Sánchez and González-Neira, 2016) in their proposed GRASP, was selected to handle tar-
diness objective. In the MDD rule, for single machine environments, the jobs ሺ݆ ∈ ۸ሻ were arranged 
in increasing order of maxሺ݀݁ݑ	݁ݐܽ݀	݂݋	ܾ݋݆	݆, ݐ ൅  ሻ. To adapt the rule݆	ܾ݋݆	݂݋	݇ݎ݋ݓ	݃݊݅݊݅ܽ݉݁ݎ
for this particular problem, the proposed algorithm calculates which would be the completion time 
of job ݆ if it would be sequenced at time ݐ. Thence the MDD rule is obtained as maxሺ ௝݀,  ௠௝ሻ atܥ
time ݐ (where ௝݀ is the due date of job ݆). 
 

 
Fig. 2. Flow diagram of Construction phase of GRASP 

 
The main idea of the construction procedure is using a different greedy function at each step. As 
there are two objective functions, the cost functions will be alternated one after another. Therefore, 
suppose that the procedure begins with LPT for the selection of the job in first position of the se-
quence, so MDD rule will be used next to choose a job for the second position of the sequence and 
for the third position, LPT is selected again, and so on. It means that at each step only one utility 
function is calculated for all remaining jobs. 
 
Once one of the greedy functions has been evaluated, the RCL set is defined as the subset of jobs 
with the best value of ߙ% of the total range of utility function values obtained. Later, a job is ran-
domly selected of RCL to form part of the partial solution. The procedure continues until all jobs 
have been scheduled. At this point, a Monte Carlo simulation is carried out to estimate the expected 
values of makespan and total tardiness of the obtained schedule. Later, the solution is added to the 
pareto archive using the whole procedure Pareto Archive Evolution Strategy (PAES) proposed by 
(Knowles and Corne, 2000). Fig. 2 shows the flow diagram of the procedure. 
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Fig. 3. Flow diagram of Construction phase of GRASP 
 

3.2 Implementation of Local Search phase  
 
As proposed by (Molina-Sánchez and González-Neira, 2016), the local search implemented in the 
current GRASP is based on 2-optimal interchanges, originally designed for a Traveling Salesman 
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Problem (TSP) (Croes, 1958). To apply it for this scheduling problem, this phase makes an inter-
change of every two pair of jobs in the sequence given by the construction phase. At each inter-
change the algorithm evaluates if the deterministic values of makespan and tardiness of the new 
solution convert it in a promising solution to be added into the archive. If it is a possible good 
solution, the procedure executes a Monte Carlo simulation of many runs as needed to estimate a 
precise confidence interval of ±1% around the mean of makespan and tardiness of that sequence 
ܵܳ′, with a confidence of 95%. Next, PAES procedure, proposed by (Knowles and Corne, 2000), 
is applied to evaluate if ܵܳ′ must be included to the Pareto archive and if the initial solution ܵܳ 
must be updated as ܵܳ′. Fig. 3 presents the flowchart of the algorithm. 
 
4. Computational results 
 
GRASP was tested for the first 60 instances proposed originally by (Taillard, 1993) which were 
used by (Minella et al., 2008) for multi-objective deterministic optimization and by (Juan et al., 
2014) for expected makespan minimization in a stochastic PFSP. There are 10 instances for each of 
the following combinations of number of jobs with number of machines ሼ20 ൈ 5, 20 ൈ 10, 20 ൈ
20, 50 ൈ 5, 50 ൈ 10, 50 ൈ 20ሽ. For that reason, lognormal distribution processing times are pro-
posed. The expected values of processing times ݌ൣܧ௜௝൧ were the values of processing times ݌௜௝ of 

the mentioned benchmark instances. Two CVs were analyzed ට2 ⁄௜௝൧݌ൣܧ  and 0.25 in order to obtain 

the variances of processing times. On the one hand, a ܸܥ ൌ ට2 ⁄௜௝൧݌ൣܧ  induces a variation on pro-

cessing times of jobs and according to (Juan et al., 2014), this formula represents a high CV. On the 
other hand, a ܸܥ ൌ 0.25 represents a fixed and equal value of processing times variability and, 
according to (Framinan and Perez-Gonzalez, 2015), this value is a low CV. 
 
One Pareto front solution was obtained for each combination of instance with CV. Fig. 4 to Fig. 9 
show Pareto-optimal solutions for six instances (one of each size). Most of these instances are the 
same evaluated in the work of (Juan et al., 2014).  
 
 

 
Fig. 4. Pareto fronts of Taillard’s instance 7 (20 jobs × 5 machines) 
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Fig. 5. Pareto fronts of Taillard’s instance 13 (20 jobs × 10 machines) 

 

 
 

Fig. 6. Pareto fronts of Taillard’s instance 27 (20 jobs × 20 machines) 
 

 
Fig. 7. Pareto fronts of Taillard’s instance 40 (50 jobs × 5 machines) 
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Fig. 8. Pareto fronts of Taillard’s instance 46 (50 jobs × 10 machines) 
 

 
Fig. 9. Pareto fronts of Taillard’s instance 55 (50 jobs × 20 machines) 

 
From these results, a first output is that having a variance of processing times that depends directly 
on mean values (i.e., light gray lines with X marks representing high variance values defined in 
(Juan et al., 2014) actually give lower expected values of Pareto-optimal solutions than those ob-
tained with a “low” CV = 0.25 traced with dark lines. This is explained by the fact that when ܸܥ ൌ

ට2 ⁄௜௝൧݌ൣܧ  the CV decrease as expected processing times increase. For instance, an expected pro-

cessing time of 10 implies a CV=0.44 whereas an expected processing time of 80 represents a CV= 
0.158. It can be confirmed by the standard deviation of both measures, as shown in Tables 1-6 that 
presents the results of extreme points of Pareto frontier for each tested instance. 
 
Another important output of the current study is a comparison against previous published works. 
To the best of our knowledge, there exists only one work in SPFS that minimizes expected tardiness 
and makespan, that was presented by (Liefooghe et al., 2012). Nevertheless, this paper generated 
their own due dates for each instance, which are unknown, whereas this paper used the adapted 
Taillard benchamark instances that already have due dates, presented by (Minella et al., 2008). For 
that reason, first it is presented a set of four measures used in (Karimi et al., 2010; Ebrahimi et al., 
2014) that can be taken for future comparisons. These measures are:  
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- Number of Pareto solutions (NPS): the number of non-dominated points for each instance 
- Mean ideal distance (MID): it measures the closeness between Pareto solutions an ideal 

point (0,0). See Eq. (1). 

ܦܫܯ ൌ
∑ ௖೔
ಿುೄ
೔సభ

ே௉ௌ
                  ܿ௜ ൌ ට ଵ݂௜

ଶ ൅ ଶ݂௜
ଶ  (1)

- Spread of non-dominance solution (SNS): is an indicator of diversity of Pareto points as 
indicates Eq. (2) 

ܵܰܵ ൌ ඨ
∑ ሺܦܫܯ െ ܿ௜ሻଶ
ே௉ௌ
௜ୀଵ

ܰܲܵ
 (2)

 
- Rate of achievement to two objectives simultaneously (RAS): it denotes the balance in 

reaching two objective functions as shown Eq. (3) 

ܵܣܴ ൌ

∑ ቆ൬ ଵ݂௜ െ ௜ܨ
௜ܨ

൰ ൅ ൬ ଶ݂௜ െ ௜ܨ
௜ܨ

൰ቇே௉ௌ
௜ୀଵ

ܰܲܵ
 

(3)

 
Tables 7-8 present the four mentioned indicators results for the 60 instances for both CVs tested. A 
half of the Pareto fronts had between 5 and 9 points and a 37% of the results more than 10 points. 
By comparing results for the two CVs evaluated the average MID and RAP are higher for a CV of 
0.25 whereas the SNS is lower. This make sense because the CV of the Pareto set solutions when 

the processing times have a CV of 0.25 is above of the results when a CV of ට2 ⁄௜௝൧݌ൣܧ  is used.  

 
Finally, in order to give an indicator of the quality of the solutions, a comparison between proposed 
GRASP and the algorithm presented by (Juan et al., 2014) was done using a relative gap metric for 
the expected makespan as shown in Eq. (4): 
 

ܲܣܩ ൌ ൬
݀݁ݐܿ݁݌ݔ݁	݉ݑ݉݅݊݅ܯ ݔܽ݉ܥ ݂݋ ܲܵܣܴܩ

ݔܽ݉ܥ	݀݁ݐܿ݁݌ݔ݁	݉ݑ݉݅݊݅ܯ ݀݁݊݅ܽݐܾ݋ ݕܾ Juan et al. ሺ2014ሻ
െ 1൰

∗ 100% 
(4)

 
As shown by the results in Table 9, the minimum expected makespan found by the proposed 
GRASP in comparison with the values obtained by (Juan et al., 2014) for the all common 14 in-
stances presents an average gap of 3.98%. Although the time limit of execution proposed here is far 
greater than the used by those authors, very good results were obtained taking into account that the 
proposed algorithm is solving a multi-objective problem aiming at giving a complete Pareto front. 
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Table 7 
Multi-objective indicators for instances of 20 jobs 

Instance  ࢂ࡯ ൌ ૙. ૛૞  
ࢂ࡯ ൌ ඨ

૛

࢐൧࢏࢖ൣࡱ
 

 
 NPS MID SNS RAS  NPS MID SNS RAS 

tai_001_20_5  4 3709.02 459.65 1.52  11 3824.70 601.61 1.62
tai_002_20_5  7 4126.28 595.63 1.67  1 3457.96 0.00 1.33
tai_003_20_5  7 4677.75 238.56 2.76  5 4012.90 300.12 2.47
tai_004_20_5  12 5034.57 559.16 2.32  6 3878.09 136.72 1.70
tai_005_20_5  13 4323.38 270.58 2.05  5 3227.55 191.11 1.26
tai_006_20_5  10 5896.34 364.74 3.22  5 3896.66 227.13 1.94
tai_007_20_5  19 3042.85 450.91 1.04  9 3150.14 307.75 1.25
tai_008_20_5  3 4838.26 58.03 2.55  6 4515.80 220.27 2.47
tai_009_20_5  4 3665.67 193.52 1.54  11 3530.78 191.80 1.61
tai_010_20_5  9 4072.71 136.44 2.13  12 3888.90 265.99 2.16
tai_011_20_10  20 1948.37 63.87 3.82  9 1775.44 55.37 6.45
tai_012_20_10  7 3311.95 264.16 0.47  4 3085.51 143.06 0.37
tai_013_20_10  18 3492.50 645.76 0.73  20 3389.89 628.64 0.77
tai_014_20_10  4 2766.15 15.49 0.43  8 2346.67 131.76 0.21
tai_015_20_10  9 2119.09 206.90 0.35  9 2076.75 228.71 0.31
tai_016_20_10  16 4542.95 183.34 1.67  7 3999.29 288.26 1.43
tai_017_20_10  13 2275.09 260.24 0.26  7 2099.68 51.87 0.10
tai_018_20_10  8 2770.07 336.47 0.28  4 1940.16 46.95 0.63
tai_019_20_10  9 3160.19 311.37 0.45  7 3613.31 193.75 0.90
tai_020_20_10  3 3359.12 3.33 0.59  4 3115.67 43.42 0.57
tai_021_20_20  9 3134.43 175.11 0.51  14 2896.18 352.69 1.40
tai_022_20_20  18 2937.92 348.16 0.81  9 2561.90 105.62 1.28
tai_023_20_20  7 2827.55 48.76 2.21  9 2751.33 170.93 1.24
tai_024_20_20  1 2652.02 0.00 2.31  2 2431.85 22.45 9.45
tai_025_20_20  15 6134.62 381.95 1.14  12 5576.27 844.77 1.08
tai_026_20_20  7 5456.12 240.22 0.98  12 4874.17 618.88 0.78
tai_027_20_20  5 2689.43 12.24 1.90  5 2433.40 40.74 3.54
tai_028_20_20  19 3899.55 733.04 0.41  12 4700.24 1017.09 0.81
tai_029_20_20  11 3881.83 296.65 0.20  11 3011.21 120.10 0.22
tai_030_20_20  16 2664.00 186.16 98.09  4 2362.01 128.79 58288.87

 
 

Table 8  
Multi-objective indicators for instances of 50 jobs 

Instance  ࢂ࡯ ൌ ૙. ૛૞  
ࢂ࡯ ൌ ඨ

૛

࢐൧࢏࢖ൣࡱ
 

 
 NPS MID SNS RAS  NPS MID SNS RAS 

tai 031 50 5  10 54744.49 262.99 17.01 4 45085.65 556.54 14.62
tai_032_50_5  19 52430.33 2020.12 15.86 5 47217.24 703.79 14.90
tai_033_50_5  8 44586.99 939.35 14.75 8 46318.39 1356.09 15.44
tai_034_50_5  13 56149.84 781.33 16.60 13 53600.74 915.54 17.34
tai_035_50_5  15 54464.11 1041.25 16.15 7 62925.49 609.37 17.96
tai_036_50_5  7 53388.46 774.98 15.91  5 51268.07 1025.73 15.86
tai_037_50_5  17 55639.95 689.72 17.10 13 53976.17 826.30 17.46
tai_038_50_5  10 51018.31 671.63 15.86 20 49628.06 1413.94 16.07
tai_039_50_5  4 44039.57 253.98 15.04 14 44846.92 425.46 15.95
tai_040_50_5  7 56569.64 513.17 17.85 10 49090.47 1013.92 16.39
tai_041_50_10  13 41227.30 1741.73 10.81 5 36956.10 192.97 10.59
tai_042_50_10  11 39457.79 743.64 11.11 8 37190.88 364.34 10.80
tai_043_50_10  7 48768.14 690.29 12.91 6 40383.12 916.54 11.85
tai_044_50_10  7 39475.37 668.66 10.41  7 35622.30 389.00 9.86
tai_045_50_10  2 42541.44 119.11 11.46 9 37372.41 731.92 10.69
tai_046_50_10  6 45330.49 663.47 12.11 9 40336.50 1828.32 11.44
tai_047_50_10  6 47264.53 875.79 12.35 3 42258.57 406.38 11.63
tai_048_50_10  11 49289.57 1463.17 13.13 6 43836.09 1731.75 12.25
tai_049_50_10  13 50609.13 1371.00 14.12 13 46570.02 794.22 13.72
tai_050_50_10  6 50411.69 547.58 12.94  6 41982.15 819.35 11.49
tai_051_50_20  5 34340.79 1208.01 6.51  15 26378.77 1202.71 5.38
tai_052_50_20  8 34026.06 1420.07 6.75 8 25137.24 1281.16 5.14
tai_053_50_20  5 37408.45 879.20 7.80 13 29789.08 1770.35 6.30
tai_054_50_20  5 34922.51 783.07 6.79 4 27021.74 2526.82 5.70
tai_055_50_20  7 28150.22 782.00 5.51 12 26057.73 964.80 5.43
tai_056_50_20  8 29700.86 896.37 5.78 3 20385.25 907.32 4.07
tai_057_50_20  4 37336.93 1721.26 7.60  9 26018.79 1446.67 5.54
tai_058_50_20  8 32407.50 1515.20 6.39 15 24280.68 654.58 4.88
tai_059_50_20  11 37631.00 950.84 7.38 6 27707.28 989.37 5.73
tai_060_50_20  4 43282.51 1019.50 8.71 15 37094.28 1855.73 8.12
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Table 9  

GAP for Minimum makespan when ܸܥ ൌ ට2 ⁄௜௝൧݌ൣܧ  in comparison with (Juan et al., 2014) 

Instance  
Minimum E[Cmax] 
of proposed GRASP 

Best E[Cmax] 
by Juan et al. (2014) 

GAP% 

tai_007_20_5  1250.10 1248.10 0.16 
tai_009_20_5  1253.02 1246.80 0.49 
tai_010_20_5  1149.95 1126.60 2.07
tai_011_20_10  1652.00 1599.60 3.27 
tai_013_20_10  1543.49 1511.90 2.09 
tai_027_20_20  2341.00 2288.40 2.30
tai_036_20_20  3010.00 2834.40 6.19 
tai_040_50_5  2792.43 2783.70 3.13 
tai_044_50_10  3239.56 3079.00 5.21
tai_045_50_10  3150.46 3017.60 4.40 
tai_046_50_10  3203.01 3036.40 5.48 
tai_047_50_10  3329.48 3145.10 5.86
tai_052_50_20  3975.94 3733.30 6.50 
tai_055_50_20  3958.07 3645.50 8.57

 
Table 10 
Analysis of Variance of ration Tardiness/Cmax 
Source DF AdjSS AdjMS F-Value P-Value 
A 1 6864,35 6864,35 8620,17 0,000 
B 2 1434,92 717,46 900,98 0,000 
C 1 41,81 41,81 52,51 0,000 
D 1 9,85 9,85 12,37 0,001 
A×B 2 625,42 312,71 392,70 0,000 
A×C 1 2,01 2,01 2,53 0,113 
A×D 1 4,06 4,06 5,10 0,025 
B×C 2 0,65 0,33 0,41 0,664 
B×D 2 3,19 1,59 2,00 0,138 
C×D 1 0,12 0,12 0,15 0,697 
A×B×C 2 0,04 0,02 0,02 0,976 
A×B×D 2 7,12 3,56 4,47 0,013 
A×C×D 1 0,33 0,33 0,41 0,523 
B×C×D 2 0,12 0,06 0,08 0,925 
A×B×C×D 2 0,00 0,00 0,00 0,999 
Error 216 172,00 0,80   
Total 239 9166,00    

 

Additionally, an Analysis of Variance (ANOVA) was conducted to determine the effects of four 
factors on the ratio between tardiness and makespan values (5) at the two extreme points of the 
frontiers. The factors analyzed were: A: number of jobs, B: number of machines, C: objective func-
tion which extreme point value is minimum, and D: coefficient of variation. There was a total of 10 
observations (one for each size of instance) per treatment. The ANOVA presented a ܴ௔ௗ௝

ଶ ൌ
97.92% indicating that the main effects of all the analyzed factors significantly explain the ratio 
between tardiness and makespan, with a significance of 0.01 (Table 10). Assumptions of ANOVA 
that are normality, equal variances and independence were fulfilled with p-values of 0.017, 0.228 
and 0.301 respectively. 
 

݋݅ݐܴܽ ൌ
݊݋݅ݐݑ݈݋ݏ	݂݋	ሿݏݏ݁݊݅݀ݎሾܶܽܧ ܺ
ܺ	݊݋݅ݐݑ݈݋ݏ	݂݋	ሿݔܽ݉ܥሾܧ

 (5)
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As shown in Fig. 10, the largest main effect on the ratio measure is the number of jobs, showing an 
important increment of 600% between 20 and 50 jobs. In contrast, as the number of machines grows, 
the ratio reduces significantly. Additionally, although the effects of the extreme point and CV are 
less in amount in comparison to the number of jobs and number of machines, they are also statisti-
cally significant. The extreme point in which Cmax is minimum, represents a greater ratio of E[Tar-
diness]/E[Cmax] than the one in which Tardiness is minimum. It means that expected tardiness 
reduces in a higher proportion than the increase of expected Cmax. Finally, the CV has the lowest 
effect on the ratio of expected measures, nonetheless it is also significant. However, no final con-
clusion can be drawn because the first CV is not fixed (i.e., it depends on processing times), while 
the second CV is set to be fixed at the same value (0.25) for all jobs. 
 
 

 
 

Fig. 10. Main effects plots for ratio E[Tardiness]/E[Cmax] 
 
According to Fig. 11, the ratio E[Tardiness]/E[Cmax] increases from 20 to 50 jobs and decreases 
as the number of machines augments. It means that Cmax expands in a greater proportion than 
Tardiness when there are more machines. 
 

 
 

Fig. 11. Jobs-Machines Interaction plot for ratio E[Tardiness]/E[Cmax] 
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5. Conclusions and perspectives 

In this paper it is proposed a GRASP meta-heuristic procedure hybridized with a Monte Carlo Sim-
ulation and a Pareto Archived Evolution Strategy (PAES) algorithm to obtain a complete set of 
Pareto-optimal solutions for a bi-objective stochastic permutation flowshop scheduling problem 
(SPFS). Objective functions were the expected makespan and the expected total tardiness. The pro-
posed GRASP used a sequential combined method in both construction and local search phases to 
consider the two objective functions. The local search was based on 2-opt interchanges hybridized 
with PAES algorithm allowing obtaining a Pareto front. In order to apply PAES, the GRASP first 
evaluate if the deterministic new solution is a promising one; if so, a Monte Carlo Simulation is 
used to estimate expected values and evaluate if solution must be added to the archive of Pareto 
front.  
 

Our algorithm was tested on first 60 Taillard’s benchmark instances. Two different CVs were con-
sidered: one with fixed value of CV=0.25 defined of a “low” nature according to (Framinan and 
Perez-Gonzalez, 2015), and another with variable value of ܸܥ ൌ ඥ2/ܧሾ݌௜௝ሿ, defined as of high 
variability according to Juan et al. (Juan et al., 2014). Results showed that for all instances the 
expected objectives are lower when the ܸܥ ൌ ඥ2/ܧሾ݌௜௝ሿ and far higher when CV=0.25. Finally, 
we compared the lowest expected makespan against previous works from the literature and obtained 
an average percentage deviation of 3.98%. 
 

Besides, a statistical analysis was carried out to analyze the behavior of the ratio between expected 
tardiness and expected makespan at each extreme solution point of the frontier. Results showed that 
the number of jobs affects the ratio the most ascending and the number of machines inversely, i.e. 
the higher the number of jobs, the higher the ratio, but the higher the number of machines, the lower 
ratio. Moreover, if the extreme point is one in which the makespan is minimum the ratio indicator 
is greater than it in which the tardiness is minimum. 
 

From the results obtained in this paper, several lines of future research can be highlighted. In the 
first instance, an interesting line is to carry out a comparison of many other different CVs and prob-
ability distributions to determine their effect on results of objective functions. In addition, regarding 
the proposed meta-heuristic, other greedy functions and local search procedures can be evaluated. 
Lastly, this work can be extended for other performance metrics (objective functions) such as flow-
time and earliness and apply this algorithm to other environments such as flexible flow shop and 
job shop problems.  
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