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  This paper proposes a mathematical model for retailer’s optimal inventory policy for 
deteriorating items under the conditions of permissible delay in payment in supply chain 
coordination. In this paper, supplier offers full trade credit to his/her retailer and the retailer, in 
turn, provides the partial trade credit to his/her customer. This research article helps the retailer 
determine the optimal cost, more accurately. The primary objective is to minimize the retailer’s 
cost and to determine the optimal inventory policy for retailer. The results of this article 
generalize some already published results by incorporating deterioration on inventory items. 
We use some numerical examples to analyze the effects of various parameters on retailer’s 
inventory policy.  
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1. Introduction 
 

Worldwide globalization, technology innovation and changing workforce reveal that the supplier 
considers business models to stimulate demand of products.  In general, the suppliers adopt a business 
strategy by offering a permissible delay of payment of purchasing goods by customer. In this credit 
policy, the supplier does not charge any interest if the payment is made before credit period. 
However, if the payment is paid beyond the predefined period, a high interest rate is charged. 

Goyal (1985) is believed to be the first who developed the economic order quantity (EOQ) model 
under the conditions of permissible delay in payments. Davis and Gaither (1985) presented EOQ 
model when supplier offers one time opportunity to delay the payments of order in case an order for 
additional units is placed. Shah et al. (1988) studied the same model incorporating shortages. Mondal 
and Phaujdar (1989c) extended this issue by considering the interest earned from the sales revenue. 
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Shah (1993a, b) also developed EOQ models for perishable items where delay in payment is 
permissible. Shah and Sreehari (1996) presented an extended issue of EOQ model where the delay in 
payment is permitted and the capacity of own warehouse is limited. Other papers related to this area 
are Chang and Dye (2002), Chang et al. (2001), Chen and Chung (1999), Chung (1998a, b)  Jamal et 
al. (2000), Sarker et al. (2000a), Salameh et al. (2003), and Chung and Huang (2003), Chung et al. 
(2005), Chung and Liao (2006), Huang (2007) and Liao and Chung (2009).  

In above models, the supplier adopts a business strategy of permissible delay period in paying the 
purchasing cost to attract more customers. The retailer takes the benefit of trade credit and sells the 
product and earns the interest by putting generated revenue in an interest bearing account. They 
implicitly assumed that the buyer would pay the supplier as soon as he/she receives the items. As 
mentioned earlier, supplier only offers a trade credit to the retailer but retailer does not provide any 
trade credit to his/her customer which means we deal with one level of trade credit. However, in 
many real-world cases, this condition does not hold. Recently, Huang (2003) modified this 
assumption by assuming that the retailer will also adopt the trade credit policy to stimulate his/her 
customer demand to develop retailer replenishment model and this method is called two level of trade 
credit policy. Deterioration is defined as decay or damage on the value of inventories that occurs 
during the time such that the inventory item cannot be used for its original purpose. During the past 
two decades, there have been some studies on inventory problems in many case studies such as 
volatile liquid, radioactive materials, agricultural products, medicine, blood, fashion goods and 
electronic components, etc. Ghare and Schrader (1963) were the two earliest researchers who 
considered ongoing deterioration of inventory with constant demand.  Covert and Philips (1973) used 
a variable deterioration rate of two parameter Weibull distribution to formulate a model with the 
assumptions of a constant demand and no shortages. Shah and Jaiswal (1977) and Aggrawal (1978) 
presented and reestablished an order level inventory model with a constant rate of deterioration, 
respectively. There are also many other cases where inventory problem has been investigated 
(Elsayed & Teresi, 1983; Dave & Patel, 1981; Sachan, 1984; Hariga, 1996, Teng et al., 1999; Yang et 
al., 2001; Teng & Yang, 2004). Recently, Giri and Chakraborty (2010) developed a single-vendor and 
single-buyer deteriorating inventory model with stock-dependent demand. Yang et al. (2010) 
proposed a partial backlogging inventory lot-size model for deteriorating items with stock-dependent 
demand. Abdul and Murata (2011) presented an inventory model for deteriorating items with ramp 
type demand and unknown time. Many research paper related to the inventory policy under 
deterioration and permissible delay in payments can be found in Mondal and Phaujdar (1989b), 
Aggrawal and Jaggi (1995), Hwang and Shinn (1997), Chung and Liao (2004), Jamal et al. (1997), 
Sarker et al. (2000b ), Chang and Dye (2001), Chu et al. (1998), Chung (2000), Liao et al. (2000), 
Ouyang et al. (2005) and their references. Recently, Shah and Mishra (2010) analyzed an EOQ model 
for deteriorating items and trade credit when demand is stock-dependent. Jaggi et al. (2010) 
developed EOQ model for deteriorating items with imperfect quality under permissible delay in 
payment. This paper extends Huang and Hsu (2008) model in the light of deteriorating items. In this 
paper, we develop retailer’s optimal ordering policies for deteriorating items in supply chain 
coordination. Here, supplier offers full trade credit period to his/her retailer but retailer offers just 
partial trade credit period to his/her customers. The basic objective of this paper is cost minimization 
for retailer.   

2. Assumptions and notations 

2.1 Assumptions 

For convenience, most assumptions and notations throughout of this paper used from Huang and 
Hsu’s (2008) model. 

1) The demand rate ܦ is deterministic and constant with time. 

2) Lead time is zero and shortages are not allowed. 
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3) Replenishments are instantaneous. 

4) Time horizon is infinite. 

5) The supplier provides the full trade credit to the retailer where the cycle time ሺܶሻ is greater 
than or equal to the retailer’s credit period ሺܯሻ offered by the supplier. Then, the retailer 
settles the account at ܶ ൌ  The retailer pays for the product sold and keeps his/her  .ܯ
profit, and starts paying interest on unsold items at rate ܫ௞. When the cycle time ሺܶሻ is less 
than or equal to the retailer’s credit period ሺܯ), the retailer settles the account at ܶ ൌ  .ܯ
Therefore, the retailer does not have to pay any interest charges.  

6) The retailer also, in turn, provides the partial trade credit period to his/her customer and the 
customer would make a partial payment when the remaining items are sold. At the end of 
credit period, the customers pay off the remaining balance. Therefore, the retailer can 
accumulate revenue and earn interest with rate ݁ܫ. 

7) For deteriorating items, a constant fraction ߠ of the on-hand inventory deteriorates per unit 
of time ሺ0 ൑ ߠ ൏ 1ሻ. The value of ߠ is small compared to those of other model 
parameters. Deteriorated inventory items are neither repairable nor replaceable during the 
planning period.  

2.2 Notations 

 demand rate per year  ܦ (1

 ordering cost per order  ܣ (2

3) ܿ  unit purchasing price 

ݏ ,unit selling price  ݏ (4 ൒ ܿ 

5) ݄  the inventory holding cost per year excluding interest charges 

 customer’s fraction of total amount owed payable at the time of placing an order  ߙ (6
offered by the retailer, 0 ൑ ߙ ൑ 1 

 interest earned per $ per year ݁ܫ (7

 ௞ interest charged per $ invested in stocks per year by the supplierܫ (8

 trade credit period of retailer’s offered by the supplier  in years  ܯ (9

10) ܰ   trade credit period of customer’s offered by the retailer in years 

11) ܶ   cycle time in years 

12) ܶ  ܶ ሺܶሻ the total inventory cost per time unit, which is a function ofܥܴ

13) ܶ  ሺܶሻܥܴܶ optimal cycle time of כ

14) ܳ   optimal order quantity כ

the constant deterioration rate, where 0 ߠ (15 ൏ ߠ ൏ 1 

16) ܳ ሺݐሻ the inventory level at any instant of time 0 ,ݐ ൑ ݐ ൑ ܶ 
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2. Model formulation and convexity 

The level of demand ܳሺݐሻ gradually decreases mainly to meet demands and partly due to 
deterioration. Hence, the change of inventory level with respect to time can be described by the 
following differential equation: 

ௗொሺ௧ሻ
ௗ௧

൅ ሻݐሺܳߠ ൌ െ0       ,ܦ ൏ ݐ ൑ ܶ ሺ1ሻ
 

with the boundary conditions ܳሺ0ሻ ൌ ܳ, ܳሺܶሻ ൌ 0. Consequently, the solution of Eq. ሺ1ሻ is given by 

ܳሺݐሻ ൌ ஽
ఏ

൫݁ఏሺ்ି௧ሻ െ 1൯,   0 ൏ ݐ ൑ ܶ ሺ2ሻ
 

 and the order quantity is    

ܳ ൌ
ܦ
ߠ ൫݁ఏ் െ 1൯. ሺ3ሻ

Total demand during one cycle is ܶܦ. Therefore, the number of deteriorating items during a 
replenishment cycle is as follows, 

ܳ െ ሺ4ሻ .ܶܦ

The total relevant cost per year consists of the following components: 

(a)  Annual ordering cost (OC) 

ൌ
ܣ
ܶ. ሺ5ሻ

      Annual inventory holding cost (excluding interest charges) (IHC) 

ൌ
݄
ܶ න ܳሺݐሻ݀ݐ ൌ

ܦ݄
ଶܶߠ ൫݁ఏ் െ ܶߠ െ 1൯.

்

଴
 

ሺ6ሻ

       Annual cost of deteriorated units (DC) 

ൌ
ሺܳܥ െ ሻܶܦ

ܶ ൌ
ܦܿ
ܶߠ ൫݁ఏ் െ ܶߠ െ 1൯. 

ሺ7ሻ

Case 1 M ൒ N 

Sub case 1. ࡹ ൑  (See in Fig. 1)  ࢀ

In this paper, the sales revenue is utilized to earn interest ݁ܫ during the period of ሺܰ,  ሻ when theܯ
account is settled, the items which are still in inventory have to be financed with annual rateܫ௞. 
Therefore, the annual interest payable is as shown in Fig. 1. 

ଵܥܫ ൌ
௞ܫܿ

ܶ න ܳሺݐሻ݀ݐ
்

ெ
ൌ

௞ܫܦܿ

ଶܶߠ ൣ݁ఏሺ்ିெሻ െ ሺܶߠ െ ሻܯ െ 1൧. 
(8)

Retailers sell products and deposit the revenue into an account during period ሺ0, ܰሻ, but getting 
partial payment at time ܰ. Therefore, sales revenue is accumulated from period ሺ0, ܰሻ to ሺܰ,  ሻ andܯ
interest earned in this part is ݁ܫݏ. The annual interest earned is as follows, 

ଵܧܫ ൌ
݁ܫݏ
ܶ ቈන ݐ݀ݐܦߙ ൅ න ݐ݀ݐܦ

ெ

ே

ே

଴
቉  ൌ

݁ܫݏܦ
2ܶ

ሾܯଶ െ ܰଶሺ1 െ  ,ሻሿߙ
ሺ9ሻ 

ଵܥܴܶ ൌ ܥܱ ൅ ܥܪܫ ൅ ܥܦ ൅ ܥܫ െ   .ܧܫ
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ଵܥܴܶ ൌ
ܣ
ܶ ൅

ߠሺܿܦ ൅ ݄ሻ
ଶܶߠ ൫݁ఏ் െ ܶߠ െ 1൯ ൅

௞ܫܦܿ

ଶܶߠ ൣ݁ఏሺ்ିெሻ െ ሺܶߠ െ ሻܯ െ 1൧

െ
݁ܫݏܦ
2ܶ

ሾܯଶ െ ܰଶሺ1 െ  .ሻሿߙ

ሺ10ሻ
 

The optimum value of ܶ ൌ ଵܶ is the solution of equation. The value of ߠ is sufficiently small. 
Therefore, using exponential series ݁ఏ் ൎ 1 ൅ ܶߠ ൅ ሺఏ்ሻమ

ଶ
, as ܶߠ is small (ignoring ߠଶ and powers), 

we get 

 

Fig. 1. The total accumulation of interest earned when ܯ ൑ ܶ. 

 

ଵሺܶሻܥܴܶ݀
݀ܶ ൌ െ

ܣ
ܶଶ ൅

ߠሺܿܦ ൅ ݄ሻ
2 ൅

௞ܫܦܿ

2 െ
௞ܫଶܯܦܿ

2ܶଶ ൅
݁ܫݏܦ
2ܶଶ ሾܯଶ െ ܰଶሺ1 െ  ,ሻሿߙ

ሺ11ሻ

ܶ ൌ ଵܶ minimizes total cost; ܴܶܥଵሺܶሻ is provided by the following, 

݀ଶܴܶܥଵሺܶሻ
݀ܶଶ ൌ

ܣ2
ܶଷ ൅

௞ܫଶܯܦܿ

ܶଷ െ
݁ܫݏܦ

ܶଷ ሾܯଶ െ ܰଶሺ1 െ ሻሿߙ ൐ 0. 
ሺ12ሻ

Sub case 2. ࡺ ൑ ࢀ ൑  (See in figure 2) ࡹ

In this case, the account is settled at ܶ ൌ  .and retailer does not need to pay any interest charge ܯ

ଶܥܫ ൌ 0.  ሺ13ሻ
 

All sells revenue is utilized to earn interest with annual rate ݁ܫ during the period ሺܰ,  ሻܯ

ଶܧܫ ൌ ௦ூ௘
்

ቂ׬ ݐ݀ݐܦߙ ൅ ׬ ݐ݀ݐܦ ൅ ܯሺܶܦ െ ܶሻ்
ே

ே
଴ ቃ ൌ ஽௦ூ௘

ଶ்
ሾܰߙଶ ൅ ሺܶଶ െ ܰଶሻ ൅ 2ܶሺܯ െ ܶሻሿ, 

 

ሺ14ሻ

ଶܥܴܶ ൌ
ܣ
ܶ ൅

ߠሺܿܦ ൅ ݄ሻ
ଶܶߠ ൫݁ఏ் െ ܶߠ െ 1൯ െ

݁ܫݏܦ
2ܶ

ሾܰߙଶ ൅ ሺܶଶ െ ܰଶሻ ൅ 2ܶሺܯ െ ܶሻሿ. 
ሺ15ሻ

Similarly, the optimum value of ܶ ൌ ଶܶ is the solution of equation. We get 
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ଶሺܶሻܥܴܶ݀
݀ܶ ൌ െ

ܣ
ܶଶ ൅

ߠሺܿܦ ൅ ݄ሻ
2 ൅

ଶܰܦ݁ܫݏ

2ܶଶ ሺ1 െ ሻߙ ൅
݁ܫݏܦ

2 , 
ሺ16ሻ

ܶ ൌ ଶܶ minimizes total cost; ܴܶܥଶሺܶሻ provided 

݀ଶܴܶܥଶሺܶሻ
݀ܶଶ ൌ

ܣ2
ܶଷ െ

ଶሺ1ܰܦ݁ܫݏ െ ሻߙ
ܶଷ ൐ 0. 

(17)
 

Sub case 3. ૙ ൏ ࢀ ൑  (See in figure 3)  ࡺ

There is no interest payable by retailer because the account is settled at ܶ ൌ  therefore ,ܯ

ଷܥܫ ൌ 0   ሺ18ሻ

        

 
 

Fig. 2. The total accumulation of interest earned  
when ܰ ൑ ܶ ൑  ܯ
 

Fig. 3. The total accumulation of interest earned 
when ܶ ൑ ܰ 

 

The revenue from the selling goods is utilized to earn interest with annual rate ݁ܫ during the period 
ሺܰ,  .ሻܯ

ଷܧܫ ൌ
݁ܫݏ
ܶ ቈන ݐ݀ݐܦߙ ൅ ሺܰܶܦߙ െ ܶሻ ൅ ܯሺܶܦ െ ܰሻ

்

଴
቉ 

 

        ൌ
݁ܫݏ
ܶ ቈ

ଶܶܦߙ

2 ൅ ሺܰܶܦߙ െ ܶሻ ൅ ܯሺܶܦ െ ܰሻ቉ 
ሺ19ሻ

 

ଷܥܴܶ     ൌ ஺
்

൅ ஽ሺ௖ఏା௛ሻ
ఏమ்

൫݁ఏ் െ ܶߠ െ 1൯ െ ௦ூ௘
ଶ்

ሾܶܦߙଶ ൅ ሺܰܶܦߙ2 െ ܶሻ ൅ ܯሺܶܦ2 െ ܰሻሿ.   ሺ20ሻ

Likewise, The optimum value of ܶ ൌ ଷܶ is the solution of following equation,  

ଷሺܶሻܥܴܶ݀
݀ܶ ൌ െ

ܣ
ܶଶ ൅

ߠሺܿܦ ൅ ݄ሻ
2 ൅

ߙ݁ܫݏܦ
2 , 

ሺ21ሻ

ܶ ൌ ଷܶ minimizes total cost; ܴܶܥଷሺܶሻ provided 

݀ଶܴܶܥଷሺܶሻ
݀ܶଶ ൌ

ܣ2
ܶଷ ൐ 0. 

ሺ22ሻ
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Since ܴܶܥଵሺܯሻ ൌ ଶሺܰሻܥܴܶ ሻ andܯଶሺܥܴܶ ൌ  .ሺܶሻ is continuous and well-definedܥܴܶ ,ଷሺܰሻܥܴܶ
All ܴܶܥଵሺܶሻ,ܴܶܥଶሺܶሻ, ܴܶܥଷሺܶሻ and ܴܶܥሺܶሻ are defined on ܶ ൐ 0,  

Eqs.  ሺ17ሻ and ሺ22ሻ imply that ܴܶܥଶሺܶሻ and ܴܶܥଷሺܶሻ are convex on ܶ ൐ 0 and Eq. ሺ12ሻ implies 
that ܴܶܥଵሺܶሻ is convex on ܶ ൐ 0 when 2ܣ ൅ ଶܯ௞ܫܦܿ െ ଶܯሾ݁ܫݏܦ െ ሺ1 െ ሻܰଶሿߙ ൐. Furthermore, 
we have ܴܶܥଵ

, ሺܯሻ ൌ ଶܥܴܶ
, ሺܯሻ and ܴܶܥଶ

, ሺܰሻ ൌ ଷܥܴܶ
, ሺܰሻ. Therefore, Eqs. ሺ10ሻ, ሺ15ሻ and ሺ20ሻ 

imply that ܴܶܥሺܶሻ is convex on ܶ ൐ 0 when 2ܣ ൅ ଶܯ௞ܫܦܥ െ ଶܯሾ݁ܫܵܦ െ ሺ1 െ ሻܰଶሿߙ ൐ 0.  

Case 2. ۻ ൏ ܰ 

Sub case 4. ࡹ ൑  (See in figure 4)  ࢀ

In this case, the account is settled at ܯ. The item which are still in inventory has to financed with 
annually rate ܫ௞ during the period ሺܯ, ܶሻ. Therefore, the annual interest paid is as follows, 

ସܥܫ ൌ
௞ܫܿ

ܶ න ܳሺݐሻ݀ݐ
்

ெ
ൌ

௞ܫܦܿ

ଶܶߠ ൣ݁ఏሺ்ିெሻ െ ሺܶߠ െ ሻܯ െ 1൧. 
ሺ23ሻ 

The retailer sells products and deposits the revenue in an interest bearing account at the rate ݁ܫ $⁄ / 
year during the periodሺ0,  .ሻܯ

ସܧܫ ൌ
݁ܫݏ
ܶ න ݐ݀ݐܦߙ

ெ

଴
ൌ

ߙ݁ܫݏଶܯܦ
2ܶ . 

ሺ24ሻ
 

 

Fig. 4. The total accumulation of interest earned when ܯ ൑ ܶ 

ସܥܴܶ ൌ
ܣ
ܶ ൅

ߠሺܿܦ ൅ ݄ሻ
ଶܶߠ ൫݁ఏ் െ ܶߠ െ 1൯ ൅

௞ܫܦܿ

ଶܶߠ ൣ݁ఏሺ்ିெሻ െ ሺܶߠ െ ሻܯ െ 1൧ െ
ߙଶܯܦ݁ܫݏ

2ܶ . 
ሺ25ሻ

Likewise, The optimum value of ܶ ൌ ସܶ is the solution of the following equation  

ସሺܶሻܥܴܶ݀
݀ܶ ൌ െ

ܣ
ܶଶ ൅

ߠሺܿܦ ൅ ݄ሻ
2 ൅

௞ܫܦܿ

2 െ
௞ܫଶܯܦܿ

2ܶଶ ൅
ߙଶܯ݁ܫݏܦ

2ܶଶ . 
ሺ26ሻ

 

  ܶ ൌ ସܶ minimizes total cost; ܴܶܥସሺܶሻ provided 

݀ଶܴܶܥସሺܶሻ
݀ܶଶ ൌ

ܣ2
ܶଷ ൅

௞ܫଶܯܦܿ

ܶଷ െ
ߙଶܯ݁ܫݏܦ

ܶଷ ൐ 0, 
ሺ27ሻ
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Sub case 5. ࢀ ൑  (See in figure 5)  ࡹ

Here, the retailer sells the product during ሺ0, ܶሻ and completely settles his/her account to supplier at 
time ܶ ൌ  so the interest payable is ,ܯ

ହܥܫ ൌ 0. ሺ28ሻ
 

The retailer sells products during ሺ0, ܶሻ and deposits the sales revenue in an interest bearing account 
at the rate of ݁ܫ $⁄ /year. In the period ሺܶ,  ሻ the retailer deposits the total revenue into the accountܯ
that earn ݁ܫ $⁄ /year, therefore, interest earned per year is 

ହܧܫ ൌ
݁ܫݏ
ܶ ቈන ݐ݀ݐܦߙ ൅ ܯሺܶܦߙ െ ܶሻ

்

଴
቉ ൌ

ߙ݁ܫݏܦ
2

ሾ2ܯ െ ܶሿ. 
ሺ29ሻ

 

 

 

Fig. 5. The total accumulation of interest earned when ܶ ൑  ܯ

ହܥܴܶ ൌ
ܣ
ܶ ൅

ߠሺܿܦ ൅ ݄ሻ
ଶܶߠ ൫݁ఏ் െ ܶߠ െ 1൯ െ

ߙ݁ܫݏܦ
2

ሾ2ܯ െ ܶሿ. 
ሺ30ሻ

 

 Likewise, The optimum value of ܶ ൌ ହܶ is the solution of the following equation, 

ହሺܶሻܥܴܶ݀
݀ܶ ൌ െ

ܣ
ܶଶ ൅

ߠሺܿܦ ൅ ݄ሻ
2 ൅

ߙ݁ܫݏܦ
2 . 

ሺ31ሻ
 

  ܶ ൌ ହܶ minimizes total cost; ܴܶܥହሺܶሻ provided 

݀ଶܴܶܥସሺܶሻ
݀ܶଶ ൌ

ܣ2
ܶଷ ൐ 0. 

ሺ32ሻ

Since ܴܶܥସሺܯሻ ൌ  ହሺܶሻ, andܥܴܶ ,ସሺܶሻܥܴܶ ሺܶሻ is continuous and well-defined. Allܥܴܶ ,ሻܯହሺܥܴܶ
ܶ ሺܶሻ are defined onܥܴܶ ൐ 0.  

Eq. ሺ32ሻ implies that ܴܶܥହሺܶሻ is continuous on ܶ ൐ 0 and Eq. ሺ27ሻ implies that ܴܶܥସሺܶሻ is convex 
on ܶ ൐ 0 when 2ܣ ൅ ௞ܫଶሺܿܯܦ െ ሻ݁ܫߙݏ ൐ 0. Furthermore, we have ܴܶܥସ

, ሺܯሻ ൌ ହܥܴܶ
, ሺܯሻ. 

Therefore, Eqs. ሺ25ሻ and ሺ30ሻ imply that ܴܶܥሺܶሻ is convex on ܶ ൐ 0 when 2ܣ ൅ ௞ܫଶሺܿܯܦ െ
ሻ݁ܫߙݏ ൐ 0. 
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3. Determination of the optimal cycle time כࢀ 

Case 1. ۻ ൒  ۼ

The first-order conditions for ܴܶܥଵሺܶሻ, ܴܶܥଶሺܶሻ and ܴܶܥଷሺܶሻ in Eqs. ሺ11ሻ, ሺ16ሻ, ሺ21ሻ is 
ௗ்ோ஼భሺ்ሻ

ௗ்
ൌ ௗ்ோ஼మሺ்ሻ

ௗ்
ൌ ௗ்ோ஼యሺ்ሻ

ௗ்
ൌ 0. Thus, the optimal values of ܶ for sub-case 1, 2, 3 are  

ଵܶ
כ ൌ ඨ

ܣ2 ൅ ௞ܫଶܯܦܿ െ ଶܯሾ݁ܫܦݏ െ ሺ1 െ ሻܰଶሿߙ
ሺ݄ܦ ൅ ߠܿ ൅ ௞ሻܫܿ , 

(33)

ܣ2 ൅ ௞ܫଶܯܦܿ െ ଶܯሾ݁ܫܦݏ െ ሺ1 െ ሻܰଶሿߙ ൐ 0.  
 

ଶܶ
כ ൌ ඨ

ܣ2 ൅ ሺ1ܦݏ െ ݁ܫሻܰଶߙ
ሺ݄ܦ ൅ ߠܿ ൅ ሻ݁ܫݏ , 

 
 )34 (  

 

ଷܶ
כ ൌ ඨ

ܣ2
ሺ݄ܦ ൅ ߠܿ ൅  .ሻ݁ܫߙݏ

ሺ35ሻ
 

Eq. ሺ33ሻ gives the optimal value of ܶכ for the case when ܶ ൒ so that ଵܶ ܯ
כ ൒  .we substitute Eq ,ܯ

ሺ33ሻ into ଵܶ
כ ൒  ,which yields ܯ

 ଵܶ
כ ൒ ܣif and only if   െ2 ܯ ൅ ߠଶሺܿܯܦ ൅ ݄ሻ ൅ ଶܯሾ݁ܫܦݏ െ ሺ1 െ ሻܰଶሿߙ ൑ 0. 

Similarly, Eq. ሺ34ሻ gives the optimal value of ܶכ for the case when ܰ ൑ ܶ ൑ ܰ so that ܯ ൑ ଶܶ
כ ൑  .ܯ

We substitute Eq. ሺ34ሻ into ܰ ൒ ଶܶ
כ ൑ and then we obtain that  ଶܶ ,ܯ

כ ൑  if and only if ܯ

െ2ܣ ൅ ߠଶሺܿܯܦ ൅ ݄ሻ ൅ ଶܯሾ݁ܫܦݏ െ ሺ1 െ ሻܰଶሿߙ ൒ 0,  

and  ܰ ൑ ଶܶ
 if and only if  כ

െ2ܣ ൅ ଶሺ݄ܰܦ ൅ ߠܿ ൅ ሻ݁ܫߙݏ ൑ 0  

Finally, Eq. ሺ35ሻ gives the optimal value of ܶכ for the case when ܶ ൑ ܰ so that ଷܶ
כ ൑ ܰ. We 

substitute Eq. ሺ35ሻ into ଷܶ
כ ൑ ܰ; then we obtain that ଷܶ

כ ൑ ܰ If and only if  

െ2ܣ ൅ ଶሺ݄ܰܦ ൅ ߠܿ ൅ ሻ݁ܫߙݏ ൒ 0.  

Furthermore, we have 

∆ଵൌ െ2ܣ ൅ ߠଶሺܿܯܦ ൅ ݄ሻ ൅ ଶܯሾ݁ܫܦݏ െ ሺ1 െ ሻܰଶሿ, ሺ36ሻߙ

and 

∆ଶൌ െ2ܣ ൅ ଶሺ݄ܰܦ ൅ ߠܿ ൅ ሻ. ሺ37ሻ݁ܫߙݏ
Eqs. ሺ36ሻ and ሺ37ሻ imply that ∆ଵ൒ ∆ଶ. From the above arguments, we obtain the following results 

Theorem 1. 

(A)  If ∆ଶ൒ 0, then ܴܶܥሺܶכሻ ൌ ሺܥܴܶ ଷܶ
כܶ ሻ andכ ൌ ଷܶ

 .כ

(B)  If ∆ଵ൐ 0 and ∆ଶ൏ 0, then ܴܶܥሺܶכሻ ൌ ሺܥܴܶ ଶܶ
כܶ ሻ andכ ൌ ଶܶ

 .כ

(C)  If ∆ଵ൑ 0, then ܴܶܥሺܶכሻ ൌ ሺܥܴܶ ଵܶ
כܶ ሻ andכ ൌ ଵܶ

 .כ
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Case 2. ۻ ൏ ܰ 

The first-order conditions for ܴܶܥସሺܶሻ, ܴܶܥହሺܶሻ in Eqs. ሺ26ሻ, ሺ31ሻ to be minimized is ௗ்ோ஼రሺ்ሻ
ௗ்

ൌ
ௗ்ோ஼ఱሺ்ሻ

ௗ்
ൌ 0. Thus, the optimal values of ܶ for sub-case 4, 5 are  

ସܶ
כ ൌ ඨ

ܣ2 ൅ ௞ܫଶሺܿܯܦ െ ሻ݁ܫߙݏ
ሺ݄ܦ ൅ ߠܿ ൅ ௞ሻܫܿ . 

 

If 

ܣ2 ൅ ௞ܫܥଶሺܯܦ െ ሻ݁ܫߙܵ ൐ 0 ሺ38ሻ

And 

ହܶ
כ ൌ ඨ

ܣ2
ሺ݄ܦ ൅ ߠܿ ൅  .ሻߙ݁ܫݏ

ሺ39ሻ
 

Eq. ሺ38ሻ gives the optimal value of ܶכ for the case when ܶ ൒ so that ସܶ ܯ
כ ൒  .We substitute Eq .ܯ

ሺ38ሻ into ସܶ
כ ൒  then we obtain that ;ܯ

ସܶ
כ ൒   If and only if ܯ

െ2ܣ ൅ ଶሺ݄ܯܦ ൅ ߠܿ ൅ ሻߙ݁ܫݏ ൑ 0. 
 
Similarly, Eq. ሺ39ሻ gives the optimal value of ܶכ for the case when ܶ ൑ so that ହܶ ܯ

כ ൑  We .ܯ
substitute Eq. ሺ39ሻ into ହܶ

כ ൑  ,which yields ;ܯ

 ହܶ
כ ൑  If and only if ܯ

െ2ܣ ൅ ଶሺ݄ܯܦ ൅ ߠܿ ൅ ሻ݁ܫߙݏ ൒ 0.  

Furthermore, we let 

∆ଷൌ െ2ܣ ൅ ଶሺ݄ܯܦ ൅ ߠܿ ൅ ሻ. ሺ40ሻߙ݁ܫݏ

From the above arguments, we can obtain the following results. 

Theorem 2. 

(A)  If ∆ଷ൒ 0, thenܴܶܥሺܶכሻ ൌ ሺܥܴܶ ହܶ
כܶ and (כ ൌ ହܶ

 .כ

(B)  If ∆ଷ൏ 0, then ܴܶܥሺܶכሻ ൌ ሺܥܴܶ ସܶ
כܶ ሻ andכ ൌ ସܶ

 .כ

Special cases 

Huang’s and Hsu’s Model 

When ߠ ൌ 0, ie. Deteriorating items is not considered then Eqs. ሺ33ሻ, ሺ34ሻ, ሺ35ሻ. ሺ38ሻ, ሺ39ሻ become 
as follows 

଺ܶ
כ

ൌ ඨ
ܣ2 ൅ ௞ܫଶܯܦܿ െ ଶܯሾ݁ܫܦݏ െ ሺ1 െ ሻܰଶሿߙ

ሺ݄ܦ ൅ ௞ሻܫܿ , 

ሺ41ሻ
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଻ܶ
כ ൌ ඨ

ܣ2 ൅ ሺ1ܦݏ െ ሻܰଶߙ

ሺ݄ܦ ൅ ሻ݁ܫݏ , 
ሺ42ሻ

כ଼ܶ ൌ ඨ
ܣ2

ሺ݄ܦ ൅  ,ሻ݁ܫߙݏ
ሺ43ሻ

 

ଽܶ
כ ൌ ඨ

ܣ2 ൅ ௞ܫଶሺܿܯܦ െ ሻ݁ܫߙݏ
ሺ݄ܦ ൅ ௞ሻܫܿ , 

ሺ44ሻ

ଵܶ଴
כ ൌ ඨ

ܣ2
ሺ݄ܦ ൅ ௞ሻܫܿ . 

ሺ45ሻ

 

   Huang’s Model 

When ܯ ൒ ݏ ,ܰ ൌ ܿ, and ߙ ൌ 0 then Eqs.  ሺ41ሻ, ሺ42ሻ and ሺ43ሻ become as follows 

ଵܶଵ
כ ൌ ඨ

ܣ2 ൅ ௞ܫଶሺܯሾܦܿ െ ሻ݁ܫ ൅ ܰଶ݁ܫሿ
ሺ݄ܦ ൅ ௞ሻܫܿ , 

ሺ46ሻ

ଵܶଶ
כ ൌ ඨ

ܣ2 ൅ ݁ܫଶܰܦܿ
ሺ݄ܦ ൅ ሻ݁ܫܿ , 

ሺ47ሻ

 

ଵܶଷ
כ ൌ ඨ2ܣ

 .݄ܦ
ሺ48ሻ

 

                                                                                                                                                                                      
Goyal’s Model 

When ܰ ൌ 0 Eqs. ሺ46ሻ and ሺ47ሻ become as follows 

ଵܶସ
כ ൌ ඨ

ܣ2 ൅ ௞ܫଶሺܯܦܿ െ ሻ݁ܫ
ሺ݄ܦ ൅ ௞ሻܫܿ , 

ሺ49ሻ

 

ଵܶହ
כ ൌ ඨ

ܣ2
ሺ݄ܦ ൅  .ሻ݁ܫܿ

ሺ50ሻ

 

4. Numerical examples 

Optimal Solution when ܯ ൒ ܰ 

ܦ  ൌ 1200Units/year, ܿ ൌ $8/units, ݄ ൌ $5/unit/year, ܫ௞ ൌ $. 14/$/year, ݁ܫ ൌ $. 11/$/year, ܯ ൌ
.12year,  

ݏ ൌ $15/Unit,ߠ ൌ 0.01,  ܰ ൌ 0.07year, ܣ ൌ $60/order 
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Table 1  
The effect of customer’s fraction of total amount owed payable at the time of placing an order offered 
by the retailer on decision policy 
α T Q TRC 
0.2 0.1263 151.66 778.28 
0.4 0.1252 150.33 770.45 
0.6 0.1242 149.13 762.95 
0.8 0.1231 147.31 754.85 
 

As we can observe, as ߙ  increases cycle time, order quantity and total cost decreases. 

Therefore, the retailer will order less quantity and increase the order frequency. The retailer can 
accumulate more interest under higher order frequency. 

ݏ ൌ $15/Unit,ߠ ൌ 0.01, ߙ ൌ ܣ  ,0.2 ൌ $60/order 

Table 2  
The effect of customer’s trade credit period offered by the retailer on decision policy 
N T Q TRC 
0.07 0.1263 151.66 778.28 
0.08 0.1275 153.10 787.56 
0.09 0.1289 154.78 798.07 
0.10 0.1305 156.70 809.83 
 

As ܰ is increased, order quantity, cycle time and total cost also increase. The retailer will order more 
quantity to accumulate more interest to compensate the loss of interest earned. 

ܰ ൌ 0.07Year, ߠ ൌ ߙ ,0.01 ൌ ܣ ,0.2 ൌ $60/order 

Table 3  
The effect of selling price on decision policy 
S T Q TRC 
15 0.1263 151.66 778.28 
25 0.1189 142.76 721.18 
40 0.1112 133.51 632.76 
50 0.1072 128.71 569.36 
 

Cycle time and order quantity decreases but total cost increase when ݏ increases. The retailer will 
order less quantity to take the benefits of trade credit, more frequently.  

ܰ ൌ 0.07Year, ݏ ൌ 15/units, ߙ ൌ ܣ ,0.2 ൌ $60/order 

Table 4  
The effect of deteriorating items on decision policy 
θ T Q TRC 
0.01 0.1263 151.66 778.28 
0.02 0.1255 150.79 784.49 
0.03 0.1247 149.92 790.60 
0.04 0.1239 179.05 796.73 
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As deterioration increases optimal cycle time and order quantity decreases but total cost increases. 
Increase in deterioration rate forces retailer to buy more number of units frequently.  

ܰ ൌ 0.07Year, ݏ ൌ 15/units, ߙ ൌ ߠ ,0.2 ൌ 0.01 

Table 5  
The effect of ordering cost on decision policy 
A T Q TRC 
40 0.1042 125.11 604.83 
50 0.1152 136.68 695.11 
60 0.1263 151.66 778.28 
70 0.1365 163.91 854.42 
 

With increase of ordering cost cycle time, order quantity and total cost increases. Increases of ordering 
cost forces retailer to buy less quantity frequently and increase total cost of an inventory system. 

Optimal solutions when ܯ ൏ ܰ 

ܦ  ൌ 4000Units/year, ܿ ൌ $8/units, ݄ ൌ $7/unit/year, ܫ௞ ൌ $. 09/$/year, ݁ܫ ൌ $. 12/$/year, ܯ ൌ .06year,  

ܣ ൌ $60/0rder, ݏ ൌ 15/units,  ߠ ൌ 0.01 

Table 6.  
The effect of customer’s fraction of total amount owed payable at the time of placing an order offered 
by the retailer on decision policy 
α T Q TRC 
0.2 0.0633 253.28 1802.17 
0.4 0.0620 248.08 1761.14 
0.6 0.0607 242.87 1718.82 
0.8 0.0593 237.27 1677.51 
 

As ߙ  increases cycle time, order quantity and total cost decreases. Therefore, the retailer will order 
less quantity and increase the order frequency. The retailer can accumulate more interest under higher 
order frequency. ܣ ൌ $60/0rder,ߙ ൌ ߠ  ,0.01 ൌ 0.01 

Table 7  
The effect of selling price on decision policy 
S T Q TRC 
15 0.0633 253.28 1802.17 
25 0.0625 250.08 1774.46 
40 0.0611 244.47 1735.62 
50 0.0602 240.87 1704.64 
 

Cycle time and order quantity decreases but total cost increase when ݏ  increases. The retailer will 
order less quantity to take the benefits of trade credit more frequently.  

ܣ ൌ $60/order,ߙ ൌ ݏ ,0.01 ൌ $15/year 

Table 8  
The effect of deteriorating items on decision policy 
θ T Q TRC 
0.01 0.0633 253.28 1802.17 
0.02 0.0630 252.16 1813.86 
0.03 0.0627 251.04 1824.12 
0.04 0.0624 249.91 1834.55 
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As deterioration increases optimal cycle time and order quantity decreases but total cost increases. An 
increase in deterioration rate forces retailer to buy more number of units, frequently. 

ߠ ൌ ߙ ,0.01 ൌ ݏ  ,0.01 ൌ $15/year 

Table 9  
The effect of ordering cost on decision policy 
A T Q TRC 
40 0.0518 207.25 1455.70 
50 0.0580 232.07 1637.73 
60 0.0633 253.28 1802.17 
70 0.0682 272.89 1957.18 
 

With the increase on ordering cost cycle time, order quantity and total cost increases. The increase on 
ordering cost forces retailer to buy less quantity frequently and increase the total cost of an inventory 
system. 

5. Conclusions 

In this paper, we have investigated the retailer’s optimal inventory policy with two levels of trade 
credit and deteriorating items in supply chain coordination. The retailer’s optimal inventory policy is 
derived when supplier offers a full trade credit to retailer but retailer offers partial trade credit to 
his/her customer with constant rate of deterioration. The closed form solution is obtained by using 
Taylor series expansion. The implementation of the proposed model has been demonstrated using 
some numerical examples and they are analyzed.       
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