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design problem with the tardiness risk index to mitigate the tardiness risk when a fourth-party
logistics company (4PL) delegates the delivery task of a client to a third-party logistics company

September, 15 2021 (3PL). Specifically, the contracts are designed in a decentralized system with information
Keywords: symmetry and information asymmetry when 3PL is risk neutral and risk averse. Furthermore, the
Fourth party logistics incentive problems demonstrated that the 3PL is encouraged to make the optimal effort for delivery
Contract design and the 4PL determines the optimal fixed payment and penalty coefficient. Through analyzing the
Risk management experimental simulation results, we can find that the contract can effectively mitigate the tardiness
Tardiness risk index risk and the maximum probability of risk occurrence.
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1. Introduction

The huge logistics business brings opportunities as well as challenges to the logistics industry. With the development of
logistics, the client expects faster and more flexible logistics services. However, the traditional logistics relying on the 3PL
which does not integrate logistics resources cannot meet the client's requirements of faster delivery. The 4PL, as a logistics
integrator with an integrated operation model, can obtain higher delivery efficiency. For example, “Cainiao”, a logistics
affiliate of China Alibaba Group, integrates existing industry logistics resources and connects carriers and shippers to
implement efficient transportation solutions (Cainiao Network Overview, 2016). Specifically, Cainiao provides the client with
comprehensive logistics service solutions based on the platform, while the 3PL on it performs the actual logistics operation
and delivery. However, based on the client feedback from the Cainiao platform, the 3PL may not deliver the goods on time
and experience tardiness. In addition, according to a report released by the PRC State Post Bureau in December 2018, tardiness
is the major issue of client complaints about express delivery services, which accounts for 31.7\% of the total valid appeals
(PRC State Post Bureau, 2018). Therefore, it is crucial to reduce the tardiness risk. There are some studies about time reduction
for the manufacturing systems (Yamada et al., 2021; Cetinkaya et al., 2021), however, as an important service criterion for
evaluating the delivery performance, few studies have focused on tardiness risk management in the design of logistics service
supply chain contract (Heckmann et al., 2015).

There are two major potential threats for the occurrence of tardiness. The first threats belong to external factors, including
weather conditions, service road conditions, and government policies. The second threats belong to internal factors, including
backward equipment and wrong delivery due to employee negligence. The 3PL can improve logistics operations efficiency if
they invest in advanced equipment or a skilled workforce, etc. (Huang et al., 2019).
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However, since the 3PL pays for the actual delivery and may have no incentive to invest or improve their delivery process, if
the 4PL does not go to incentivize the 3PL and pays a mere fee regardless of the delivery performance. Moreover, risk
management concerns not only the magnitude of the risk but also the probability of the risk occurrence. Hence the main
objective of this paper is to design contracts to mitigate the tardiness risk and the probability of the risk occurrence, and
focuses on solving the following questions:

(1) How does the 4PL design contracts to motivate 3PL to make more efforts to mitigate the tardiness risk and the risk
occurrence probability?

(2) How does 3PL's asymmetric cost information impact the tardiness risk?

(3) How does 3PL's degree of risk aversion affect the tardiness risk?

To measure the magnitude of the tardiness risk, we adopt a tardiness risk index. The advantage of the tardiness risk index is
that it not only measures the magnitude of the tardiness risk but also quantifies the maximum probability of violation
occurrence (Jaillet et al, 2016; Adulyasak and Jaillet, 2015). The index is from Jaillet et al. (2016) who proposed the
performance index to quantify the risk of requirement violations for an uncertain attribute in a routing problem. In addition,
to motivate the 3PL to mitigate the tardiness risk, we endogenize the actual delivery time, and let it relates to 3PL's effort
level, i.e., the 3PL can take action to reduce the tardiness risk (Huang et al., 2016). However, the 3PL's effort level is
unobservable to the 4PL and difficult to be monitored. Therefore, as the principal, the 4PL usually inevitably uses contractual
incentives to induce the 3PL to make more efforts (Laffont & Martimort, 2002; Zhou & Kim, 2019). We first establish a
centralized system to minimize the system's tardiness risk. Second, as the 4PL and 3PL have different objectives and make
decisions separately, using the principal-agent theory, we establish the model considering the tardiness risk index in the
decentralized system. Specifically, as the cost coefficient of 3PL is unobservable to the 4PL, we assume that the 3PL may be
a high type with a lower cost coefficient or a low type with a higher cost coefficient. Also, because the 3PL performs the
actual delivery and invests in delivery, we assume that the 3PL is risk averse, while the 4PL is risk neutral considering that
she does not pay the 3PL until the delivery is complete (Huang et al., 2019). Thus, we establish the decentralized models
when the 3PL is risk-neutral and risk-averse under symmetric and asymmetric cost information, respectively. The problem
under the asymmetric information is both a moral hazard problem (3PL's unobservable effort level) and an adverse selection
problem (asymmetric cost coefficient information).

We find that the tardiness risk and 3PL's effort level in the decentralized system under symmetric information (hereafter
referred to as symmetric scenario) are equal to that in the centralized system. Thus, delegation is costless for the 4PL under
complete information, and the 4PL achieves the same risk level that she would get if she is carrying out the task herself (with
the same cost function as the 3PL). The effort level of the high type 3PL in the decentralized system under asymmetric
information (hereafter referred to as asymmetric scenario) is smaller than that in the centralized system, and the effort level
of the low type 3PL is equal in both cases, then the tardiness risk is larger in the asymmetric scenario that in the centralized
system. This is because the high type 3PL in the asymmetric scenario gets the information rent by mimicking the low type
3PL. In the asymmetric scenario, the numerical experiments show that comparing the tardiness risk when 3PL is risk neutral
with that he is risk averse, it is found that the tardiness risk increases in the degree of the risk aversion.

2. Literature review

As a part of supply chain risk management (Govindan & Chaudhuri, 2016; Choi et al., 2016), risk management in the logistics
service supply chain has been studied by some researchers from the perspective of quality risks and demand risks. Quality
risks in logistics may include damage or loss of goods. Huang et al. (2019) designed optimal contracts for 4PL to make the
3PL ensure freight quality. Liu and Wang (2015) studied the optimal mix of risk attitudes for quality control, and the results
show that a logistics service integrator is more inclined to choose risk-seeking logistics service providers. Furthermore, some
studies focus on demand uncertainty in the logistics service supply chain. Liu et al. (2015) focused on research on service
quality guarantee problems with demand updating in the logistics service supply chain. Zhang et al. (2017) studied the problem
of collaborative decision-making by carriers with uncertain demand in e-commerce logistics networks. The second stream
relates to contract issues in the logistics service supply chain. Specifically, some researchers examined the single contract
design issues. Lim (2000) established a contract in order that the third-party logistics service providers can reveal their true
capabilities to the logistics buyer, and used the revelation principle to develop the game-theoretic model. Zhang et al. (2019)
studied two logistics service providers among different competitive power structures with horizontal collaboration, and
designed a revenue sharing contract to empower coordination in the E-commerce logistics. Ogier et al. (2013) studied multi-
period planning consisting of productions, transportations, and storage activities, using the quantity discount contract to
coordinate the decentralized system. Some researchers investigate the performance of two or more different contracts. Gong
et al. (2018) analysed the impact of four different contract structures on the level of investment of 3PL. Wang et al. (2018)
studied two contracts to examine the impact of shipment insurance premium. When space requirements are random, Chen et
al. (2001) considered space commitments that can be modified and study three forms of contracts between the user and third-
party warchouse. Alp et al. (2003) examined the design of transportation contracts by a manufacturer with a transportation
company, and presented a method to design transportation contracts. Liu et al. (2018) took into account the characteristics of
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mass customization in the OBOR region, exploring and evaluating cost-sharing contracts under four structures to improve
logistics services in the region.

In addition, other researchers examine how to design contracts to eliminate the double marginalization and to induce the
logistics service supply chain to act in a coordinated way. Cai et al. (2013) proposed a wholesale-market clearance contract
and a wholesale-price-discount sharing contract to coordinate a three-tier supply chain when the product is perishable. Wu et
al. (2015) investigated two coordination mechanisms for the decentralized channel between the distributor and the third-party
logistics under different power structures. Ogier et al. (2015) studied order allocation problem in decentralized planning in
multi-period using minimal-information sharing contracts to coordinate. Recently, Moon et al. (2020) introduced a target
rebate contract for sales promotion by coordinating a pair of retailers. The differences between our study and the above are as
follows. First, Huang et al. (2019) studied delivery quality risk management in logistics, different from them, our problem is
aimed at the 4PL platform tardiness risk management in the logistics service supply chain. We design time-based incentive
contracts to minimize the tardiness risk, and endogenize the delivery time by modelling it related to the 3PL’s effort level and
affected by the external factors. Second, we use a tardiness risk index to measure the risk in logistics risk management, which
not only mitigates the magnitude of the tardiness risk, but also the maximum probability of the tardiness risk occurrence. This
is different from other risk management papers, which only examine the level of risk mitigation.

3. Problem model

Supposing a 4PL platform receives a logistics delivery task required by a client, after which the 4PL delegates the
transportation of cargoes to a 3PL. The delivery time of these cargoes is negatively correlated to 3PL's effort level and is
uncontrollable for the 4PL. There exist many external random factors that affect the delivery time. Usually, the 3PL's effort
level is difficult for the 4PL to predict, and only when the cargoes are received the 4PL can assess the 3PL's effort level by
observing the final delivery time. In this paper, we introduce two contract terms including a penalty coefficient and a fixed
payment, and a tardiness risk index into the contract, to motivate the 3PL for improving his effort level and mitigating the
tardiness risk. The sequence of events is: (i) the 4PL offers a contract considering tardiness risk; (ii) the 3PL decides whether
or not to accept the contract, and if accepts, decides the effort level; (iii) the delivery is completed, and the transfer payment
is achieved.

3.1 Notations

We model the actual delivery time £ as a nonnegative random variable, = a — be + . The regular delivery time a represents
the expected delivery time of 3PL with zero efforts, e is 3PL's effort level, and effort output level b represents the output
capacity of 3PL, ¢ denotes external factors and follows a uniform distribution, & ~ U(—m,m),m = 0. The uniform
distribution exhibits the increasing generalized failure rate property (Banciu and Mirchandani, 2013). The 3PL's cost is subject
to the commonly used quadratic cost function ke?, where k > 0 denotes the effort cost coefficient and measures how costly
it is for the 3PL to deliver goods. A smaller k means that the 3PL is more cost-efficient during the logistics delivery process.
We assume that there are two types of 3PL: the high type with lower cost coefficient kj, or low type with higher cost coefficient
ki (ky, < k;), with the respective probability of v(0 < v < 1) and 1 — v. The 4PL will receive a payment B from the client
about a certain delivery task. Assuming the client's requirement delivery lead time is 7, if the tardiness occurs, the 4PL suffers
a penalty of p[f — 7] from the client, p is per unit time penalty (i.e., the penalty for each unit of time). Similarly, the penalty
imposed on 3PL by 4PL is Bp[t — 7]*, B denotes the penalty coefficient. Besides, the 4PL gives the 3PL a fixed payment a.
The 4PL provides a contract (@, 8) for the 3PL. Then at the end of delivery, the 3PL gets payoff a — Bp[f — 7]*. The model
notations and descriptions are shown in Table 1.

Table 1
Notations
Symbols Descriptions
k 3PL's cost coefficient
£ A random variable follows uniform distribution U(—m, m), m = 0
a The expected delivery time of the 3PL with zero efforts
b 3PL's effort output coefficient
T The delivery lead time required by the client
D Unit time penalty
é 3PL's degree of risk aversion
P Tardiness risk index
r Risk tolerance parameter, r > 0
B The payment that the 4PL receives from the client
Decision variables

a The fixed payment
B The penalty coefficient imposed by the 4PL on the 3PL, 8 = 0

e 3PL's effort level




16

Derived variables
¢, nf, ot The profits of the centralized system, 4PL and 3PL
ne,ns, nt The expected utilities of the centralized system, 4PL and 3PL

We assume that the 3PL is risk averse given that he invests in delivery, while the 4PL is risk neutral considering that she does
not pay the 3PL until the delivery is complete (Huang et al., 2019). To obtain an analytical solution and better analyze the
problem, we will first consider the case that the 3PL is risk neutral in the decentralized system, and then further consider the
case that the 3PL is risk averse. We assume that the tardiness risk occurs when the 3PL does not make efforts, i.e., a + m >
7. To ensure that the delivery time is positive, i.e., a — be — m > 0 always holds, we assume that B < (4km(a —m) —
pb?(2m — 1))?/(4b*m(pb? + 4km) + pk(a + m — 1) /(pb? + 4km) and 4km(a — m) = pb?(2m — 7). We normalize
the reservation utility to 0 for both 3PL and 4PL. To make the results more concise, we let £ = a + m — 7. The 3PL decides
his effort level according to the contract to maximize his utility. The model for the logistics service supply chain is shown in
Fig. 1.

(al B)» r e
. B Fourth party a Third party
Client . e
logistics logistics
plt—7]* pplt —I*

Fig. 1. The model of the logistics service supply chain.
3.2 Tardiness risk index

We adopt a risk measure introduced by Jaillet et al. (2016), which can not only measure the magnitude of the tardiness risk,
but also provide the maximum probability of tardiness risk occurrence. Given the delivery lead time 7, the tardiness risk index

P is

Y = min{r = 0|C.(t) < 1}, (1)
Cr (D) = rinE(exp(E/1)), 2

where C,.(f) is the certainty equivalent under exponential disutility u(£) = exp(£/r), u(f) represents the 4PL exhibiting a
risk aversion behaviour toward the delivery time. The propose of the index was inspired by the study of Aumann and Serrano
(2008), that less risk-averse individuals accept riskier gambles in economics, then the riskiness of a gamble is the individual
risk tolerance parameter. When the tardiness risk index v is given, the probability of the lead time T plus any period 6 is up
bounded by exp(—08/y)

p(E=1t+0) <exp(—0/y),vo = 0. 3)

The probability exp(— 6 /1) is for the random event that the tardiness exceeds a duration 6, and provides upper bounds of
the probability of excess a duration. The upper bounds are available for a series of duration 8, rather than for a single value.
Also, a smaller ¥ corresponds to a smaller upper bound for the probability. Therefore, in this paper we adopt the method
proposed by Jaillet et al. (2016) to allow the manager to reduce the upper bounds of the probability of risk occurrence while
reducing the tardiness risk simultaneously. The function C,(f) can be derived with the moment generating function. Lemma
1 shows the expression of C,.(f) that proposed by Jaillet et al. (2016).

Lemma 1. When £ follows a uniform distribution U(—m, m), the certainty equivalent of £ is
N — _ exp(2m/r)—-1
C,(t)=a—be—m+rln = gmpr

where C,.(t) is monotonically decreasing in r.

5

Proof: See appendix B.
3.3 Centralized system

In the centralized system, the transfer payment between the 4PL and the 3PL is omitted. The system's objective is to minimize
the tardiness risk. The centralized system's profit is

(e) = B — p[t — 1]t — ke?. 4)
Suppose the centralized system is risk-neutral, then the centralized system's expected utility can be expressed as follows:

N°(e) = B — pE([f — 7]") — ke?. (5)
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g 2
By replacing E([t —7]*) = W

E([t — T]*) shows in appendix A.

, the above equation (5) can be expressed as Eq. (6). The detail derivation of

°(e) = B — plazbetm-—0? . 2 (6)

am

The system determines the optimal effort level e to minimize the tardiness risk index, we have

minr, @)
e

subject to

G <1, 3

n°(e) =2 0, )

e=>0,r>0.

Constraint (8) represents that the certainty equivalent of delivery time should be less than the delivery lead time 7 which is
required by the client. Constraint (9) ensures that the system earns at least its reservation utility. Solving the problem, we get
the following results.

pkfz <p< (4km(a-m)—pb?(2m-1))? pk?2
pb2+4km —

, there exist the optimal

Proposition 1 In the centralized logistics system, if- pTETS TS — Py

(e€*,r°*) which satisfy

_ pbf+2\[m((pb2+4km)3—pkfz)

e

>

pb2+akm

exp(2m/r¢*)-1
a—bec*—m+rc*lnu=r.
2m/re*

The optimal utility of the centralized system is [1°* = 0.
Proof: See appendix C.

The above proposition shows the optimal level of effort and the minimized tardiness risk. It can be found that the logistics
system only obtains reservation utility to minimize the tardiness risk.

4. Decentralized system under 3PL's cost information symmetric

In this section, we assume that the 3PL's cost coefficient k is fully observable to the 4PL, while the effort level of 3PL is
unobservable to the 4PL, so we have a moral hazard problem.

4.1 Both the 3PL and 4PL are risk neutral (Case A)

4.1.1 Optimal response of 3PL
Given any pair of (&, ), the 3PL's profit is function can be expressed as follows:

mt(e) = a — Bp[t — 1]t — ke?. (10)
The expected utility of 3PL is

t(e) = a — BpE([t — 1]") — ke?. (11)
After replacing E ([t — 7]™), Eq. (11) can be finally derived as

p(a—-be+m-1)2p
4m

nf(e) =a— — ke?. (12)

SAx*

The objective of the 3PL is to maximizes expected utility IT*. Let e5#* represents the optimal effort level of the 3PL and can

be obtained by solve eS4* = arg max I1¢(e).
y _ bpB(at+m-1)

. ’, : SAx
Lemma 2. Given the contract terms (&, 8), the 3PL's effort level is e b2 pfaiem

in the penalty coefficient 3.

. The 3PL's effort decision e increases

Proof: See appendix D.

From Lemma 2, we can find that when the penalty coefficient is zero, the 3PL has no desire to exert any other effort.
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4.1.2 Optimal response of 4PL
The objective of the 4PL is to minimizes the tardiness risk. The total payment given by the 4PL to the 3PL is a — Bp[f — 1]7,

where Bp[t — 7] is the penalty the 4PL imposed on 3PL. By given the triple (a, 8, e54*), the 4PL's profit function can be
expressed as follows:

n/(a,,e") = B — (a — pp[t — 7]*) — p[t — 7]*. (13)

The expected utility of 4PL is

a_p(l—[?)(a—be+m—r)2 (14)

IV (a, ,e54") = B -
(@B, e54) —

The objective of the 4PL is to minimize the tardiness risk and the contracting problem with the 3PL can be formulated as
follows:

minr, (15)
a.B

subject to

C.(t) <t (16)
' (a, B,e54*) = 0, (17)
I(a,B,e54) = 0, (18)

a,B,e54* = 0,r > 0.

Constraint (16) represents the certainty equivalent of delivery time which should be less than the delivery lead time 7.
Constraints (17) and (18) ensure that the 4PL and 3PL earn at least their reservation utilities so that they are willing to
cooperate. The above minimization problem can be solved by using Karush—Kuhn—Tucker condition. The optimal solution to
the above problem is as follows.

pkf2 <p < (4km(a—m)—pb?(2m-1))? pkf2
24+4km — T

, the optimal penalty coefficient is

Pr ition 2 Jj
oposttio fpb 4b2m(pb2+4km) pb2+4km’

2k(2mbB+f\/m(4kmB—p(kfz—sz)))

b}

S*
B bp(KE°—b2B)
The optimal fixed payment is

KE(2mbB+E | m(4kmB—p (ki —b2B)))

S*

>

b(2kmf+bJm(4km3—p(k?2—b23)))
The 3PL's optimal effort level is

. 2mbB+f\[m(4kmB—p(kfz—sz))

k)l

2kmf+b\/m(4kmB—p(kf2—sz))

The optimal r**, which cannot be derived as closed-form expression, satisfies the following equation:

exp(2m/rS*)-1 4kmt
p(2m/r>)-1 _ m

S*l — —
2m/rs* b2pBS*+4km’

The 4PL's optimal expected utility is TIS* = 0, the 3PL's optimal expected utility is T1** = 0.
Proof: See appendix E.

From proposition 2, we can find that the 4PL and 3PL only obtain their reservation utilities, as all their other utilities are used
to reduce the tardiness risk.

Lemma 3. The optimal tardiness risk v>* decreases in the optimal penalty coefficient B%*, and is independent in the optimal
fix payment a**.

Proof: See appendix F.
S*y_
Substituting the expression of a°° into the risk equation, we have 7r%*In %= 2m —

2m(kE°—b2B)

, so the following proposition holds:
bJm(4km3—p(kfz—b23))+zkmf
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Proposition 3 The tardiness risk 5" increases in p, k and a, and decreases in B and b.
Proof: See appendix G.
For a certain tardiness risk, a larger unit time penalty p means that the 4PL will compensate the client more. The larger the
3PL's cost coefficient k, the more it costs him to complete a certain delivery task, which will lead to a larger tardiness risk.
To reduce the risk of tardiness, the 4PL only obtains reservation utility, so the more the client pays the 4PL, the less tardiness
risk for the 4PL. The larger the 3PL's effort output coefficient b means that the 3PL saves more time by paying a certain
amount of effort. The 3PL with a larger initial delivery time a and smaller effort output coefficient b means that the 3PL is
less capable and has a larger tardiness risk.
Comparing results in the symmetric scenario with that in the centralized system, we propose the following proposition.
Proposition 4 The effort levels and tardiness risks satisfy e5* = e, rs* = r¢*,
Proof: See appendix H.
From proposition 4, the minimized tardiness risk and the optimal effort level are equal in both cases. Proposition 4 shows that
under complete information, the 4PL has the same tardiness risk that she would get if she was carrying out the task herself
(with the same cost function as the 3PL), i.e., delegation is costless for the 4PL.
4.2 The 3PL is risk averse and 4PL is risk neutral (Case B)

In case B, the 3PL is risk averse and determines the optimal effort level to maximize his mean-variance objective function
(Chiu and Choi, 2016), which is shown in Eq. (19).

IIt(a, B,e) = E(nt) — Svar(nt), (19)

__ (a-be-t+m)®  (a—-be-t+m)*

where & is the degree of the risk aversion. From var[a — be + ¢ — 7]* p— omz > We have
At = g — pla-be-t+m)®B  §p*B*(a—be-t+m)? (l _ a—be—r+m) _ ke? (20)
. am - 2m ) 3 8m ’
Ll — bp(a—be—-t+m)f + 8bp?B*(a—be—1+m) (1 _ a—be—r+m) — ke (21)
de 2m 2m 2m

omt . . .
Let = 0, we found that we cannot obtain the closed-form expression of e. Even though we cannot derive the closed-form

t
expression of e, aale = 0 be solved by using numerical optimization methods. To determine the contract terms («, 8) and to
minimize the tardiness risk, the 4PL's contracting problem with the risk-averse 3PL can be formulated as

minr, (22)
ap

subject to

C () <, (23)
17 (a, B,e) = 0, (24)
m*(a,p,e) =0, (25)
e* = arg max It (a, B, ), (26)

e
a,f,e=0,r>0.

Constraint (23) ensures that the certainty equivalent of delivery time should be less than the delivery lead time t. Constraints
(24) and (25) ensure that the 4PL and 3PL earn at least their reservation utilities, so that they are willing to cooperate with
each other. Constraint (26) represents that the 3PL determines his optimal effort to obtain maximum expected profit. We adopt
the numerical analysis method to investigate the results. Considering the range of parameters provided by Huang et al. (2019),
we set the model parameters as follows: a =8,b=2,m=6,1=7,p=6,B =20, and k = {7,7.5,8}. In the following
parts, four experiments are presented. In the first experiment, the penalty coefficient is investigated. The experimental result
is shown in Fig. 2. In Fig. 2, the penalty coefficient decreases in the degree of risk aversion for k equal to 7, 7.5, and 8,
respectively. In addition, in Fig. 2, the penalty coefficient decreases in the cost coefficient. Because when the cost coefficient
is larger, the 4PL should reduce the penalty to the 3PL to ensure that he obtains the reservation utility. Thus, for a low-type
3PL with a higher cost coefficient, the 4PL imposes a higher penalty coefficient.
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Fig. 2. The effect of degree of risk aversion on the penalty  Fig. 3. The effect of degree of risk aversion on the fixed
coefficient payment

The second experiment is presented in Fig. 3 for exploring the fixed payment affected by the degree of risk aversion and cost
coefficient. Fig. 3 indicates that the fixed payment decreases in the degree of risk aversion. Because with the degree of risk
aversion increases, the penalty coefficient and effort level decrease, then the 4PL will reduce the fixed payment, ensuring that
the 3PL still only achieves the reservation utility. The fixed payment increases in the cost coefficient. The third experiment is
presented in Fig. 4 for exploring the 3PL's effort level. Fig. 4 indicates that the effort level decreases in the degree of risk
aversion. The effort level decreases in the cost coefficient. Because when the cost coefficient is larger, the 3PL can only make
less effort to ensure that he obtains the reservation utility.
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[ - k=7

095\ e k=751 — k=175
I\ —k=8 || OFl—k=38

IS
S

3PL's Effort Level (e)
Tardiness Risk (1)
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Degree of Risk Aversion (4) Degree of Risk Aversion (0)

Fig. 4. The effect of degree of risk aversion on the effort Fig. 5. The effect of degree of risk aversion on tardiness
level risk

The last experiment is presented in Fig. 5 for exploring the tardiness risk affected by risk aversion and cost coefficient. In Fig.
5, we find that the tardiness risk is increasing in the degree of risk aversion, which shows that 3PL's risk aversion leads the
4PL to weaken incentives to the 3PL and have to take more tardiness risk. The tardiness risk is increasing in the cost
coefficient. Because with a smaller cost coefficient, the 3PL can make more effort and the tardiness risk is smaller. As the
cost coefficient increases, the difference between tardiness risks corresponding to the different cost coefficient also increases.

5. Decentralized system under asymmetric information

The cost of 3PL is related to many items, such as warehousing, distribution operatives, transportation, and packaging, then
the cost coefficient of the 3PL is unobservable to the 4PL. Thus, this section assumes that the 3PL's cost coefficient k is
asymmetric information. We assume that the 3PL can be the high type with a low-cost coefficient kj, or the low type with a
high-cost coefficient k;, with k;, < k;. The 4PL is the principal who only knows the probability v, but not the actual type.
Also, the effort level of 3PL is unobservable to the 4PL, then the problem considered in this section is a mixed moral hazard
and adverse selection problem.

5.1 Both the 3PL and 4PL are risk neutral (Case A)
In case A, both the 3PL and 4PL are risk neutral. Based on the two types of 3PL, the penalty and the fixed payment can be

represented as (ap, Br) and (a;, B;). Considering that the 4PL determines the menu of contracts {(ay, Bx); (a1, 5)} to
minimize the tardiness risk. The problem can be formulated as
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] v, + (1 —v)ry, 27
(ah.g}rll)l.(fllzﬁz) T ¥ ( i (27)
subject to
Crh(~t) <t (28)
C,(D <1, (29)
I (aty, Bnr enlkn) = 0, (30)
7 (ay, By eg|ky) = 0, 3D
T (an, B, enlkn) = 0, (32)
m*(ay, By elky) = 0, (33)
e, = arg max [1*(an, Bp, enlkn), (34)

€h
e/ = arg max I (a;, By, e k), (35)
el
It (ay, Br enlkn) = M (ay, Bi, eglky), (36)
m*(ay, B elky) = M (ap, Br, enlky), 37)

ah,ﬁh, €p, al,ﬁl, [>7] = O,Th,n > 0.

The objective function (27) minimizes the tardiness risk. Constraints (28-29) represent that the certainty equivalent of £ should
be less than the delivery lead time 7. Constraints (30-33) ensure that the 4PL and two types of 3PL earn at least their reservation
utilities. Constraints (34-35) denote that the two types of 3PL determine their optimal efforts for obtaining the maximum
expected utilities. Incentive compatibility constraints (36-37) denote that it's in the best interest of the two types of 3PL to
truthfully report their cost coefficients.

bpB(a+m-1)
b2pf+4akm

kp(a+m-1)2pB
b2pB+akm

> ( always holds. Define R = B —

The effort level of the 3PL is e = , then the utility of 3PL is given by IT*(a, ) = a — . Let (a, B) be

. . - ¢ da _ 4k?mp(a+m-1)?
a pair of value that satisfies the 3PL utility curve IT*(a, 8), then the 4= ipprakm)

b2p?(a+m-1)%(ki—kp) B{"**
(b2pBf*+akm)?

AITY, where AIT* = > 0, then we have B > R. The optimal solution to the above problem is as follows.

-2 -2
Proposition 5. If max{—25 — _PX__ 4 Aty < B < min{mklm(i_m)_sz(zm_mz
S 4I;lm+pb 24khm+pb_2 4b?m(pb?+4kym)

pbgifklm, Mkh?}f:;;;;’ﬂ}::; i2) pbgi'j{hm + AIY, the optimal penalty coefficients are

o 2kh(2mbR+f\/m(4khmR—p(khfz—bzR)))
Bi" = bp(knE-—b2R) ’
go = zkl(zmbB+E\[m(4k,mB—p(klEZ—bZB)))_

1= ;

bp(k;E ~b2B)
The optimal fixed payments are

- — -2
kht(ZmbR+tJm(4khmR—p(kht —bZ2R)))
aft = - + AITY,
b(zkhmE+me(4khmR—p(khE —b2R)))

s kZE(ZmbB+f\[m(4klmB—p(klfz—bZB)))
T = >

b
b(2klmf+b\/m(4klm3—p(klf2—sz)))
The minimum risk is
Y =vrd + (1 —v)r™,
where
exp(em/r{)-1 _ 4k;mt

2 ax - zm ) ax )
m/ry b2ppi”+4kim

The 3PL's optimal effort level are

r1n i=hl

2mbR+T m<4khmR—p(khEZ—b2R))

ax*x __
e, = 5

- -2
Zkhmt+bjm(4khmR—p(kht —bzR)>

— -2
ax 2mbB+tJm(4klmB—p(klt —-b2B))
e =

2klmf+b\[m(4klm3—p(kl?2—b2B))

The 4PL's optimal utility is T1I/** = 0, the low type 3PL with high cost coefficient only obtains reservation utility TIf** = 0,
the optimal utility of the high type 3PL with low cost coefficient is IE** = ATY, where AI® is the information rent.
Proof: See appendix 1.



22

The high type 3PL under asymmetric information earns information rent which reflects the informational advantage of high
type 3PL over low type 3PL. The information rent depends only on the low type 3PL's penalty coefficient given by 4PL, and
the information rent increases in the penalty coefficient for the low type 3PL. Comparing the optimal effort level and
minimized tardiness risk in the asymmetric scenario with that in the centralized system, we have proposition 6.

Proposition 6 From B > R, the effort levels and tardiness risks satisfy ef” = e["", ef” > ef”, andrf* = vry" + (1 —v)r >
Cc*
rh .

Proof: See appendix J.

From proposition 6, the high type 3PL makes less effort under asymmetric information than in the centralized system, which
results in larger tardiness risk 72*. Then, the expected tardiness risk in the decentralized system under asymmetric information
is larger than the tardiness risk with a high type 3PL in the centralized system, while is equal to the tardiness risk with a low
type 3PL in the centralized system. The increase in the tardiness risk indicates that asymmetric information leads to a reduction
in the efficiency of the logistics system. Comparing the optimal penalty coefficients and fixed payments in the decentralized
system under asymmetric information with that under symmetric information, we have proposition 7.

Proposition 7. From B > R, the penalty coefficients and fixed payments for the low and high type 3PL satisfy

@ BT =B Br <Bn,

. * *

(i) af" = aj",

. 4k . 4k

(i) af* < af,if g < ﬁ+ 2; af > af,if g > ﬁ +2.

Proof: See appendix K.

From proposition 7, for the low type 3PL, the penalty coefficient and fixed payment in the asymmetric scenario are equal to
that in the symmetric scenario. For the high type 3PL, the penalty coefficient in the asymmetric scenario is lower than that in
the symmetric scenario, while the fixed payment in the symmetric scenario may be smaller or larger than that in the
asymmetric scenario. Thus, the penalty coefficient and fixed payment of the high type 3PL are distorted in the asymmetric
scenario.

5.2 The 3PL is risk averse and 4PL is risk neutral (Case B)

In this case, both types choose the optimal effort levels to maximize their mean-variance objective function (Chiu & Choi,
2016).

lt(a B, elk)=E(mt) — dvar (nf), (38)

_ (a-be-t+m)®  (a-be-t+m)*

where § is his degree of the risk aversion. From var[a — be + ¢ — 7]* po. oz > We have
fit = q— pla—be-t+m)*B  5p*B*(a—be-t+m)? (1 _ a—be—‘r+m) — kel (39)
44m 2m 3 8m

To minimize the tardiness risk, the 4PL's contracting problem with the risk-averse 3PL can be formulated as

[ +(1-— N 40
(BTl U T (A= 0O (40)
subject to
Crh(f) <, 41)
C, () <T, 42)
7 (a, Br, enlkn) = 0, (43)
sz(al'ﬁz' ellk) =0, (44)
Izt(ah' ﬁh' ehlkh) = 0: (45)
ot (ay, By, elk)) =0, (46)
ey = arg max IT(ay, B, enkp), 47)

en
e/ = arg max ﬁt(“z:ﬁz» erlky), (48)
el
Izt(ahfﬁh' eplky) ZAHt(az',Bz'eﬂkh), (49)
It (e, B eglky) = M (ap, Br, enlky), (50)

ah,ﬁh, €en, al,ﬁl, (=] > O,Th,Tl > 0.
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The objective function (40) is to minimize the expected tardiness risk. Constraints (41-42) represent that the certainty
equivalent of £ should be less than the delivery lead time 7. Participation constraints (43-46) ensure that the 4PL and two types
of 3PL earn at least their reservation utilities. Constraints (47-48) represent that the and two types of 3PL determine their
optimal efforts to obtain maximum expected utilities. Incentive compatibility constraints (49-50) denote that it's in the best
interest of the and two types of 3PL to truthfully report their cost coefficients. Due to it is impossible to derive the closed-
form expression of tardiness risk, optimal effort level, fixed payment and penalty coefficient when the 3PL is risk averse.
Considering the parameter setting of Huang et al. (2019), we set the model parameters as following:a = 8,b =2, m = 6,7 =
7,p=6,v=0.5B =20, k, =6 and k; = {7,7.5, 8}. Fig. 6 indicates that the tardiness risk increases in the degree of risk
aversion under asymmetric information. When the degree of risk aversion is given, the larger the cost coefficient, the larger
the tardiness risk. Comparing Fig. 5 with Fig. 6, when the degree of risk aversion is given, the tardiness risk under symmetric
information in Fig. 5 is greater than that under asymmetric information in Fig. 6.

40 T T T
—— ky =6,k =7
a5 | |——kn =6,k = 7.5
kn =6,k =8

N N w
o (9] o

Tardiness Risk (1))

-
[$)]

10

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Degree of Risk Aversion (4)

Fig. 6. The effect of degree of risk aversion on tardiness risk under asymmetric information

6. Numerical results

In this section, we investigate the 3PL’s optimal effort level and the tardiness risk in the centralized system and asymmetric
scenario, and the optimal penalty coefficient and fixed payment in the symmetric and asymmetric scenario. We set the model
parameters as follows: a =8,b =2,m=1.5,7=6,B =12, k; =5, k, =4, v = 0.5, and p varies from 5.4 to 9. Fig. 7
shows that the penalty coefficient for the low type 3PL in the symmetric scenario is the same as that in the asymmetric
scenario, while the penalty coefficient for the high type 3PL in the asymmetric scenario lower than that in the symmetric
scenario. Fig. 8 shows that the fixed payment given to the low type 3PL in the symmetric scenario is the same as that in the
asymmetric scenario, while the fixed payment given to the high type 3PL in the asymmetric scenario larger than that in the
symmetric scenario.
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Fig. 7. The penalty coefficient in the symmetric and Fig. 8. The fixed payment in the symmetric and asymmetric

asymmetric scenario scenario
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Fig. 9 reveals that the low-type 3PL in a centralized system makes the same effort like that in the asymmetric scenario, while
the high-type 3PL in a centralized system makes more effort than that in the asymmetric scenario. Therefore, the effort level
of the high type 3PL is distorted under asymmetric scenarios. Fig. 10 shows that, for a low type 3PL, the tardiness risk in the
asymmetric scenario is equal to that in the centralized system. For a high type 3PL, the tardiness risk in the asymmetric
scenario is larger than that in the centralized system.
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Fig. 9. The 3PL’s effort level in centralized system and Fig. 10. The tardiness risk in centralized system and
asymmetric scenario asymmetric scenario

7. Conclusion

In this paper, we investigate the optimal contracting problem for a fourth party logistics company (4PL) in the presence of the
third logistics company (3PL) tardiness risk. To measure the magnitude of tardiness risk and the probability of tardiness risk
occurrence, we adopt a tardiness risk index. With the index the 4PL designs incentive contracts that minimize the tardiness
risk by motivating the 3PL to make more efforts in the delivery. Considering the 3PL’s unobserved cost coefficient
information and risk-averse attitude, we propose contracts in the symmetric and asymmetric scenario when 3PL is risk-neutral
and risk-averse, respectively.

First, we study the risk management model for a centralized system, which gives a benchmark for the effort level and tardiness
risk. Second, when the 3PL is risk neutral, the 3PL's effort level and tardiness risk in the symmetric scenario are equal to that
in the centralized system, then the minimized tardiness risk guarantees the reduction of maximum probability of tardiness risk
occurrence. Under asymmetric information, the effort level of the high-type 3PL in the decentralized system is smaller than
that in the centralized system, and the effort level of the low-type 3PL in the decentralized system is equal to that in the
centralized system. Thus, the asymmetry of cost coefficient information gives the high type 3PL an information rent, and
leads to an increase of the tardiness risk. Finally, when the 3PL is risk averse, numerical experiments show that the tardiness
risk increases, while the effort level, penalty coefficient and fixed payment decrease in the degree of risk aversion. Therefore,
the risk aversion of 3PL makes the 4PL take more tardiness risk.

This paper can provide some management implications for the 4PL, such as Cainiao, especially when the 3PL cannot meet
the delivery lead time required by the client. To reduce the 3PL's tardiness risk and the maximum probability of the risk
occurrence, the 4PL platform can design the fixed payment and penalty contract that takes into account the tardiness risk
index. For the 4PL platform, the proposed contract design scheme benefits the mitigation of the tardiness risk and reduces
compensation to the client for delivery time.

Several directions can be extended for future studies, which are summarized as follows: (1) the contract under asymmetric
information cannot coordinate the system. Other types of contracts under symmetric information can be explored; (2) this
paper only considers one 3PL. There may be more than one 3PL on the market for the client to choose from, and it would be
fascinating to study the competition among 3PL companies when designing the contract.
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Appendix A: The derivation of E([t — 7]*)

When ¢ follows the uniform distribution U(—m, m), the expression of E([t — t]*) is presented as follows: E([t — 7]*) =

—be—
Jee Ti(a—be—e—‘r)de =i(a—be—r)s|‘5nbe_r—$€2 LeT =$(a—be—‘r)(a—be+m—‘r)—

1 N2 o2y Lo Y
poo. ((a—be —1)* —m*) = po. (a—be+m—1)nm.
Appendix B: Proof of Lemma 1

If r > 0, from the moment generating function, when t follows the uniform distribution U(a — be — m,a — be + m),

E(exp(f/r)) _ exp((a—be+m)/72’)7;/9:17((a—be—m)/r) = exp((a — be —m)/7) %//:)_1. Then

rinE (exp(t/r)) = r((a — be — m)/r + In(exp(2m/r) — 1) — In(2m/7)). (B.1)
Take the logarithm of both side of the equation (B.1) and then multiply r, we can obtain the following equation:

rin E(exp (£/1)) = a — be — m + r(In(exp (2m/r) — 1) — In(2m/r)). (B.2)
After make some basic arithmetic operations of equation (B.2), we can derive that

rIn E(exp (£/7)) = a—be —m +rln exp(2m/r)—1

2m/r

_ exp(2m/r)—-1
Let f(r) =rln ey

f (r) with respect to r is given by

. In the following, we prove that f(7)is monotone increasing in r. The first-order derivative of

' _ _ _ __exp (2m/r)(2m/r)
f'(r) =In(exp 2m/r) — 1) —In 2m/r) ~oxp @m/nL +1<0.

Finally, we conclude that when r < 0, f(r) is monotone decreasing, and we proof Lemma 1 m.

Appendix C: Proof of Proposition 1

_ (a—be+m-1)?

From appendix A, we can obtain that E[f — 7}]* . Because the constraint (9) is quadratic with respect to e, so

4m
constraint (9) is concave in e. Furthermore, let u(e,r) = —(a — be —m + f(r) — ), the first-order derivatives of u(e,r)
ith ttoeandrare 22 = p 2% = | 2m/r) — 1) + In (2m/r) + SREWDCD _ 4 ey th d-ord
with respect to e and r are -~ = b, -~ = —In (exp (2m/r) n (2m/r peye——— . Then, the second-order

2 2 2
derivatives of u(e,r) with respect to e and r are ZT’; =0, aae gr = O,ZT’; = (4m?/r¥) exp(2m/7) /(exp 2m/7T) — 1)? +

1/r > 0. The Hessian matrix of (e, r) is semi-positive definite, it follows that u(e, r) is concave in (e, ), so the problem is
concave in (e, 7). Let A, and A, represent the non-negative lagrange multipliers. The Lagrangian functionis L = r + 1, (a —
be—m+ f(r) —1) + 1,(R — B + p(a — be + m — 1)%/(4m) + ke?).

‘;—L: = A (=b) + 2,(=bp(a — be + m —1)/(2m) + 2ke) =0,
=1+ ,f() =0.

2mbAq
> 0.
(b2p+4km)e—bp(a+m—1)

Because f'(r) < 0, we have 4; > 0. From 4, # 0, it follows that A, # 0. Hence, we have 4, =

p(a—be+m-1)?
am

From A;, 4, >0, we obtain a—be—m+f(r)—7t=0, R—B+ + ke? = 0. Then we obtain e®* =
pb(a+m—1)+2,/m((pb2+4km)B—pk(a+m—t)2)
pb2+4km
B < (4km(a — m) — pb?(2m — 1))?/(4b*>m(pb? + 4km)) + pk(a + m — 1)?/(pb? + 4km) and 4km(a—m) =

pb?(2m —T)m.

. To ensure the delivery time is positive, we assume e* < (a — m)/b, then we have

Appendix D: Proof of Lemma 2

From the expression (12), the first derivative of I1* with respect to e is given by
an‘(a,Be) _ bp(a—be+tm-1)B

2ke.
de . 2m
Let % = 0, we can obtain that w — 2ke = 0. After solving this equation w —2ke =0,
we derive that e = 2260+™m"0

b2pB+akm
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Appendix E: Proof of Proposition 2

N —
We substitute e® in expressions (16)-(18) with bpp (atm-z)

. Let A5, 4, and Ag represent the nonnegative. The Lagrange

b2pBS+4km
function is
s bt A _ kptB )\ B 4k2mp(B-1)E
LS=r+1, (a ey m+ f(r) T) As|a Temib20f A4(B—a+ “@kmibipp) ). (E.1)
Taking the derivative of L with respect to r, @ and 8, we have
27s
L =1+ af'() =0, (E2)
27s
e == 5 =0, (E3)
aLs - 4km-b?pB+2b? -
55 = Aa(=b?p) — ATkp W + Askpt. (E4)

The Eq. (E.4) can be simplified by using the condition that A, = A5. Then the Eq. (E.4) is reformed as

ok _ 2(a+m-nkp(f-1) _
g = Mt =0 (E.5)

Az (4km+b2pp)
2(a+m-1)kp(B-1)
0 that satisfy B >1. Then we obtain the desired results. From 4km(a—m) > pb?(2m—1), we have
(4km(a-m)-pb*(2m-1))* | pk(a+m-1)* k(a+tm-1)® _  (4km(2a-1)-pb’2m-1))2m-17) _ _ (a+tm-1)p(2m-1)?

= < <Om.
4b2m(pb2+4km) pb2+4km b2 4b%Zm 4m(a—-m)

Because f'(r) < 0, wehave A; > 0. From A; # 0, it follows that 1, = 15 # 0. Hence, wehave 4, = A5 =

Appendix F: Proof of Lemma 3

exp(2m/r)—1 4km(a+m-1)

Let f(r) =rin s and g(B) =2m — PV We can easily find that f () = g(B). Becausea + m —t > 0,

g(B) is monotone increasing in B. Let ' and B" are arbitrary positive values with ' > " > 0, G(B8') > G(B"). r' and
r'’ corresponds the B’ and B with f(B') = f(r") and g(B") = f(r""). Obvious, f(r") > f(r") is hold. Because the
function f (1) is monotone increasing in r, we can conclude that v’ < r"’. Finally, we can conclude that when the optimal
is decreasing, the optimal r is increasingm.

Appendix G: Proof of Proposition 3
sxy _ _sx1.. €Xp (2m/rS)-1
Let f(r**) =r*In T omp

2 -2
4kmB—kpt +b%pB)t” +4mb2B2

, taking derivatives of f (r**) respecting to k, a, b, R and p, we have

+2bBt

UC) _ 2y sz(4kmB—p(kEZ—bZB))

<0,

ok _2 _
(me(szmR—p(kt —b2B))+2kmt)?
- -2
_ — 25, mpbt(kt —b%B)
af s 4mkt(b\[m(4kmB—p(kt2—b2B))+km) 2mb®B+ =
= - — m(akmB-p(kt —b2B))
da (b\[m(zlkmB— (K ~b2B))+2kmi)? Zmk 2 <0,
P (me(4kmB—p(kE —b2B))+2kmE)?
_2_ 2 2
. — 4kmbBE+——KE =P B)m’;b B
Af (rs* (b?B+kt )\/m(4kmB—p(kt —-b2B)) m(4kmB-p(kt —b2B))
T = 2m - + : >0,
(b\/m(4kmB—p(kf —b2B))+2kmt)? (me(4kmB—p(kE —b2B))+2kmt)?
bm2(4km+b2p)(kfz—b23)
_2 _
ararsy 2mb3\[m(4km3—p(kt —b2B))+4km?2b2t + \/m(ztkmB—p(kfz—sz)) >0
B - _ _ _ _ b
0 (b\[m(4kmB—p(kt2—bZB))+2kmt)2 (b\/m(zl-kmB—p(ktZ—bZB))+2kmt)Z
msz(kfz—bza)(kfz—bza)
2
m| 4kmB—p(kt —sz))
s i
fo <0

ap 2 2
b m<4km3—p(kf —b23)>+2kmf

We complete the proof of Proposition 3m.
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Appendix H: Proof of Proposition 4

From Proposition 2, e** can also be written as

o5 = bmp(a+m—1)(k(a+m—-1)%+b?B) n
(2km(a+m-1))2-b2m(4kmB-p(k(a+m—1)2-b2B))
2m(k(a+m~-1)2-b2B)/m(4kmB—p(k(a+m—-1)2-b2B))

(2km(a+m-1))2-b2m(4kmB-p(k(a+m—1)2—b2B))

Furthermore, we divide e“* by e** and have
e /fesr =1.

From e®* = e%", it is straightforward to verify that r** = r®*m.
Appendix I: Proof of Proposition 5

The Lagrangian function is

b%pBpt b%pBit
L? =vrh+(1—v)r, +A6(a—m—m+f(rh)—r)+/17(a—m+f(rl)—T—m)—AB(B—ah+
AEmpBp=DE o o AkEmpBr e knpt B _ _knptBn _ _ N _ _ ket h
(4khm+b2pﬁh)2) /19(3 @ + (4klm+b2p,81)2) 62 (ah + 4kpm+b2pB 4kpm+b2pBp al) fl (al 4k1m+prBl)'
Taking the derivative of L* with respect to 1y, 17, @, @, B, and ;, we have
aLe ,
= v Af () = 0,
arh
aL* ,
—=1-v+A,f'(n) =0,
aTl
aLe
9y~ 882 =0,
oL
a_al=l9_f1+fz =0,
ot 4 4o — 4kpm=b?pBp+2b%p - _ 2Agtkpp(Br=1) _
B - l6b p lskhpt 4kpm+b2p By + fzkhpt - AG + 4kpm+b2p By - 0’
LA i N A6E( kf _ KE )+ 240 kiEb2p(B1=1) _
G (4kym+b2p1)? (4kym+b2pB)?  (4kpm+bZppy)? (4kym+b2ppy)3
Because f'(r) < 0, we have 44 > 0, 1; > 0. From A4 # 0, it follows that Ag # 0. Hence, we have Ag =
2
% > 0 that satisfy 5, > 1. From A,, g > 0, we have A > 0 that satisfy §; > 1. Then we obtain the desired
h h™—
resultsm.

Appendix J: Proof of Proposition 6

For the high-type 3PL, from R = B — AIl%, and AIl* > 0, we have R < B. Taking the derivative of Bf* with respect to R, we

222 2 2 _p2
— 4kymt +b“(4kyp mR-p(kpt —b“R
4kpbT+—h (akpmR—pCkp )

-2
aRL* m(4kpmR-p(kpt —b2R))
have 5}'_\,‘

= k,mt > 0, i.e., [y, is increasing in R. From Lemma 2, the 3PL's effort decision

bp(b2R—kpE")?
e increases in the penalty coefficient B, so the 3PL's effort decision e increases in R. From R < B, we have ef” > ef”.
From r is decreasing in e, we have ™™ = ™", 1" < . Also, because ef” = e/, ri" = 1*", we have 1" =" =
e > rg*. Under the asymmetric information, the expected tardiness risk is vrg* + (1 — v)r", it follows that r™* = vrf™ +
(1 —v)r™ > 1", The proof of eff* = e*" is as follows:
Substitute R = B — 22t Ga—kn)fi™”
(b2pBf +akym)?

into ef”.

-2
b2p?t” (ly—kp) B

-2 — -2
BT e pknt ) = 2tk;mbp(b(4k,m + b%p)B — k,pbt” +

m((4k,m + pb?)(B —

Zkthm(4klmB — p(k,t’ = b2B))),
B(b?pB% + 4kym)? — b2p?t (k; — kp)BE2 = 4kZmE b2p?(4mk kpt B + 4mk,b?B? — p(Bb? — (k; — kp)E ) (k- —

b2B) + 4bk,tB \/m(4klmB — p(kE — b2B))),

(b2pB% + 4kym)? = 4T k2m((b?(4k;mB — p(k,t- — b?B)) + 4k?mt + 4btk, \[m(4klmB — p(kE = b2B)))/
(k,t° — b?B)?,
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2klmf+me(4klmB—p(klE2—bZB))

bzplgla* + 4klm = szl

k)

-2
kit —b2B

After make some basic arithmetic operations of ef*, we can derive that ef” = e/*". Thus, we complete the proof of Proposition
6m.

Appendix K: Proof of Proposition 7

From the Proof of the Proposition 6, we know that f8 is increasing in R, since R < B, we have B7* < B5*.Taking derivatives

daf” k b2p—b2ppR* . .
a—ﬁ* = 4kimp(a +m — 1)? M, then we have the following two scenarios.
2By (b2pBi*+4kpm)

ax

" . ax S%. ax 4km Jda

pa > 0,ie,ap <ap2)If B > ) + 2,we have 38
7", it follows that af** = a;*. Thus, we complete the proof of Proposition 7m.

of af* with respect to S5*, we have

ax  4km Oa
DIfpR < = + 2,wehavea

ax
ZH < 0,ie.,af* > a;*. Because B <
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