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 In order to study the behaviour of a notch specimen under plane mixed mode I +II, a Brazilian disc 
specimen weakened by U-notch located at the edge of disc is considered. A high-strength steel 
material was used for the disc specimen subjected to diametral compressive loading. A local 
approach represented by strain energy density approach based on determination of mean value of 
the strain energy density (that is over a given finite-size volume surrounding the highly stressed 
regions near the notch tip) was utilized. A finite element analysis by cast3m code have been 
undertaken in order to determine the evolution of the stress intensity factors and averaged strain 
energy density for different location of notch from the axis of force application. Variations of radius 
and angle of notch will cause disturbance in the stress field and local energy in the vicinity of the 
notch tip. The results of finite element computations were expressed as mathematical relations 
showing the influence of notch position and its radius on stress intensity factors and averaged strain 
energy density. The reduction of the angle increases the local energy unlike the increase of the 
radius tends to reduce it. 
   

© 2020 Growing Science Ltd.  All rights reserved. 

Keywords: 
Strain energy density   
U-Notch  
Brazilian disk   
Mixed-mode I+II  fracture 
Stress intensity factor 

 

 
 
 

 

1. Introduction 
 
     Many structures and components contain cracks or crack-like flaws or geometric discontinuities in 
which they can weaken the mechanical resistance. Many researches are developed and imposed 
instructions of manufacture to predict the behaviour of cracked structures and to guarantee their integrity. 
Brittle fracture is one of the frequent modes of failure in engineering materials. Since material defects 
such as cracks and notches have a significant role in the process of brittle fracture and there are not 
unavoidable, their investigations were based on fracture mechanics theory from various aspects. Linear 
elastic fracture mechanics (LEFM) remains applicable to the specimens in which the amount of plastic 
deformation around the crack tip is not considerable, so that elastic stresses and strains can be used to 
determine the mechanical behaviour of specimen. In reality, some situations result in a simultaneous 
presence of two modes of fracture: mode I (opening mode) and mode II (shear mode) which results in a 
higher degree of the difficulty of problem in brittle failure from notches than under only mode I.  Several 
types of specimen shapes that were studied under various conditions, Richard’s work (1989) was one of 
them, who used a number of specimens compact tension-shear, Brazilian disc, and etc. He investigated 
the effect of geometry on the mixed mode fracture toughness. The notched disc test has been widely used 
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in different modes, in particular mixed mode, which consists of the combined action of two or more 
modes at the same time, they have proved theirs reliability in terms of the experimental results (Tamine 
et al. 1996; Torabi et al. 2015). The specimens considered are generally containing notches with different 
geometries in order to create phenomena similar to real cases; we can define the notch as an abrupt 
change in the geometry of a mechanical component. They may be necessary for design reasons, for 
example in a seat of a rolling bearing, in the seats of grooves in shafts, in holes for housing the pin, or 
rivets, or even in screws threads for a connection, they cause a change in the stress fields and 
deformations. Consequently this may influence the stress intensity factor and elastic density energy 
because the levels of stress concentration and also the stress gradients are generally different for variety 
of notches V, U and also VO-notches with end holes (key-hole) commonly seen in the industrial 
applications. The geometries most often counted are in the forms of U, V and O-notches and their 
presence as we know induce important amplifications both in the stresses and deformations. Torabi et al. 
(2015) introduced a type of VO-shaped notch at the centre of Brazilian disc (VO-BD specimen) made 
with PMMA for different angles and various notch radii to predict mode II brittle fracture. Recently, new 
approaches for failure assessments have been appeared but their applications have been limited to the V-
notch. However, other types of notch geometries should also be studied to examine the ability to of such 
approaches. Kullmer and Richard (2006) have utilized a VO-notched for specimens under mixed mode 
I/II loading conditions. They have studied stress-based failure criterion for predicting the maximum static 
load that the compact-tension-shear-notch (CTSN) specimens made of PMMA. Torabi and Pirhadi 
(2015) have successfully analysed the fracture of notched graphite plates under mixed mode I/II using 
two stress-based criteria namely the MTS and the MS criteria. Some models are usually used by 
researchers in the study of mixed mode failure either theoretically using different failure criteria (Erdogan 
and Sih 1963; Sih 1974; Hussain et al. 1974) or experimentally using appropriate test methods, these 
tests are performed at the laboratories on model specimens. Due to the complexity and high cost of the 
experimental work on real models, these tests are performed at the laboratories on model specimens. 
However, these specimens must be carefully designed so as to behave under the same conditions as those 
of the actual technical components under these conditions of service. The researchers used various test 
samples for mixed mode I/II fracture experiments. The rectangular plate containing an inclined centre 
crack and subjected to a uniform far field tension (Williams and  Ewing, 1972; Yukio et al. 1983), the 
centrally cracked Brazilian disk specimen (Aliha et al. 2006; Awaji and Sato 1978; Chang et al. 2002; 
Shetty et al. 1987, Akbardoost et al. 2014), the asymmetric three or four-point bend specimen (Choi et 
al. 2005; Suresh et al. 1990; Xeidakis et al. 1996; Fakhri et al. 2017; Razavi et al. 2018; Mousavi et al. 
2020a,b); the angled edge crack specimen (Seed and Nowell, 1994), the compact tension-shear specimen 
(Richard and Benitz 1983; Zipf and Bieniawski 1986), the edge cracked triangular specimen subjected 
to three point bending (Aliha et al. 2013; Mirsayar et al. 2018), the asymmetric edge notch disc bend 
specimen (Bahmani et al. 2020) and the cracked semi-circular bend specimen (Ayatollahi et al. 2006; 
Lim et al. 1994; Ameri et al. 2012;  Aliha et al. 2012, 2016;  Mirsayar et al. 2017; Torabi et al. 2018) are 
some of the specimens used frequently for mixed mode fracture tests on different engineering materials 
like metals, polymers, ceramics and rocks.  
 
     In the literature, several papers have been before worked regarding brittle fracture in U- and V-notched 
domains under different loading conditions. Like for cracks, the same loading modes have been 
introduced also for notches, namely mode I, mode II, mode III, and mixed mode loadings. Most of the 
fracture assessments have been performed under mode I and mixed mode I/II loading conditions due to 
wide engineering applications. A number of fracture criteria are proposed by researchers and have been 
used for investigating mixed mode fracture in materials. They are the maximum tangential stress (MTS) 
criterion (Ayatollahi et al. 2006, Mirsayar and Samaei 2014), the maximum tangential strain (MTSN) 
criterion (Mirsayar et al. 2016), the tangential stress contour (TSC) criterion (Aliha et al. 2019), the 
maximum energy release rate criterion (Hussain et al. 1974), the minimum strain energy density criterion 
(Lazzarin and Zambardi, 2001; Sih 1974, Yosibash 2012) and critical notch stress intensity factor (NSIF) 
model used by Fodil et al. 2016; Gomez et al. 2009).  Any of these fracture criteria can be used for 
predicting the direction of fracture initiation as well as the fracture load in cracked components and 
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structures under mixed mode I/II loading stress-based (Ayatollahi and Torabi 2010; Chen and Ozaki, 
2008; Torabi et al. 2014) and energy-based (Lazzarin et al. 2009; Priel et al. 2008; Sapora et al. 2013; 
Torabi and Berto 2014) criteria have been widely used for fracture assessments of notched members. 
 
    Among the many criteria currently applied, the recent criterion strain energy based (SED) returns its 
development to Sih (1973) which is based on the fact that brittle fracture is born when the mean value of 
the strain energy  over a control volume which encircle a crack or notch tip reaches the critical energy 
for the un-notched material, Wc. The robustness of this criterion has been proved by several works on 
different notches geometries and on different loading conditions (Berto et al. 2015a,b;   Berto and 
Lazzarin 2009,2014; Campagnolo et al. 2016; Gomez et al. 2007, Lazzarin et al. 2009, 2013). In this 
context (Aliha et al. 2017) has investigated the fracture of Perspex with four specimens subjected to three 
point bend loading based on the averaged strain energy density criterion in mixed mode I/II. The different 
notches were included  in specimens  (U,V ,O and keyhole notches), the mixed mode tensile/in-plane 
shear fracture toughness results from semi-circular and triangular crack type specimens are successfully 
predicted for sharp cracked PMMA samples using the SED criterion. Sih (1974) has analysed the 
propagation and fracture toughness for mixed problem based on the energy density. The result of this 
investigation indicates that the crack initiation occurs when the interior minimum of the strain energy 
density factor (i.e. S value) reaches a critical value (Scr). Ayatollahi and aliha (2007, 2009) and Aliha and 
Ayatollahi, (2008) used a modified MTS criterion for predicting the mixed mode I/II fracture toughness 
data. In the modified MTS criterion, the effect of non-singular stress term (T-stress) was considered in 
addition to the stress intensity factors (KI and KII). Gomez et al. (2009) discussed the fracture of V-
notched specimens under mixed mode (I/II) to check the suitability of fracture criteria based on the 
cohesive zone model and strain energy density when applied to those samples. A modified MTS criterion 
was used by Ayatollahi and Aliha (2008) in mixed mode fracture tested by a centrally cracked Brazilian 
disc specimen for graphite materials. According to this criterion, the increase in the mixed mode fracture 
resistance of graphite can be attributed to the negative T-stress that exists in the BD specimen. In Khan 
and Khraisheh (2000), the maximum tangential stress criterion (MTS), was proposed and modified for 
ductile materials. A variable radius for the plastic core region based on Von Mises elastic plastic 
boundary is introduced and incorporated in the formulation of the MTS-criterion. 
 
     The aim of this paper is to study the effect of inclination of notch compared to load, under mixed 
mode I+II loading. An evaluation of notch stress intensity factor (NSIF) is examined for the variation of 
fields stress in vicinity of notch tip from BD specimen for different values of notch angle and radius. The 
local approach based on strain energy density approach is also used for analysing the behaviour of 
specimen under mixed mode and evaluating the main parameters of this method (i.e. the mean value of 
the strain energy (SED) and control volume). 
 
2. Material and Specimen 
 
    The disc specimen is made of high strength steel (46SiCrMo6 grade). Its chemical composition is 
determined using a Thermo Fisher Scientific apparatus and is shown in Table 1.  
 
Table 1. Chemical analysis of used material  
Element Si Mo Ni P Fe S Mn Cr Cu 
Wt% 1.31 0.22 0.22 0.013 96.968 0.025 0.55 0.60 0.27 
Error ±0.004 ±0.002 ±0.034 ±0.062 ±0.085 ±0.085 ±0.031 ±0.012 ±0.026 

 
    In this study a computation by the finite element method was presented in the cast3m code, on a Brazilian 
disc specimen with a diameter 40 mm and a U-shaped notch was introduced with a depth of 4 mm. Fig. 1 
shows schematically the geometry and loading configuration of the proposed mixed mode I/II specimen. Two 
diametrically opposed compressions charges are applied to the specimen  of intensity 3200 N, and the notch 
is positioned relative to the load of different angle values which are ( = 15°, 30°, 45°, 60° and 90°) and a 
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notch radius variation is used ( = 0.25, 0.3, 0.5 and 2 mm). When  is /2 relative to the charge, the specimen 
is subjected to pure mode I, the specimen tends to compress under the action of compressions forces, 
deformations will be generated due  to  specimen configuration , but for the other angles the mixed mode will 
be dominant. The combined action of each mode I and II can lead to material damage when their weighted 
sum is equal to 1 (Aliha et al. 2017). The calculation is carried out in a plane deformation mode with a fine 
mesh applied in the vicinity of notch tip by means of six-node triangular element. 

 
Fig. 1. Finite elements model 

  
3. Distribution of stresses in Brazilian disk specimen 
 
     In the case where a notch in a BD specimen oriented at an angle has been introduced relative to the 
direction of the load, the stress field generated will be modified near the notch root. The expressions 
governing this field in a thin isotropic disc without a flaw are given by Mitchell (1961): 
 𝜎௫ = − 2𝑃𝜋𝐵 ቈሺ𝑅 − 𝑦ሻ𝑥ଶ𝑟ଵସ + ሺ𝑅 + 𝑦ሻ𝑥ଶ𝑟ଶସ − 1𝐷቉ (1) 

𝜎௬ = − 2𝑃𝜋𝐵 ቈሺ𝑅 − 𝑦ሻଷ𝑟ଵସ + ሺ𝑅 + 𝑦ሻଷ𝑟ଶସ − 1𝐷቉ (2) 

𝜏௫௬ = ଶ௉గ஻ ቂሺோି௬ሻమ௫௥భర − ሺோା௬ሻమ௫௥మర ቃ    (3) 𝑟ଵଶ = ሺ𝑅 − 𝑦ሻଶ + 𝑥ଶ (4) 𝑟ଶଶ = ሺ𝑅 + 𝑦ሻଶ + 𝑥ଶ (5) 
 
     P is the load applied, D is the diameter of the disk specimen and B is the thickness of the disc specimen. 
At the center of the disc: 
 𝜎௫ሺ0,0ሻ = 2𝑃𝜋𝐵𝐷 

(6) 

𝜎௬ሺ0,0ሻ = − 6𝑃𝜋𝐵𝐷 
(7) 𝜏௫௬ሺ0,0ሻ = 0   (8) 

 
4. Fracture parameters for mixed mode I/II emanating from notch  
 
     Creager and Paris (1967) have extended the Irwin analysis to express the constraint field at a U-notch 
(shown in Fig. 2). They considered an elliptic hole in an infinite dimensional plate subjected to an overall 
stress in the direction of the minor axis of the ellipse, and determined the distribution of the constraints in the 
neighbourhood of the hole. They proposed the following hypothesis: the distribution of the stresses in bottom 
of notch is identical to that of a crack, but shifted in the direction of the bottom of notch a distance equal to 
/ 2.  
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Fig. 2. Stress field at blunt notch background according to Creager and Paris 

 
      In these conditions, the elastic stress field near the root of a notch subjected to tensile loading can be 
written approximately for the  = 0 directions as follows (Fig. 3): 
 𝜎௬௬ = 𝐾√2𝜋𝑥 ቀ1 + 𝜌2𝑥ቁ (9) 

𝜎௫௫ = 𝐾√2𝜋𝑥 ቀ1 − 𝜌2𝑥ቁ (10) 

       
      The stress intensity factor KI of cracks under tensile loading transverse to the crack (mode I) can be 
determined by considering the maximum notch stress σmax of the relevant notch problem in which the notch 
radius is decreasing to zero:    
 𝐾ூ = limఘ→଴12𝜎௠௔௫ඥ𝜋𝜌   (11) 

 

Fig. 3. Elastic stress distribution σyy  in the plane of notch  
 
     According to Radaj and Vormwald (2013), a relationship was suggested that has been derived for in-
plane shear loading (mode II) for parabolic shaped notch depending on the notch radius as: 
 𝐾ூூ ≈ 3.6742 𝜏௠௔௫ඥ𝜋𝜌      (12) 
5. Analytical background of the strain energy density approach 
 
      The averaged strain energy density approach (ASED) can be used to characterize the level of stresses 
at the notch tip with lower computation efforts, because the average SED is less sensitive to mesh size 
(Berto et al. 2017; Lazzarin et al. 2008; 2010, Aliha et al. 2017). In other words, the precision of results 
is independent of the mesh fineness with a coarse mesh, the results obtained are comparable with the fine 
mesh  (Luo et al. 2018). The basic idea behind the local strain energy density (SED) approach corresponds 
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to Neuber’s concept of an ‘elementary material volume’ or ‘microstructural support length’ used for 
stress averaging (Neuber and Kerbspannungslehre, 1958). The average SED in a defined control volume 
around the notch extremity (or crack) is considered to be the material parameter which describes the 
initiation of brittle fracture or high-cycle fatigue failure. The approach was originally named ‘finite 
volume energy-based approach’ or ‘equivalent strain energy density approach’ (Lazzarin and Zambardi, 
2001), and later on ‘local strain energy density approach’ (Lazzarin et al. 2008). The concept of averaged 
strain energy based (SED) is based on the fact that brittle fracture is born when the mean value of the 
strain of energy over a control volume which encircles a notch tip is equal to the critical energy for the 
un-notched material, Wc. This critical value is a material characteristic parameter and does not depend 
on the notch geometry and sharpness. If the material behavior is ideally brittle, then Wc, can be evaluated 
by using simply the conventional ultimate tensile strength 𝜎௧, so that 𝑊௖ = 𝜎௧ଶ/ሺ2𝐸ሻ. In plane problems, 
the control volume becomes a circle or a circular sector with a radius 𝑅଴ in the case of cracks or pointed 
V-notches in mode I or mixed, I + II, mode loading. In the case of blunt notches, the area assumes a 
crescent shape, with 𝑅଴ being its maximum width as measured along the notch bisector line (Fig. 4a) as 
stated by (Lazzarin and Berto, 2005). Under mixed-mode loading, the control area is no longer centered 
with respect to the notch bisector, but rigidly rotated with respect to it and centered on the point where 
the maximum principal stress reaches its maximum value (Fig.6) (Berto et al. 2007; Gomez et al. 2007). 
This rotation is shown in Fig. 4b where the control area is drawn for a U-shaped notch both under mode 
I loading (Fig. 4a) and mixed-mode loading (Fig. 4b).  

 
Fig. 4.  Critical volume for notched blunt U-shaped under:   

(a) mode I and (b) mixed mode loading.  
 

 
Fig. 5. Meshing elements in the volume control near the notch tip 
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     For a U-notch, the damage accumulation is localized at the notch end designated by the volume 
surrounding the arc of notch and is assumed to be the crescent shape where R0 is the distance measured 
along the bisecting line (Fig. 5). The obtained shaped area rounded near the notch background has a total 
radius equal to the sum of ‘R0 + r0’ (see Fig.4a and 4b). r0 is expressed according to the following 
expression in (Ayatollahi and Torabi 2010, Richard et al. 2005), which depends on the opening angle 
and radius of the notch. r଴ = ρሺπ − 2αሻሺ2π − αሻ .  

 
Fig. 6. Principal stress in MPa for different angle   and radius  show the maximum of stress at the edge of notch, the 

crescent shape volume rotates rigidly under mixed mode 
 
    It is quite clear that during the calculation the crescent of the volume control zone has indeed rotated 
with respect to the bisecting line (Fig. 6) where the center of the zone is situated at the point which admits 
a maximum principal stress on the forehead of notch line. Under plane strain conditions, a useful 
expression for 𝑅଴ has been provided considering the crack case (Aliha et al. 2017; Berto et al. 2015), 
note that 𝑅ଵ௖ = 𝑅଴:  
 𝑅ଵ௖ = ሺ1 + ሻሺ5 − 8ሻ4𝜋 ൬𝐾ூ௖𝜎௧ ൰ଶ 

(13) 

   
    The relationship between the NSIFs and averaged SED (W) can be expressed as a function of the 
geometry and of the applied mode ratio; the values of W1 and W2 have (Aliha et al., 2017): 
 𝑊ଵ = 𝑒ଵ𝐸 ቈ 𝐾ூ𝑅ଵ௖଴.ହ቉ଶ 

(14) 

𝑊ଶ = 𝑒ଶ𝐸 ቈ 𝐾ூூ𝑅ଶ௖଴.ହ቉ଶ 
(15) 

 

 
where KI and KII represent the mode I and mode II SIF ranges, R1 and R2, are the radii of the control 
volume related to mode I and mode III loadings, while ei (i=1, 2) are parameters that depend on the 
opening angle  and the Poisson’s ratio. They are equal to 0.13449 and 0.341390, respectively, according 
to Yosibash (2012). The total strain energy density when two modes acting together for the case of mixed 
mode I/II loading, it can be evaluated according to the following equation valid for both un-notched and 
notched components (Aliha et al., 2017; Berto et al., 2015): 
 Wୡ = Wଵ + Wଶ, (16) 
 
Eq. (16) can be rewritten as follows:  
 Wୡ = σ୲ଶ2E + τ୲ଶ2G, (17) 
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where 𝜎௧is the ultimate tensile stress of flat specimen and 𝜏௧  is the ultimate shear strength of of the 
unnotched material and can be calculated approximately as: 
 𝜏௧ = 𝜎௧/ඥ2ሺ1 + ሻ . (18) 
 
    Under torsion loads, this critical value can be determined from the ultimate shear strength it 
according to Beltrami's expression Chang et al. (2002) for the un-cracked material:  
 Wଶୡ = τ୲ଶ2G . (19) 

 
    Dealing here with sharp notches under mode II loading, the control radius 𝑅ଶ௖ can be estimated by 
means of the following equation first proposed by Berto et al. (2015):  
 𝑅ଶ௖ = (9 − 8)8𝜋 ൬𝐾ூூ௖௧ ൰ଶ 

(20) 

where 𝐾ூூ೎ is the critical notch stress intensity factor for mode II. 
 
     According to Richard et al. (2005) it is possible to approximately estimate the mode II fracture 
toughness KIIc as a function of KIc, it can expressed as: 
 𝐾ூூ௖ ≅ 𝐾ூ௖൫√3/2൯ (21) 
 
    According to used material, the ultimate tensile stress is equal to 𝜎௧ = 1662𝑀𝑃𝑎, by using the 
expression (18) the ultimate shear strength  take the value 𝜏௧ = 1038.75𝑀𝑃𝑎. The critical SED values 
of  Wଵୡ and Wଶୡ take the same value that is equal to 6.575𝑀𝐽/𝑚ଷ. In parallel, the control volume 
definition via the control radius needs the knowledge the critical stress intensity factor𝐾ூ  and 𝐾ூூ, the 
value of 𝐾ூ௖ that is correspond to the material is 97MPa and for mode II, 𝐾ூூ௖ takes the value 84MPa. 
 
6. Results and discussions  

 
6.1. Fields of stresses emanating of notch root in BD specimen  
 
    The stress distribution is governed by Mitchell expressions for a flawless Brazilian disk specimen, the 
specimen is compressed under the effect of two opposite charges and the selected U-notch generates a non-
uniform stress field. During the application of the loads, the notched specimen undergoes a deformation which 
will modify the stress field in the vicinity of the notch root, the calculation made by the FEM in the presence 
of the notch and it is confronted with the results obtained by the expressions of Mitchell, which are used in 
particular for the Brazilian disc specimens without defects in order to determine the threshold of which the 
maximum stresses of the specimen with notch can reach and to examine the apparent critical zones in the 
specimen, the curves obtained are presented in Fig. 7 with a radius and angle, defined as a function of distance 
between the notch root and the centre of specimen. We choose the curves for /a equal to 0.5 , in these  figures, 
they have shown the stresses xx and yy near the notch bottom are very close to the values obtained by 
Mitchell  expressions, and a divergence is observed when approaching the specimen centre, the growth of the 
angle () and notch radius attenuated the amplitudes of the stresses. Near the notch tip, the stresses yy are 
superior to the stresses xx (Fig. 7), and in the specimen centre, the maximum values are taken by those of 
stressesxx . For all cases the calculations of shear stress near the notch tip, their values have zero value; there 
is no shear effect near the notch tip. For a low angle (= 15°) the stress xx are greater than the stress yy in 
the area near the specimen centre  and the maximum stress is given by xx, as the angles tend towards the 
growth, the constraints re-establishes their growth and the amplitudes obtained by FEM converge to those 
obtained by Mitchell  expressions. All these stresses are compressions stresses. In conclusion, the notch 
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position with respect to the application of the charges and the variation of radius, considerably influence the 
magnitudes of the stresses and disrupted the stress field. 
 

   

  
 

Fig. 7. Distribution of constraints σxx and σyy along radius distance (OA) 
 
6.2. Stress intensity factors evolution in mixed mode 𝐾ூ 𝑎𝑛𝑑 𝐾ூூ 
 
6.2.1 Influence of angle on factors 𝐾ூ 𝑎𝑛𝑑 𝐾ூூ 
 
      Fig. 8 show the evolution of mixed-mode SIF (𝐾ூ and 𝐾ூூ) as a function of the angle. We used 
corresponding mathematical models to compare the difference between these models and FEM results and to 
determine the influence of notch radius variation and notch orientation angle on parameters 𝐾ூ and 𝐾ூூ . The 
results obtained determine that the weak rays cause the increase of the SIF Ki (I,II) and the increase of the 
angles (> 80°) mode I is dominant. Mode II is dominant when the angles are small or the rays are important. 
The increase of the angle leads to reduce the amplitudes of Ki, the convergence of results between FEM and 
mathematical relations occurs when the angles tend to increase. 
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Fig. 8. Evolution of Stress intensity factors K୍ and K୍୍ vs. angle. 
  

6.2.2 Influence of notch radius on factors 𝐾ூ 𝑎𝑛𝑑 𝐾ூூ 
 
     Fig. 9 shows the influence of notch radius variation on stress intensity factors 𝐾ூ and 𝐾ூூ, which 
translates, when increasing notch radius,  both factors  𝐾ூ and 𝐾ூூ for each  angles (15°, 30°, 45°, 60, and 
90°)  lead to decrease from the maximum towards the  low values . The increase of notch radius leads to 
reduce of fracture parameters (𝐾ூ and 𝐾ூூ). 
 

  
Fig. 9 Evolution of Stress intensity factors K୍ and K୍୍ vs. notch radius 

 
6.3. Strain energy density analysis 
 
     In order to determine the mean value of the strain energy density (SED) relating to the different angle 
and radius of notch, the simulations were conducted under purely linear-elastic conditions, in a state of 
plane strain for the Brazilian disc specimen. According to the SED approach, the failure of a component 
is governed by a local parameter such as the total strain energy density; when its value, averaged over a 
circular control volume of critical radius Rc ahead of a crack or a notch tip, reaches the critical value Wc, 
the failure occurs (Lazzarin and Zambardi 2001). Berto and Lazzarin (2014), reported these critical 
parameters to be only material-dependent. This approach has been extensively used in the assessment of 
the tensile and fatigue behaviour of different materials weakened by several notch geometries (Berto et 
al. 2015; Berto and Lazzarin 2009). From this theory in (Lazzarin and Zambardi 2001), we applied it on 
the BD specimen subjected to two opposite charges in compression, the introduction of the notch in the 
specimen redistributes the stresses fields in a non-uniform way. Therefore the local energy will also be 
modified, if we are interested at the local level near the notch tip we used the approach SED to evaluate 
the incidence caused by the presence of the notch on the parameters of rupture namely volume control 
and the total energy over the controlled volume at a load level below critical loads. Hence, to limit the 
analysis only the effect of notch position and radius was studied. Fig. 10 shows the influence of different 
changes of radius and angle on these parameters. We can notice that these changes have a significant 
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impact on the parameters of the SED-approach. The calculation allowed us to represent the total energy 
normalized with respect to the critical energy of the material as a function of the notch tip radius and angle, 
justifying the position of the notch relative to the load, the results obtained numerically are compared 
with those calculated by approximated expressions over the distance zone represented by Rଵୡ  and  Rଶୡ 
where the damage of the material can occur. Note that under a mixed mode, the center describing the 
sector R0 is located on the arc of notch tip where the main constraint is maximum. For small notch 
inclination angles i.e. (  <15°, the notch is near the application of the load) the energy is higher than the 
amplitudes of energy when the angle is greater, on the other hand at higher angles the results converge 
between computations of analytical and numerical. The variation of notch radius also modifies the 
amount of elastic energy. Unlike the calculation of the SIF (stress intensity factors Ki, i=I,II), we can see 
that the increase of the notch radius will increase the local energy. 
 

  

  
 

Fig. 10. Comparison between theoretical and numerical of Local strain energy density vs. angle  
 

7. Conclusions  
 
     The present study is based on analysis of Brazilian disc specimen weakened by U-shaped notch under 
its position with respect to the application of load and also examined the disturbance to the stress field 
caused by the variation of notch radius. To this end we have applied the averaged strain energy density 
approach which is characterized by two main parameters mentioned in the literatures which are the 
averaged strain energy density over a control volume near the notch tip and the zone represented by 
sector of radius R0 which governs the control volume. At the examination level of the constraint field, 
we used expressions that govern the stress field which corresponds to this type of Brazilian disk specimen 
developed by Mitchell and compared with the computation obtained by the finite element method.  After 
the results have been collected, we have noted that the results obtained using the finite elements  
calculation of the stresses in the vicinity of notch tip are approximately identical with the expressions of 
Mitchell. The stresses σxx  and σyy near the notch tip  are very close to the values obtained by Mitchell  
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expressions, and a divergence is observed when approaching the specimen centre, the growth of the angle 
() and notch radius attenuated the amplitudes of the stresses. Near the notch tip, the stresses σyy are 
greater to the stresses σxx, and in the specimen centre, the maximum values are taken by those of stresses 
σxx for a small angle (= 15°). 
 
    Notch position with respect to the application of the charges and the variation of radius, considerably 
influence the magnitudes of the stresses and disrupted the stress field. Near the notch tip the shear stress 
remains no effect on the behaviour of specimen compared to the level of stresses σxx and σyy. 
From the application of the SED- approach to the mixed mode, the average strain energy and the control 
volume represented by 𝑅ଵ௖ and 𝑅ଶ௖ make it possible to note the following points in terms of the fracture 
behaviour: 
 
- Under mixed-mode loading, the control area is no longer centered with respect to the notch bisector, 
but rigidly rotated with respect to it and centered on the point where the maximum principal stress reaches 
its maximum value. 
- For small notch inclination angles the mean value of the strain energy density (SED) in a circular sector 
of radius ‘R’ located at the notch tip is important in the vicinity of the notch tip and can initiate the crack, 
if the external forces become great and the mean value of strain energy density exceeds the critical value; 
and when the angles tend to increase, the average strain energy density decreases from maximum values 
to minimum values.  
- Also the variation of notch radius has an influence on the amplitude of the average strain energy density 
and the notch stress intensity factors. Its increase leads to attenuation of the amplitude of the notch stress 
intensity factors but it increases the local energy. 
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