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 This paper presents recent research, concerning some preliminary design guidelines to be applied 
in GFRP composite sandwich panels, for civil engineering applications. For more than a decade, 
the foundations of preliminary design of concrete, wood and steel structures, have been fully 
established in structural design codes and technical recommendations. Since FRP structures at the 
moment possess no standard design code, its preliminary design guidelines are nowhere to be 
found. This work pretends to fill this gap in knowledge, by providing simple and clear design 
guidelines to be applied in classical known GFRP composite sandwich panels, more specifically 
in home buildings. Just like in concrete structures, for GFRP structures one of the most 
unfavourable design state is the serviceability, mainly due to the long term deflection. Therefore, 
this long term deflection will be used to estimate the minimum span/height ratio necessary to 
“indirectly” verify the serviceability state. This is performed using an extensive parametric 
analysis: of the span beam model; type of materials; type of support; load levels; and geometrical 
properties. In this work in order to correctly estimate the flexural and shear deflection, the Carrera 
Unified Formulation is used, therefore no simplified shear correction factor is needed. 
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1. Introduction 
 

 
      Recently several experimental studies concerning the creep deformation in GFRP (glass fibre 
reinforced polymers) structures, have been performed by several authors (Mário Garrido & Correia, 
2016; Gonilha, Barros, et al., 2014; Sá, Gomes, Correia, & Silvestre, 2016). Some of these studies have 
also undertaken a numerical and sometimes an analytical simulation of a long term deflection due to 
creep, using Timoshenko beam theory. These studies have been taken in order to estimate deflections of 
GFRP beams and panels, but for a particular section type, a unique span, and always for simple supported 
structures. At the moment, a simple beam theory that could accurately calculate the correct shear 
flexibility for any given sandwich panel section, spam and type of support, is unknown. It is important 
to point out, that the method for calculating the shear correction factor, to be used in Timoshenko beam 
theory, is only valid for: i) longitudinal plane section deformation (not present in sandwich panels 
(Reddy, 1984); ii) for constant shear strain in the span (Timoshenko & Young, 1965), which is not 
verified in uniform span loads. 
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    The numerical simulation of the structural behaviour of the sandwich panels with commercial software 
has several limitations associated with, among other things, the fact that the behaviour of the skins is 
rather different from the cores. This is a clear limitation of the classical Timoshenko beam theory 
(Timoshenko & Young, 1965), which is only valid for uniform sections with constant longitudinal shear 
deformation, something which is not usually verified in composite laminated panels (Reddy, 1997). Even 
if a good simple beam theory is chosen, there is still an enormous debate in the scientific community, on 
the precise shear correction factor, to be used in composite sandwich panels, which depends largely on 
the type of load and supports, as referred in (D7250M-16, 2016). The current expressions have coarse 
assumptions (do not provide an economic and competitive design), and are only valid for simply 
supported beams (CNR-DT-205/2007, 2008). 
 
     An efficient alternative to avoid shear factor corrections in slabs is to express the displacement field 
as function 𝑧 and 𝑧ଷ, in which the resulting warping is located in the median plane, through a more 
realistic function (Reddy, 1984). Therefore, with this approach, it is possible to obtain further parabolic 
shear stresses through the thickness of the section. One possible hypothesis is based on the theory of Kant 
(Kant, Owen, & Zienkiewicz, 1982) and represents a good alternative for first-order theory with 
Reissner-Mindlin (Reddy, 1999) at the expense of two degrees of freedom by (Pandya & Kant, 1988) 
node, but still with theoretical limitations. Recently Carrera developed a unified Formulation (CUF) 
(Carrera, 2003), which is based on the fact that the equations of motion, boundary conditions and/or 
matrix of finite elements have a common standard. This standard (which was called fundamental core) 
expands according to the degree that is chosen to displacement field. It has been shown recently that this 
approach is the most complete and efficient to study various theories of sandwich panels (Carrera & 
Boscolo, 2007; Carrera & Brischetto, 2008; Ferreira et al., 2013; Neves et al., 2012), even when 
computing long term deformation with creep (Arruda et al., 2017).  
 
     With these recent studies, it is now possible to easily inquirer which section geometry of a given 
sandwich panel, provides low creep deformation. With this “indirect” controlled creep deformation, it is 
possible to estimate a span/height ratio, to be used in the proposed pre-design guides for structural GFRP 
sandwich panels. At the moment, several structural civil engineering codes and books provide pre-design 
guides (Brockenbrough & Merritt, 1999; EC2, 2010; FIB, 2010; Fridley, Pollock, & Cobeen, 2006) for 
“indirect” controlled deformation, but only for reinforced concrete, steel and wood structures. 
Concerning GFRP structures, no such code or book exist at the moment, also due to the unknown 
thematic in the civil engineering industry for FRPs. 

2. Objectives 
 

     The main objective of this work is to present a recent research, concerning some preliminary design 
guides to be applied in GFRP composite sandwich panels, for civil engineering applications, mainly 
home buildings. Just like in other materials in civil engineering, these pre-design guides are based on 
“indirect” deflection control. This is performed using an extensive parametric analysis of: the sandwich 
panel materials; type of support; load levels; and geometrical properties, with the help of a high order 
beam theory. The adopted high order beam theory is Carrera Unified Formulation, since it correctly 
estimates the flexural and shear deformations, therefore, no simplified shear correction factor is needed. 
 
     It will be admitted two types of GFRP panel sections: a simple panel; and a ribs panel (Mário Garrido 
& Correia, 2016). Also, three type of possible standard materials for the core will be adopted according 
to the industry standards (M. A. Garrido, 2016). With the above referred parametric campaign, it will be 
possible to assemble a pre-design guide table, in order to choose the correct height of panel including the 
skin thickness (its geometry), in order to “indirectly” verify the maximum long term deflections due to 
creep. This procedure, is indeed similar, to what is performed with other materials in structural design 
for civil engineering. 
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     The results of these analyses will be used for practical applications in the design of sandwich panels, 
with enormous economic and sustainable relevance for Civil Engineering. This work pretends to fill this 
gap in knowledge, by providing simple and clear design guidelines to be applied in classical known 
GFRP composite sandwich panels, more specifically in home buildings. Also these tables will produce 
in short and long term useful tools for the preparation of the new Eurocode 10 – FRP Composite 
Structures (CEN/TC250, 2017). 

3. GFRP in Civil Engineering 
 

     The sandwich panels with composite GFRP are made of thin high strength outer layers (skins), 
internally filled with a lightweight material layer (core). These panels structure follows a typical basic 
pattern, comprising two relatively thin skins of high strength, enclosing a relatively thick and light core. 
Many alternative forms of sandwich construction are possible by combining different skin and core 
materials, therefore, enabling optimum designs to be produced for particular applications (Davalos et al., 
2001). FRP materials (FRPs) have an enormous potential as construction materials presenting several 
advantages when compared with traditional materials: high mechanical performance, lightness, low 
maintenance, improved durability and increasingly competitive costs (Bakis et al., 2002). These 
characteristics are particularly relevant for building rehabilitation, since the use of FRPs often does not 
need elevation devices and introduces much lower loads over existing construction elements (M. A. 
Garrido, Correia, Branco, & Sá, 2012). In terms of thermal insulation this material preserves room 
temperature better than any other structural material (like concrete or steel), therefore, it is ideal for using 
on roof tops, in order to increase the building energy efficiency, and decreasing the “Global Warming 
Effect” due to human comfort requirements. 
 
    The design of GFRP sandwich panels is conditioned by the deformability (which the creep 
contributes), and in terms of collapse, by buckling phenomena (Leong, Lars C.T. Overgaard, Thomsen, 
Lund, & Daniel, 2012) and skin delamination (Reis & Rizkalla, 2008). Recent work (Keller, 2008; Keller, 
Vallée, & Murcia, 2008; Sharaf & A., 2008) including studies at IST (M. A. Garrido, Correia, Branco, 
& Keller, 2014; Gonilha, Correia, & Branco, 2014) demonstrated the structural efficiency by enhancing 
polyurethane cores with lateral ribs (webs) in GFRP. Having regard to its lightness, this material is 
economically competitive for the construction of temporary structures in disaster/ emergency situations 
and in the rehabilitation of old structures. Also in terms lightness this material is ideal for being produced 
in developed countries and being transport by air and sea to undeveloped countries in Africa (contrary to 
concrete and steel structures). For example, the quasi permanent load of a GFRP panel in a home building 
is around 3 to 5 kN/m2, quite low when compared with a quasi-permanent load of a concrete slab from 8 
to 10 kN/m2. Added to this the GFRP panels presents an excellent thermal insulation as referred before, 
which makes them ideal for roof tops and lateral walls in countries with harsh climates (like in Africa). 

4. CUF for GFRP Composite Sandwich Panels 

4.1. Background of CUF 
 

Conventional beam theories are based on a fixed number of variables; this number is usually related to 
the specific problem that has to be evaluated. Euler–Bernoulli and Timoshenko models (Felippa, 2005; 
Timoshenko & Goodier, 1970) have previously completely described the bending of slender beams, with 
three unknowns. On the other hand, thin-walled beam or torsion analysis requires more sophisticated 
theories with a larger number of variables (Silvestre & Camotim, 2002a, 2002b). It can be concluded that 
this modelling approach is problem dependent since a beam theory is ad-hoc built to face a particular 
structural analysis. Therefore, there is no guarantee it can be extended to other cases. This problem and 
its extension to enhanced models is not straightforward (Mucichescu, 1984). 
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Since 1960 the finite element method (Clough, 1960; Cook et al., 2002; Turner et al., 1956), have 
successfully made the use of classical beam theories much more attractive, due to improvement in 
computer science. The possibility of solving complex framed structures with involving thousands of 
degrees of freedom (DOFs) and very different boundary conditions (mechanical and geometrical) has 
made it possible to analyse complex problems with adequate precision. However, in the work of 
(Novozhilov, 1961), it was been shown that there is still an existing difficulty for obtaining a complete 
stress/strain field in sections with complex geometries, torsion or thin walls still. These questions remain 
unanswered, but can be addressed by high order beam theories. In 1997, a high order shell theory using 
stress finite element models, was proposed by (Pereira, 1993), in which a hierarchical formulation was 
presented in the thickness direction. Since 2003, Professor Erasmo Carrera proposed the Carrera Unified 
Formulation (CUF), applied initially in plates and shells (Carrera, 2003) and then recently extended to 
beams (Giunta, Belouettar, & Carrera, 2010), in which higher-order models are obtained in its 
framework. The present 1D formulation has been exploited for the static analysis of compact and thin-
walled structures (Carrera, Giunta, Nali, & Petrolo, 2010). Free-vibration analyses have been carried out 
on hollow cylindrical and wing models (Carrera, Petrolo, & Nali, 2011; Carrera et al., 2012). A beam 
model with only displacement degrees of freedom has been developed (Carrera & Petrolo, 2012) and 
asymptotic-like results were obtained in (Carrera & Petrolo, 2010). CUF is a hierarchical formulation 
which considers the order of the model as a free parameter (i.e., as input) of the analysis; in other words, 
refined models are obtained with no need for ad-hoc formulations. The CUF permits one to develop a 
large number of beam theories with a variable number of displacement unknowns by means of a concise 
notation and by referring to a few fundamental nuclei (Ferreira, Araújo, et al., 2013). Higher-order beam 
theories can easily be implemented on the basis of the CUF, and the accuracy of a large variety of beam 
theories can be established in a hierarchical and/or axiomatic vs. asymptotic sense (Carrera & Ciuffreda, 
2005). A modern form of beam theories can consequently be constructed in a hierarchical manner. The 
number of unknown variables is a free parameter of the problem. A 3D stress/strain field can be obtained 
by an appropriate choice of these variables for any type of beam problem (Carrera, Pagani, & Petrolo, 
2015): compact sections, thin-walled sections, bending, torsion, shear, and localized loadings, static and 
dynamic problems. Also recently CUF has been successfully applied in the field of civil engineering, 
more specifically in the creep deformation of sandwich panels (M. R. T. Arruda et al., 2017), shear 
deformations of bridge GFRP decks (M. R. T. Arruda, Castro, Ferreira, Garrido, et al., 2018), and 
physically non-linear analysis of steel, reinforced concrete and GFRP beams  (M. R. T. Arruda, Castro, 
Ferreira, Martins, & Correia, 2018). 

4.2. Fundamental Equilibrium Equations 
 

    By admitting a set of static forces acting in an elastic body, the equilibrium, compatibility and elasticity 
equations governing the behaviour of that structure may be expressed as (Almeida & Freitas, 1991): 

 [𝐷]{𝜎} + {𝑋} = 0 (1) 
 

 {𝜀} = [𝐷]௧{𝑢} (2) 
 

 {𝜎} = [𝐶]{𝜀} (3) 
 

      The vectors {𝜎}, {𝜀} and {𝑢} list the independent components of the stress 
[𝜎௫௫ 𝜎௬௬ 𝜎௭௭ 𝜎௫௭ 𝜎௬௭ 𝜎௫௬]௧, strain [𝜀௫௫ 𝜀௬௬ 𝜀௭௭ 𝜀௫௭ 𝜀௬௭ 𝜀௫௬]௧ and displacement 
[𝑢୶ 𝑢୷ 𝑢୸]௧ fields, respectively. Geometrically linear behaviour is assumed, therefore, differential 
equilibrium operator [𝐷], and the differential compatibility operator [𝐷]௧, represent linear and adjoint 
operators. Vector {𝑋} lists the body force components [𝑋 𝑌 𝑍]௧. 
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 [𝐷] = ቎

𝜕௫ 0 0 𝜕௭ 0 𝜕௬

0 𝜕௬ 0 0 𝜕௭ 𝜕௫

0 0 𝜕௭ 𝜕௫ 𝜕௬ 0
቏ (4) 

 
     For a general orthotropic material the linear elastic constitutive relation can be expressed in terms of 
stiffness coefficients (5), by using the adopted matrix: 

 

 [𝐶] =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝐶௫௫ 𝐶௫௬ 𝐶௫௭ 0 0 0

𝐶௫௬ 𝐶௬௬ 𝐶௬௭ 0 0 0

𝐶௫௭ 𝐶௬௭ 𝐶௭௭ 0 0 0

0 0 0 𝐺௫௭ 0 0
0 0 0 0 𝐺௭௬ 0

0 0 0 0 0 𝐺௬௫⎦
⎥
⎥
⎥
⎥
⎥
⎤

 (5) 

 
     The boundary of the structure may be subdivided into two complementary regions: the kinematic 
boundary (Dirichlet), 𝛤௨, in which the value for the displacement fields is prescribed and the static 
boundary (Neumann), 𝛤௧, where the applied forces are prescribed. It can be written: 

 
 {𝑢୻} = ൛𝑢ൟ   𝑜𝑛   𝛤௨ (6) 

 
 [𝑁]{𝜎} = {𝑡}   𝑜𝑛   𝛤௧ (7) 

 

 [𝐷] = ቎

𝜕௫ 0 0 𝜕௭ 0 𝜕௬

0 𝜕௬ 0 0 𝜕௭ 𝜕௫

0 0 𝜕௭ 𝜕௫ 𝜕௬ 0
቏ (8) 

 
      The vectors {𝑢୻} and {𝑡} gather the components of the prescribed displacements [𝑢୻୶ 𝑢୻୷ 𝑢୻୸]௧ 
and forces [𝑡௫ 𝑡௬ 𝑡௭]௧ on the kinematic and static boundaries, respectively. Matrix [𝑁] lists the 
components of the unit outward normal vector. 

 

 [𝑁] = ቎

𝑛௫ 0 0 𝑛௭ 0 𝑛௬

0 𝑛௬ 0 0 𝑛௭ 𝑛௫

0 0 𝑛௭ 𝑛௫ 𝑛௬ 0
቏ (9) 

 
       Using all three Eq. (1), to Eq. (3) it is possible to deduce equilibrium equations in the 𝑥, 𝑦 and 𝑧 
direction. The matrix [𝐾ீ] is basically the terms of the differential static equilibrium equation of motion. 

 

 
{𝑋} = −[𝐷][𝐶][𝐷]௧ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

[௄ಸ]

{𝑢} (10) 

 

 [𝐾ீ] = ቎

𝐾௫௫ 𝐾௫௬ 𝐾௫௭

𝐾௫௬ 𝐾௬௬ 𝐾௬௭

𝐾௫௭ 𝐾௬௭ 𝐾௭௭

቏ (11) 

 

 
𝐾௜௜ = −൫𝜕ଶ𝐶௜௜/𝜕௜𝜕௜ + 𝜕ଶ𝐺௜௝/𝜕௝𝜕௝ + 𝜕ଶ𝐺௜௠/𝜕௠𝜕௠൯ 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑡𝑒𝑟𝑚𝑠

𝐾௜௝ = −൫𝜕ଶ𝐶௜௝/𝜕௜𝜕௝ + 𝜕ଶ𝐺௜௝/𝜕௜𝜕௝൯ 𝑛𝑜𝑛 − 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑡𝑒𝑟𝑚𝑠
 (12) 

 
      This last Eq. (12) is useful, since it makes it easier to evaluate the stiffness terms of the global 
governing system when conventional finite elements (FE) are applied. 
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4.3 CUF Fundamental Nuclei 
 

     The unified formulation will be presented and then exploited to derive the governing equations in 
weak forms using conventional FE (Reddy, 2004). Displacement fields are in fact obtained in a unified 
manner, regardless of the order of the theory, which is considered as an input of the analysis. The 
overcoming step, from a basic to a higher-order model, is immediate and does not require any ad hoc 
implementations. The beams cross-section displacement Fig. 1 is describe by the generic function 𝐹ఛ. 

 
 {𝑢} = [𝐹]{𝑎} (13) 

 

  
 

Fig. 1. Global axis of GFRP composite sandwich. 
 

      𝐹ఛ are functions of the cross-section coordinates 𝑥 and 𝑧, {𝑎} is the displacement vector. The choice 
of 𝐹ఛ is arbitrary, which means, different base functions of any order can be taken into account to model 
the kinematic field of a beam above the cross-section. One possible choice is related to the use of 
Legendre Polynomials, used with success in the works of (Arruda et al., 2018), with CUF. The total size 
of the displacement vector is given by  𝑀 = (𝑁 + 1) × (𝑁 + 2)/2, which stands for the number of terms 
of the expansion. For a generic frame element, the total number of degrees of freedom (DOF) is given 
by 3𝑀𝑝, in which 𝑝 is the number of the nodes by finite element (for Q2 we have 𝑝 = 2 and for Q4 is 
𝑝 = 4). For example, in Q2 with 𝑁 = 1 there is a total of 9 generalized displacement variables in the FE 
formulation, with a total of 18 DOFs. The displacement variables are interpolated along the frame axis 
by means of the shape function [𝑁], which is a function of the 𝑦 coordinate. 

 

 

⎩
⎪⎪
⎨

⎪⎪
⎧𝑎ఛ௫ = 𝑎ఛ௫(𝑦) = ෍ 𝑁௜(𝑦)𝑞ఛ௫௜

௜

𝑎ఛ௬ = 𝑎ఛ௬(𝑦) = ෍ 𝑁௜(𝑦)𝑞ఛ௬௜

௜

𝑎ఛ௭ = 𝑎ఛ௭(𝑦) = ෍ 𝑁௜(𝑦)𝑞ఛ௭௜

௜

 (14) 

 
      Therefore, it is possible to recover the same nodal displacement approximation, usually found in 
conventional FE formulations (15). The unit displacement matrix (16) can also be derived and is useful 
when the stiffness matrix of the governing system is being assembled. 

 
 {𝑢} = [𝐹][𝑁]{𝑞} (15) 

 
 ⇒ [𝜓] = [𝐹][𝑁] (16) 

 
      The FE model is used to approximate the problem along the 𝑦-axis (beam length) 𝑁௜(𝑦), while the 
expansion, 𝐹ఛ(𝑥, 𝑧), is used to approximate the displacement on the 𝑧, 𝑥-axis (cross-section). Any beam 
model can be derived using this formulation and classical models, such as the Euler–Bernoulli or 
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Timoshenko models, can be obtained as particular cases (Timoshenko & Young, 1965). Using index 
notation, it is possible to write (17), with 𝑖 being the node index and 𝜏 the degree approximation index: 

 
 {𝑢} = 𝐹ఛ(𝑥, 𝑧)𝑁௜(𝑦){𝑞ఛ௜} (17) 

 
      By means of the Galerkin weight method (Hughes, 2003), it is possible to develop the governing 
system of the CUF formulation, in which the static differential equilibrium condition is enforced in the 
following weighted residual form: 

 

 න[𝜓]௧([𝐷]{𝜎} + {𝑋})𝑑𝑉 = 0 (18) 

 
     To mobilize boundary terms, the first member of Eq. (18) is integrated by parts, leading to all 
equilibrium conditions in the domain and boundary, as can be found in (M. R. T. Arruda et al., 2017). 
After all integration procedures, it is possible to rewrite the governing system in terms of matrix 
formulation, in which: [𝕂௘] is the stiffness operator;  {𝑞} is the depended nodal displacement vector; 
{𝑄௠} is the uniform load vector; {𝑄௧} is the line load vector; and {𝑄୻୳} is the nodal load vector. The 
global governing system is obtained, by enforcing that the adjacent elements share the same boundary 
displacement along the shared edge.  The assembly procedure is based on the elementary contributions, 
typical in classical FE models (M. R. T. Arruda et al., 2017).  
 
 [𝕂]{𝑞} = {𝑄௠} + {𝑄௧} + {𝑄୻୳} (19) 

 
It is then possible to write the fundamental symmetric nucleus for beams (Carrera et al., 2011) using the 
following conditions: 
 

 

Diagonal Terms (𝑥, 𝑧) with 𝑛 ≠ 𝑚 ≠ 𝑦 

𝕂௡௡
ఛ௦௜௝

= 𝐶௡௡ න 𝐹ఛ,௡𝐹௦,௡𝑑Ω න 𝑁௜𝑁௝𝑑𝑦 + 𝐺௠௡ න 𝐹ఛ,௠𝐹௦,௠𝑑Ω න 𝑁௜𝑁௝𝑑𝑦

+ 𝐺௬௡ න 𝐹ఛ𝐹௦𝑑Ω න 𝑁௜,௬𝑁௝,௬𝑑𝑦 

Diagonal Terms (𝑦) with 𝑛 = 𝑦;  𝑚 ≠ 𝑘 ≠ 𝑦 

𝕂௡௡
ఛ௦௜௝

= 𝐺௠௡ න 𝐹ఛ,௠𝐹௦,௠𝑑Ω න 𝑁௜𝑁௝𝑑𝑦 + 𝐺௞௡ න 𝐹ఛ,௞𝐹௦,௞𝑑Ω න 𝑁௜𝑁௝𝑑𝑦

+ 𝐶௡௡ න 𝐹ఛ𝐹௦𝑑Ω න 𝑁௜,௬𝑁௝,௬𝑑𝑦 

Non-Diagonal Terms (𝑥, 𝑧) with 𝑛 ≠ 𝑚 ≠ 𝑦 

𝕂௡௠
ఛ௦௜௝

= 𝐶௡௠ න 𝐹ఛ,௡𝐹௦,௠𝑑Ω න 𝑁௜𝑁௝𝑑𝑦 + 𝐺௡௠ න 𝐹ఛ,௠𝐹௦,௡𝑑Ω න 𝑁௜𝑁௝𝑑𝑦 

Non-Diagonal Terms (𝑦) with 𝑛 ≠ 𝑦; 𝑚 = 𝑦 

𝕂௡௠
ఛ௦௜௝

= 𝐶௡௠ න 𝐹ఛ𝐹௦,௡𝑑Ω න 𝑁௜,௬𝑁௝𝑑𝑦 + 𝐺௡௠ න 𝐹ఛ,௡𝐹௦𝑑Ω න 𝑁௜𝑁௝,௬𝑑𝑦 

(20) 

4.4. Approximation Functions 
 

      Legendre polynomials have already been proposed by other authors to simulate multilayer structures, 
with high-order theory in laminated composite plates. The first tests were carried out by (Carrera, Cinefra, 
Petrolo, & Zappino, 2014), in which a clear advantage comes from the fact that allows one to use a LW 
theory, while avoiding the inclusion of constrain equations to impose 𝐶௭

଴ requirements. This type of 
functions were also used in non-conventional FE formulation (M. R. Arruda & Castro, 2011), to simulate 
plate behaviour, in which the stability of the governing system was always assured, even for higher 
degrees of approximation. The approximation functions may be defined by: 
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𝐹଴(𝜉, 𝜂) = 𝑃଴(𝜉) × 𝑃଴(𝜂) 𝐹ସ(𝜉, 𝜂) = 𝑃ଵ(𝜉) × 𝑃ଵ(𝜂)

𝐹ଵ(𝜉, 𝜂) = 𝑃ଵ(𝜉) × 𝑃଴(𝜂) 𝐹ହ(𝜉, 𝜂) = 𝑃଴(𝜉) × 𝑃ଶ(𝜂)

𝐹ଶ(𝜉, 𝜂) = 𝑃଴(𝜉) × 𝑃ଵ(𝜂) ⋮

𝐹ଷ(𝜉, 𝜂) = 𝑃ଶ(𝜉) × 𝑃଴(𝜂) ⋮

 (21) 

 
      Complete sets of orthonormal Legendre polynomials are used to define the approximation bases. The 
generation and manipulation of such functions, is fully described in (Pereira & Freitas, 1996a, 1996b; 
Spiegel & Liu, 1999). The Legendre polynomials can be defined using the Rodriguez equation (22). 

 

 𝑃௡(𝜉) =
1

2௡ 𝑛!
×

𝑑௡

𝑑𝜉௡
(𝜉ଶ − 1)௡𝜆௡       𝑤𝑖𝑡ℎ     𝜆௡ = ඨ

2𝑛 + 1

2
 (22) 

 
      One of the main advantages of using these polynomials is the possibility of avoiding any numerical 
integration scheme for linear analysis. Therefore, it is possible to define analytical expressions (if the 
cross section has only one layer; or in the case of multilayer, it is required to be symmetric), for all 
structural operators, even for cases where orthogonality is not presented. The properties of Legendre 
polynomials can be exploited in the work of (Arruda et al., 2018; Pereira & Freitas, 1996a): 

4.5 Applied Load 
 

     In this work uniform loads are applied all through the span of the beam, and always on the top of the 
beam (Carrera et al., 2014), therefore, the uniform load can be written in this particular case as (23). If a 
load is directly applied in a nodal point, its equivalent force load can be found in the work of Carrera et 
al 2010 (Carrera et al., 2010). 

 

 𝑄௡
ఛ௜ = න 𝐹ఛቀ𝑥, 𝑧 = ℎ

2ൗ ቁ𝑁௜(𝑦)𝑞௡(𝑥, 𝑦)𝑑x𝑑𝑦       𝑖𝑛 𝑤ℎ𝑖𝑐ℎ      𝑞 = [0 0 −𝑞௭]  (23) 

4.6 Integration of the CUF Nuclei with ESL 
 

      A particular case of implementing CUF for an ESL, can be deduced using an integration piecewise 
in (24), and in Eq. (25) for RIBBS. These integrals can be derived by observing Fig. 2. 

 

𝐶௜௝
௘௤

න 𝐹ఛ𝐹௦𝑑Ω = 𝐶௜௝
௖௢௥௘ න න 𝐹ఛ𝐹௦𝑑Ω

௕/ଶ

ି௕/ଶ

௛/ଶ

ି௛/ଶ

+ 𝐶௜௝
ீிோ௉ ቆන න 𝐹ఛ𝐹௦𝑑Ω

௕/ଶ

ି௕/ଶ

௛೟/ଶ

ି௛೟/ଶ

− න න 𝐹ఛ𝐹௦𝑑Ω
௕/ଶ

ି௕/ଶ

௛/ଶ

ି௛/ଶ

ቇ (24) 

 

𝐶௜௝
௘௤

න 𝐹ఛ𝐹௦𝑑Ω = 𝐶௜௝
௖௢௥௘ න න 𝐹ఛ𝐹௦𝑑Ω

௕/ଶ

ି௕/ଶ

௛/ଶ

ି௛/ଶ

+ 𝐶௜௝
ீிோ௉ ቆන න 𝐹ఛ𝐹௦𝑑Ω

௕೟/ଶ

ି௕೟/ଶ

௛೟/ଶ

ି௛೟/ଶ

− න න 𝐹ఛ𝐹௦𝑑Ω
௕/ଶ

ି௕/ଶ

௛/ଶ

ି௛/ଶ

ቇ (25) 

 

  
(a) (b) 

Fig. 2.  Global axis of GFRP composite sandwich, a) simple panel, b) ribs panel 
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5. Long Term Deflections 
 

     Equivalent to implement creep deformation in CUF, the relationship between stresses and strains was 
considered to be as: 

 

 
{𝜎} = [𝐶]{𝜀௘} = [𝐶]({𝜀} − {𝜀௖}) 

{𝜀௖} = φ{𝜀௘} 
(26) 

 
     In this Eq. (26), the elastic strain (𝜀௘) is considered to depend linearly on the stress level (𝜎) through 
a stiffness matrix [𝐶], and is given by the difference between the total long-term strain (𝜀) and the creep 
strain (𝜀௖) (Zienkiewicz & Taylor, 2000). The creep strain was considered to depend on the elastic strain 
through the application of creep coefficients (φ) (Mase & Mase, 1999). Such coefficients are material 
dependent, and provide a time-dependent measure of the magnitude of creep deformation in relation to 
the elastic (instantaneous) deformation in the material. Thus, by applying the Galerkin method described 
in equation (18), it is possible to enforce the differential equilibrium condition using creep strains as: 
 

 න[𝜓]௧([𝐷][𝐶]{𝜀௘} + {𝑋})𝑑𝑉 = 0 (27) 

 

 න[𝜓]௧([𝐷][𝐶]({𝜀} − {𝜀௖}) + {𝑋})𝑑𝑉 = 0 (28) 

 
      A new imposed creep strain appears in the form of an equivalent load (equation (29)), and since this 
equivalent load is proportional to the elastic tensor (Eq. (30)).  

 

 ⇒ {𝑄௖} = න[𝐵]௧[𝐶]{𝜀௖}𝑑𝑉 (29) 

 
 [𝐶௖] = [𝐶(φ)] (30) 

 
     It is possible to modify equation into Eq. (28) and Eq. (31), and write a new governing system Eq. 
(32). 

 

 ⇔ න[𝐵]௧[𝐶௖][𝐵]𝑑𝑉{𝑞} = න[𝜓]௧{𝑋}𝑑𝑉 + න[𝜓]௧[𝑁]{𝜎}𝑑Γఙ + න[𝜓]௧[𝑁]{𝜎}𝑑Γ௨ (31) 

 
 [𝕂஼]{𝑞} = {𝑄௠} + {𝑄௧} + {𝑄୻୳} (32) 

 
     In this work, the composite creep modelling (CCM) approach, which entails an equivalent stiffness 
methodology that has been proposed in (Garrido et al., 2014) for simple panels and in (Mário Garrido et 
al., 2016) for panels with ribs, was adopted for the calculation of the long term displacements due to 
creep. The CCM approach considers creep in sandwich panels as a result of creep of its individual 
materials/components. Predictions of a sandwich panel’s creep response are thus obtained by considering 
the viscoelastic increase of the constituent materials’ deformations as time-dependent reductions of their 
stiffness or elastic moduli, and using them as input in an appropriate model of the panel’s structural 
behaviour. These reductions may be used to affect the elastic stiffness moduli of the materials, as given 
by the following equations for the axial (𝐸୧୨,ୡ) and shear (𝐺୧୨,ୡ) moduli: 

 

 𝐸୧୨,ୡ(𝑡) = χ୉(𝑡) × 𝐸௜௝ =
𝐸௜௝

1 + 𝜑ா(𝑡)
 (33) 
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 𝐺୧୨,ୡ(𝑡) = χୋ(𝑡) × 𝐺௜௝ =
𝐺௜௝

1 + 𝜑ீ(𝑡)
  (34) 

6. Methodology Used for the Pre-Design Guides 

6.1 Initial Considerations 
 

     The first attempts to assemble a pre-design guideline, was performed using several blind 
parametrizations, in which an optimal solution is calculated according to a similar procedure described 
in (M. Garrido, Madeira, Proença, & Correia, 2019). The adopted materials, spam and section geometry 
are described in Table 1 and Table 2 , and these lead to a total combination of 5ଽ = 1.953.125 cases. In 
the end it was not possible to achieved an efficient solution that could be compared with the classical 
guidelines found in the pre-design of reinforced concrete, steel and wood structures. Therefore, a 
different optimal solution was searched in which adopted span/height ratio is at least smaller than the one 
provided by classical structural materials. It is then possible to adopt a span/height ratio that would be 
competitive with other materials in civil engineering. 

6.2. Parametrized Sections 
 

     Two type of sections were adopted, concerning know geometries provided by GFRP sandwich panels 
manufacturers in the civil engineering industry (Garrido, 2016). The first section is a classical panel, with 
a top and bottom GFRP (only flanges) skin and a core in the middle as presented in Fig. 3 a). The second 
a close box GFRP skins (webs and flanges) with also a confined core in the middle as depicted in Fig. 3 
b). 

 

  
(a) Panel (b) Panel with ribs 

Fig. 3. Adopted sections for pre-design guidelines 

6.3. Adopted Materials 
 

6.3.1 GFRP Skins 
 

     The variability of GFRP properties in the industry is massive (Clickhouse, 2014), and recently it was 
found out that its creep behaviour may be even bigger (Mário Garrido, Correia, Keller, et al., 2016) than 
the one assumed by the manufactures. Using also some information reported in the Italian FRP standard 
(CNR-DT-205/2007, 2008), it was possible to estimate the coefficients of creep due to longitudinal and 
shear deformations, for an elapsed time of 50 years. In structural design codes, it is possible to assume 
that the life time expectancy of a given structure is 50 years, without any external intervention or 
rehabilitation (Ghali, Favre, & Elbadry, 2018). Taking in to account all of this information, it was 
considered an average low values for the elastic properties, and an average high values for the creep 
effect in the GFRP Table 1. With these simplifications, it is expected that the real deformation, will 
always be smaller than the numerical one, providing some safety factor for the structural designer. 

 
Table 1. Adopted GFRP elastic and creep properties 

𝐸ௌ[𝑀𝑃𝑎] 𝐺ௌ[𝑀𝑃𝑎] 𝜈[−] 𝜙ா௦(50 𝑦𝑒𝑎𝑟𝑠)[−] 𝜙ீ௦(50 𝑦𝑒𝑎𝑟𝑠)[−] 
30000 2500 0.31 0.67 2.0 
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6.3.2. Foam Core 
 

     The variability of the foam core is bigger than the one in GFRP skins, as reported in the work of 
(Mário Garrido  et al., 2016), even with low ambient temperature variation. Even the manufacture 
properties of the foam core in some cases present a high uncertainty (Airex, 2016). This lead to some 
authors proposing different elastic and creep properties for the material of the foam core (Mário Garrido 
& Correia, 2016). Taking into account the variability of the foam core properties, due to its fabrication 
unpredictability in the industry, is was admitted an existence of three type of foam cores named: 1st 
SoftCore, based on standard polyurethane foam, since it is one of the most flexibles; 2nd NormalCore, 
based on commercial polyurethane terephthalate foam, to simulate a more rigid core foam; 3rd a 
HardCore, based on wood balsa, to model a core foam with almost no creep effect. Their properties are 
presented in Table 2, and again are low average values for the elastic parameters, and high average values 
for the creep. 

 
Table 2. Adopted core foam elastic and creep properties. 

𝐹𝑜𝑎𝑚 𝐶𝑜𝑟𝑒 𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙 𝐸஼[𝑀𝑃𝑎] 𝐺஼[𝑀𝑃𝑎] 𝜈[−] 𝜙ா௖(50 𝑦𝑒𝑎𝑟𝑠)[−] 𝜙ீ௖(50 𝑦𝑒𝑎𝑟𝑠)[−] 
SoftCore (PUR) 20 10 0.3 6 6 
NormalCore (PET) 40 20 0.3 0.5 0.5 
HardCore (Balsa) 100 50 0.3 0.2 0.2 

6.4. Load Distribution Behaviour 
 

     As known in structural engineering, slabs tend to distribute loads in two plane directions (Ghali & 
Nevillle, 1997). In this work, due to the orthotropic behaviour, and the connections between panels and 
supports being limited, it is assumed that the panel only distributes loads in one direction Fig. 4. 
Therefore, it will be expected that the calculated vertical displacements, are smaller than the real ones, 
providing some safety factor for the structural designer. 

 

  
(a) Real Case (b) Assumed behaviour (more flexible) 

Fig. 4. Load distribution behaviour. 
 

6.5 Assumed Loads 
 

      All the assumed loads are according to (EC1, 2002), relative to home buildings in conjunction with 
Europe structural codes. According to these structural codes, the maximum vertical displacement in 
beams and slabs, is computed using a quasi-permanent load combination: 

 Since the section of the GFRP panel is not known initially it was assumed a self-weight of 
0.5kN/m2 (Clickhouse, 2014). This value is clearly above the average value of a typical GFRP 
composite sandwich panels, therefore, it is expected once again, that the calculated deflection 
values are higher than the real ones, providing some safety factor for the structural designer. 

 For the permanent load, two types were used: the 1st without the direct load of interior walls in 
the panel slab (these would load on a nearby beam), as depicted in Fig. 5 a), with a standard value 
of 1.5kN/m2; 2nd with the direct load of interior walls in the panel slab, as presented in Fig. 5 b), 
with a standard value of (1.5+2.0)kN/m2. 

 For the live load, the standard value of 2.0kN/m2 is adopted, with a quasi-permanent reduction 
factor of 0.3. 
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    For the 1st and 2nd case this would give a total load 2.6kN/m2 and 4.6kN/m2 respectively, as 
demonstrated in (35) and (36). By comparing with a concrete slab, just the 1st case would give a value 
above 7.0kN/m2.  

 
 𝑞௤௨௔௦௜_௣௘௥௠௔௡௘௡௧ = 𝑝௦௘௟௙_௪௘௜௚௛௧ + 𝑝௣௘௥௠௔௡௘௡௧_௟௢௔ௗ + 0.3 × 𝑝௟௜௩௘_௟௢௔ௗ = 2.6𝑘𝑁/𝑚ଶ (35) 

 
 𝑞௤௨௔௦௜_௣௘௥௠௔௡௘௡௧ = 𝑝௦௘௟௙_௪௘௜௚௛௧ + 𝑝௣௘௥௠௔௡௘௡௧_௟௢௔ௗ + 0.3 × 𝑝௟௜௩௘_௟௢௔ௗ = 4.6𝑘𝑁/𝑚ଶ (36) 

 
     The first parametric studies, concluded that the use of a simple panel with loads from interior walls is 
not competitive in terms of ration span/height when compared with concrete slabs Fig. 5 (a). Therefore, 
it was admitted, that when interior load walls are directly on the slab, then a panel with ribs is necessary 
Fig. 5 (b). 

  
(a) 1st case with a simple panel (b) 2nd case with ribs panel 

Fig. 5. Type of loads assumed. 

6.6. Chosen Geometry  
 

      Since the design load is in units kN/m2, the value of the width is not important, therefore, common 
values in the industry were used for the geometry of simple panel and ribs panel. 

 In a simple panel, the width 𝑏 = 250𝑚𝑚 is assumed, since it is a standard commercial geometry 
Fig. 6 a). A minimum of 5mm is adopted for the skin thickness, since it is a standard value given 
by the industry manufactures. 

 In a ribs panel, the width is a little bigger 𝑏 = 500𝑚𝑚, to assume a bigger shear lag effect, that 
may increase the shear deformation. Again this is a standard commercial geometry Fig. 6 b). 

 The ribs thickness is proportional to the skin thickness 𝑒 = 70%𝑡, leaving the only unknown 
variables in the panel: the height and the thickness of the skin. Also a minimum of 5mm is adopted 
for the skin thickness, since it is a standard value given by the industry manufactures. 

  
(a) Simple panel (b) Ribs panel 

Fig. 6. Type of loads assumed. 

6.7 Adopted Supports 
 

     Since in the pre-design phase, the geometry of the support is unknown, it is admitted a line support 
through its transversal direction. This type of support is clearly not real, as demonstrated in Fig. 7, but 
provides a more flexible solution, therefore, once again providing some safety factor for the structural 
designer. 
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(a) Real Case (b) Assumed geometry 
Fig. 7. Type of support geometry. 

 
      Again since in the pre-design phase, the longitudinal span type is not known, the 4 classical simplified 
support conditions are admitted, as presented in Fig. 8. These are more than enough to estimate a vertical 
displacement, with uniform vertical loads in the span. 

 

    
a) Pinned-Pinned b) Fixed-Fixed c) Fixed-Pinned d) Cantilever 

Fig. 8. Type of beam support conditions. 

6.8 Chosen Pre-Design Guides 
 

     In conventional beams, the span/height ratio is fixed, being the rest of the geometry a function of the 
stress level, during the final design phase. Usually the level of deflection is fixed according to the 
country’s structural codes (37), in this work the quasi-permanent limit is used according to Eurocode 1 
(EC1, 2002). Since in this work the CCM is used, the creep effect is enclosed in the total effect (38). 

 

 𝛿௩௘௥௧௜௖௔௟
஼௎ி = 𝛿௩௘௥௧௜௖௔௟

௘௟௔௦௧௜௖ + 𝛿௩௘௥௧௜௖௔௟
௖௥௘௘௣

≤ 𝛿௠௔௫ =
𝐿௦௣௔௡

250
 (37) 

 

 𝛿௩௘௥௧௜௖௔௟
஼௎ி = 𝛿௩௘௥௧௜௖௔௟

௘௟௔௦௧௜௖ା௖௥௘௘௣
≤ 𝛿௠௔௫ =

𝐿௦௣௔௡

250
 (38) 

 
     When using Principal of Virtual Displacements in beams uniformly loaded with low shear 
deformation (39), it’s easy to fix the span/height ratio, since these remain constant through the application 
of cubic root (39). But when shear deformation is high, this simplification is no longer possible for beams 
with uniform load through the span (40). 

 

 1. 𝛿 = න
𝑀𝑀ഥ

𝐸𝐼
𝑑𝑥 ≤

𝐿௦௣௔௡

250
    ⇒    𝛼

𝐿௦௣௔௡

ℎ௦௘௖௧௜௢௡
≤ √𝑐𝑡𝑒

య  (39) 

 

 1. 𝛿 = න ቆ
𝑀𝑀ഥ

𝐸𝐼
+

𝑉𝑉ത

𝐺𝐴௖
ቇ 𝑑𝑥 ≤

𝐿௦௣௔௡

250
    ⇒    𝛼 ൬

𝐿௦௣௔௡

ℎ௦௘௖௧௜௢௡
൰

ଷ

+ 𝛽 ൬
𝐿௦௣௔௡

ℎ௦௘௖௧௜௢௡
൰ ≤ 𝑐𝑡𝑒 (40) 

 
     But for GFRP composite sandwich panel it is even more difficult, since it is also necessary to inquirer 
the increase of thickness of the GFRP skin, due to these provide extra bending stiffness. Therefore, the 
previous equations are not possible to apply directly to GFRP sandwich panels, and a rethinking is 
necessary for the pre-design guides. To solve this problem, a simplification is performed, in order to 
eliminate these extra variables during the pre-design phase: 1st it is admitted that a single constant 
span/height ratio is fixed for a given material section; 2nd when performing the verification (39), if this 
is not achieved then only the thickness of the core is increased; 3rd the level of span/height ratio is fixed 
according to values that are competitive when comparing with conventional beams in civil engineering. 
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7. Deflection Control 

7.1 Pre-Design Guideline Table 
 

     After running several examples, with different: foam core materials, load levels, type of support and 
type of sections, using the restriction in equation (38), the Table 3 was assembled. It was limited to a 
maximum span of 10.0 meters, because of its constraint for bigger spans in home buildings, due to high 
vibrations.  

 

Table 3.  Adopted span/height ratio, for indirect control of deformation due to creep. 
Minimum thickness of the skin 
[mm] vs allowed span length 
[mm] 

Simple Panel Panel with ribs 

L/h 5 10 15 20 L/h 5 10 15 20 

Pinned-Pinned 
SoftCore 20 - ≤2000 ≤3000 ≤4000 25 - ≤4000 ≤8000 ≤10000 
NormalCore 30 ≤4000 ≤9000 ≤10000 - 30 ≤3000 ≤9000 ≤10000 - 
HardCore 35 ≤3000 ≤7000 ≤10000 - 33 ≤2000 ≤4000 ≤7000 ≤10000 

Fixed-Fixed 
SoftCore 25 - ≤2000 ≤3000 ≤4000 35 ≤5000 ≤10000 - - 
NormalCore 50 ≤7000 ≤10000 - - 50 ≤3000 ≤9000 ≤10000 - 
HardCore 55 ≤7000 ≤10000 - - 55 ≤3000 ≤8000 ≤10000 - 

Pinned-Fixed 
SoftCore 20 - ≤2000 ≤3000 ≤4000 30 ≤3000 ≤10000 - - 
NormalCore 40 ≤5000 ≤10000 - - 40 ≤2000 ≤7000 ≤10000 - 
HardCore 45 ≤5000 ≤10000 - - 45 ≤2000 ≤5000 ≤9000 ≤10000 

Cantilever 
SoftCore 9 - ≤2000 ≤3000 ≤4000 11.5 - ≤4000 ≤8000 ≤10000 
NormalCore 13.5 ≤4000 ≤9000 ≤10000 - 13 ≤3000 ≤9000 ≤10000 - 
HardCore 15.5 ≤3000 ≤7000 ≤10000 - 14.5 ≤2000 ≤4000 ≤7000 ≤10000 

 
     Observing Table 3, it is possible to choose a given span length, and point a L/h ratio and skin thickness, 
in order to “indirectly” control the creep deformation, and therefore, choosing a valid pre-design section 
to be used during the final design phase. It is also important to point out, that a simple panel with SoftCore 
is not recommend with spans greater than 4.0 meters, due to its high creep deformation. Also with 
Softcore in the simple panel, a minimum of 10 mm is required in the thickness of the skin. It is important 
to point out also, that these pre-design values, are only to be used during an initial structural pre-design 
phase. A deep structural analysis is recommended in order to verify all aspects of ultimate and service 
load according to the new Eurocode 10 (CEN/TC250, 2017). 

 

7.2 Important Remark for the Simplified Expression 
 

     It is even possible to simplify a bit more Table 3, when closely observed. In this case, for normal 
spans in home buildings (< 9000mm) and admitting a NormalCore at least, it is possible to use a 
span/height ratio 𝐿௦௣௔௡/ℎ௦௘௖௧௜௢௡ = 30, with a skin thickness of 𝑡 = 10𝑚𝑚. This is possible for simple 
panel (without loads from interior walls) and ribs panel (with loads from interior walls), admitting that 
all the spans are conservatively simply supported. 
 

8. Case Study  
 

     Next a simple four span slab model, usually found in home buildings, is pre-design with a classical 
concrete slab, and with a GFRP composite sandwich panels, in order to compare solutions. For the 
concrete slabs, the table 7.4N from (EC2, 2010) is used, but for the GFRP panel the purposed Table 3 is 
adopted. For the GFRP panels, it is admitted the possibility of existing loads from interior walls, in some 
sections of the home building. For the simple panel, a foam core PET is chosen (normal core), but for 
the ribs panel a PUR foam core (SoftCore) material is adopted. The PUR foam core was chosen with the 
ribs panel, to show the reader the most unfavourable solution, therefore, the highest section height 
needed. Which means in the ribs panel, if a foam core PET or Balsa is adopted, then section height is 
clearly lower than the one presented in this example, providing an even more competitive solution against 
the concrete slab. The pre-design section height is defined for each span separately (Fig. 9), then the 
thickest section height and skin thickness is adopted for both concrete slab and GFRP panel (Fig. 10). To 
properly visualize the difference between the thickness of the concrete slab and the GFRP panel, the 
vertical scale was increased 10 times. 
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Fig. 9. Pre-design of the concrete slab and 

GFRP panel, for each span separately 
Fig. 10. Adopted pre-design geometry for the 
concrete slab and GFRP panel 

 

9. Conclusions and Further Developments 
 

     When using CUF it is possible to promote a parametric campaign, in order to inquirer the minimum 
height of a given GFRP panel, so that vertical deflection due to creep, is below the limit allowed in the 
European structural codes. This was not possible with classical Timoshenko beam theory, since the shear 
correction factor is in general cases unknown. With this, it is possible to assemble a deflection control 
table for GFRP panel, just like the ones used in concrete slabs, in order to be used as pre-design guidelines 
for structural engineering in home buildings. Some assumptions/simplifications were adopted, but they 
were all conservative, therefore, it is expected that the vertical deflections are clearly below what was 
limited in the European structural codes. In the case study, it is possible to observe that the height of the 
GFRP panel is clearly competitive when compared with a classical concrete slab, even when using a 
SoftCore foam. This is extremely important, since the cost of manufacturing a GFRP panel is above a 
concrete slab. 
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