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1. Introduction

Concrete is a quasi-brittle material in which a variable fracture process zone exists ahead of a macro crack during loading.
Due to this, the linear elastic fracture mechanics (LEFM) becomes inapplicable directly for the study of crack propagation
phenomena in such material. Researchers in the past have developed many nonlinear fracture models such as the fictitious
crack model (FCM) or cohesive crack model (CCM) (Carpinteri, 1989; Elices et al., 2009; Hillerborg et al., 1976; Kumar &
Barai, 2008b; Kwon et al., 2008; Park et al., 2008; Petersson, 1981; Planas & Elices 1991; Roesler et al., 2007; Zhao et al.,
2008), crack band model (CBM) (Bazant & Oh, 1983), two parameter fracture model (TPFM) (Jenq & Shah, 1985), effective
crack model (ECM) (Nallathambi & Karihaloo 1986), size effect model (SEM) (Bazant et al., 1986, Akbardoost et al., 2014),
Kr-curve method based on cohesive force distribution (Xu & Reinhardt 1998, 1999), double-K fracture model (DKFM) (Xu
& Reinhardt 1999a,b,c, 2000; Zhao & Xu, 2002; Zhang et al., 2007; Kumar & Barai, 2008, 2009, 2010a,b; Xu & Zhu, 2009;
Zhang & Xu, 2011; Hu & Lu, 2012; Hu et al., 2012, 2015; Kumar et al., 2012; Qing & Li 2013; Kumar et al., 2014; Pandey
et al., 2016; Choubey et al., 2016, 2017; Qing et al., 2017; Ruiz et al., 2016; Qing et al., 2018; Choubey & Kumar, 2018;
Pradhan et al., 2018; Li et al., 2019) and double-G fracture model (DGFM) (Xu & Zhang 2008) for crack propagation studies
in concrete and concrete structures. The two important material constants (i.e. tensile strength and fracture toughness) are
independent of specimen size, geometry or type (Guan et al., 2019).

Initial cracking toughness (K;c™) and unstable fracture toughness (K;c*") are two material parameters that can characterize
the DKFM. Extensive numerical and experimental investigations have been carried out using double-K fracture (DKF)
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parameters of concrete. Simplified polynomial equations have been developed recently by Choubey and Kumar (2018) for
determining the DKF parameter of concrete with variable strengths and material properties, for three-point bend test (TPBT)
specimen. The derived equations can predict the DKF Parameter of concrete with negligible error as compared to those
obtained based on experimental results. Also, these equations avoid complexities in computations of fracture parameters that
were involved in using the existing analytical methods. Rooholamini et al. (2018a,b) and Fakhri et al. (2021) studied the
fracture toughness of different concrete materials using edge crack ben beam samples. Hou et al. (2019) solved the cohesive
zone model analytic function for concrete based on wedge-splitting tests on a CT specimen and revealed a new method for
solving the tensile strain softening curve. In continuation with the previous studies (Choubey and Kumar 2018), the authors
in the present study have extended the work for the compact tension (CT) specimen and made an attempt to derive non-
dimensional polynomial equations for predicting the DKF parameters of concrete for the given material properties and
specimen dimensions. To this end, three different concrete strengths and corresponding material properties for the specimen
size range 100-500 mm with initial notch length to depth ratio of 0.3, are considered for the compact tension test. The desired
numerical data for determining the DKF parameters are obtained from the developed FCM model for CT specimen. The
influence of varying concrete strength on different fracture parameters of DKFM is reported in the present study.
Subsequently, all the non-dimensional fracture parameters for varying concrete strength are plotted with respect to specimen
size in terms of non-dimensional parameters, and simple polynomial equations have been derived for computing the DKF
parameters of CT specimen for the known values of material properties and specimen size.

2. Determination of double-k fracture parameters for CT specimen

The dimensions and configuration of standard CT specimen according to the ASTM standard E-399 (2006) (Karihaloo and
Nallathambi 1991) are shown in Fig.1 in which D;,=1.25D, H=0.6D, H;=0.275D.
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Fig. 1. Dimensions and loading schemes of CT specimen

2.1 Determination of effective crack extension

During the crack propagation, to determine the effective crack extension value, a priori, the P-COD plot for the CT
geometry is to be known. Using linear asymptotic superposition assumption (Xu & Reinhardt, 1999), the equivalent-elastic
crack length a. corresponding to maximum load P, for standard CT specimen is solved using LEFM equations (Murakami,
1987). Hence, the COD is expressed as:
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a
where, & = —, a = a. equivalent-elastic crack length at maximum load P, the empirical Eq. (2) is valid within 0.5%

accuracy for 0.2<a <0.975. The value E is calculated using the P-COD curve as:
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where, E is modulus of elasticity of concrete. Here, the value of E determined using compressive cylinder tests is used to
obtain the critical crack length of the specimen (ASTM International Standard E399-06, 2006).

2.2 Computation of Kic*" and Kic"™

In the fictitious crack zone, a linearly varying cohesive stress distribution is assumed, which gives rise to cohesion toughness
as a part of total toughness of the cracked body. At the tip of effective crack length, the total stress intensity factor (SIF)
“K;” is equal to the sum of SIF caused due to external load K/ and SIF contributed by cohesive stress K¢ as shown in Fig.
2 That is:

K, =K' +KC @
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Fig. 2. Calculation of SIF using superposition method

After determining the critical effective crack extension at unstable condition of loading, the two parameters, initiation
toughness (K;c™) and unstable fracture toughness (K;c*") of DKFM is determined using LEFM formulae as given in the
following equations. The SIF is expressed as:

K, =o,NDk(a) ©)

where, k(@) is a geometric factor, & = a/D and oy is the nominal stress. The SIF for standard CT specimen is determined
using Eq. (5) for the following values of oyand k(@) (Karihaloo and Nallathambi 1991)
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Eq. (7) is valid for 0.2 < a < 1 within 0.5 % accuracy. Above equations can be used in calculation of K;"" at the tip of
effective crack length a. in which a = a. and P = P,. The K" is calculated using the following inverse relation.

Kt =K =K (8)

In Eq. (8), the value of K;c© using five terms weight function (Kumar and Barai 2009¢; 2010a) is expressed in the
following form.

K,CC:—2 Aa 2s”2+M1L9-+-£M2s3/2+%s2-+-£M4s5/2 +
N2ra 3 2 5 o
A,a’ is”2 +%S2 +iM2S5/2 +iM4S7/2 +%{1— (a,/a)’ -3sa, /a}
3 2 15 35 6
where, 4 =0, (CTOD,), 4, = J,—0,(CTOD,) ands =(1—a,/a),alsoa = a.at P = P,. After determining the
a-a,

value of K;c€ using Eq. (9), Kic™ can be evaluated using Eq. (8). In which, crack tip opening displacement (CTOD) at critical
load (P,) becomes critical crack tip opening displacement, CTOD, which is determined using the following expression (Jenq
and Shah 1985)

CTOD, = CMOD, {(1-a,/a,)’ +(1.081-1.149a, / D)[a, / a, ~(a,/a,)’]} (10)
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0;(CTOD,) «— —¢— o —Ix =0c

Fig. 3 Distribution of cohesive stress in the fictitious crack zone at critical load.

In which CODc is the crack opening displacement at critical or peak load. The linearly varying distribution of cohesive
stress is presented in Fig. 3. In Fig. 3 o,(CTOD,) is cohesive stress at the tip of initial notch and cohesive stress distribution
o{x) is expressed as:

o(x)=0,(CTOD,) + =

[/, —0.(CTOD,)] for 0< CTOD < CTOD, (11

o
The value of o;(CTOD,) is calculated by using softening functions of concrete. In the present work, the nonlinear
softening function is used in the computation. This softening function is characterized as:

ow) =1, 1+[C:v—wj exp(—czw]_wl(1+cf)eXp(—cz) (12)

w

c

c c

The value of total fracture energy of concrete Gr is expressed as:

3 _ 3
G.=w.f, CL 1+6[ﬁj —{1+cf(l+i+%+%ﬂe)(p( CZ)—(Hcljexp(—cz)

2 G G G G G 2

(13)

in which, o{w) is the cohesive stress at crack opening displacement w and ¢; and c¢; are the material constants. The w, is the
maximum crack opening displacement at which the cohesive stress becomes zero. For normal concrete the values of ¢, and
¢y are taken as 3 and 7, respectively.

Also the five term weight function m(x,a) of Eq. (9) can be expressed as per equation

m(x,a) =#[1+Ml(l—x/a)”2 +M,(1-x/a)+M,(1-x/a)"> +M4(1—x/a)2] (14)
27(a—x)
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The parameters of Eq. (14) that is M;, M>, M3 and M, for edge cracks in a finite width of plate subjected to pair of normal
forces can be determined using Egs. (15) and (16) (Kumar and Barai 2009¢; 2010a).

M, :m[ai +ba/D+c(al DY +d,(a/ D)’ +e(a/D)" + f(a/ D) ] (15)

for,i =1and 3

M, =[a,+ba/D| (16)
fori=2and 4

The values of coefficients a; b;, c; . . ., fi of these parameters M;, M>, M3 and M, are presented in Table 1.

Table 1. Coefficients of 5 terms weight function parameters M1, M2, M3 and M4 (Kumar and Barai 2009c; 2010a).

i ai bi ci d;i e fi

1 -0.000824975 0.6878602 0.4942668 -3.25418434 3.4426983 -1.3689673
2 0.782308 -3.0488836 - - - -

3 -0.3049218 13.4186519 -23.31662697 35.51066606 -34.440981408 14.10339412
4 0.28347699 -7.378355423 - - - -

Thus, the value of Kic® and K ™ are determined using Eq. (9) & Eq. (8), respectively
2.3 Fictitious crack model and material properties

Hillerborg and coworkers initially applied FCM or CCM to simulate the softening damage of concrete structures. In the
past, the cohesive crack method became popular and was modified and used by many researchers (Petersson 1981; Carpinteri
1989; Planas and Elices 1991; Roesler et al. 2007; Park et al. 2008; Zhao et al. 2008; Kwon et al. 2008; Elices et al. 2009;
Kumar and Barai 2008b, 2009¢) to show the applications of CCM for characterizing the softening functions and predicting
the nonlinear fracture characteristics of concrete using various test configurations.

0.075D P
0.225D 0.3D

-+ <

H1=0.275D
¢ > H=0.6D

Fig. 4 Finite element mesh for half of the CT specimen
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Three material properties (modulus of elasticity E, uniaxial tensile strength (f;, and fracture energy (Gr)) are required to
model FCM or CCM. The FCM for the CT specimens as presented by the authors, Kumar and Barai (2008b, 2009a), is used
in the present study. Here, along the potential fracture, the governing equation of the crack opening displacement (COD) line
is written. Linear elastic finite element method is determined using the influence coefficients of the COD equation. In finite
element calculation, the 4-noded iso-parametric plane elements are used and the COD vector is partitioned according to the
enhanced algorithm introduced by Planas and Elices (1991). Consequently, the system of nonlinear simultaneous equations
is developed and solved using Newton-Raphson method. For standard CT specimens having size range D = 100-500 mm and
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with B = 100 mm, the finite element analysis is carried out, for which due to symmetry, the half of the specimens are
discretized as shown in Fig. 4. Total 80 numbers of equal iso-parametric plane elements along the dimension D are considered.

For three concrete mixes (M;, M, and M3) with Poisson’s ratio v = 0.18 and maximum aggregate size d,=16 mm are
considered in the present study. The material properties for the concrete mixes are considered as per the CEB-FIP Model
Code (CEB-Comite Euro-International du Beton-CEB-FIP Model Code 1990) as given in Table 2.

Table 2. Material properties for the concrete mixes as per CEB-FIP Model Code (CEB-Comite Euro-International du Beton-
CEB-FIP Model Code 1990)
Cylinder characteristic strength, fox

Concrete Mix (MPa) f: (MPa) E (GPa) Gr (N/m)
M, 20 22 26 60
M, 40 3.5 31 90
M; 60 4.6 35 115

For simulating FCM in the present investigation, the nonlinear softening function with ¢;=3 and c,=7, respectively is used,
for all concrete mixes. In order to obtain non-dimensional fracture parameters, two relations of FCM i.e., characteristic length
1=EGy/f? and critical value of stress intensity factor K;= \(G#E) are used.

3. Results and discussion

P-COD curves for each size of specimen (D=100, 200, 300, 400 and 500 mm with B=100 mm and ay/D=0.30) are
simulated from FCM. Typical results of P-COD for the CT test for specimen depth of 100 mm and 500 mm at a,/D ratio of
0.3 are shown in Figs. 5 and 6, respectively. The type of specimen geometry, concrete mix and specimen size are denoted by
the legends of Figs. 5-6. For example, CT-M;-D; in Fig.5 denotes the CT specimen made of concrete mix M; and specimen
size of 100 mm.

6 18
—=—CT-M1-D1 —=—(CT-M1-D5
——CT-mM2-D1 16 - ——CT-M2-D5
5 ——CT-mM3-D1 ——CT-M3-D5
14 -
4 12
10 -
3
2 Z g
a’ a’
2 6 -
4 .
1
2 .
O T T 0 T T T
0 0.1 0.2 0.3 0 0.2 0.4 0.6 0.8
COD, mm COD, mm

Fig. 5 P-COD curve for specimen depth 100 mm of CT test ~ Fig. 6 P-COD curve for specimen depth 500 mm of CT test

In Fig. 8, a non-dimensional parameter f/;>/P, is taken on Y-axis and a non-dimensional parameter /.,/COD., is kept on
X-axis. From the plot, it is observed that all the points lie on a straight line which is independent of specimen size. This
observation seems to be a true material property that the peak load can be obtained for a given value of critical value of
crack opening displacement and material properties of concrete. Hence, the parameter fil.,*/P, termed as a peak load ratio
depends on the material properties and specimen geometry for a given value of geometrical factor a,/D ratio. Following
form of equations representing the non-dimensional peak load ratios can be obtained from linear regressions for the CT
specimen.

I !
% =0.0086 C(E)h ~8.7531 (17)

for which, R? = 0.993
Eq. (17) can be useful to calculate the P, for a given COD, for variable values of concrete strength, £ and G of concrete
for the CT specimen. These equations are valid for nonlinear softening function and a,/D ratio of 0.3.
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Further, the computed values of K", Kic©, Kic™, P and CTOD, are plotted with respect to tensile strength of concrete
for all the specimens through Figs. 9-13, respectively. From the figures, the following observations are made.

18 90
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—o—CT-D5
0 T T O T T
0 0.05 0.1 0.15 0 5000 10000 15000
COD_for CT, mm l.,/COD, for CT

Fig. 7 Re.lationship between unstable peak load and Fig. 8 Relationship between non-dimensional peak load and
corresponding COD. corresponding COD,

e Itis seen from Fig. 9 that the value of K;c*” increases with tensile strength of concrete for a given specimen size and it
also increases with increase in specimen size for particular value of concrete strength.

e Fig. 10 shows a similar behavior of K;c€ as in case of K;c*" that is value of K;c© increases with tensile strength of concrete
and it also increases with increase in specimen size for a specified value of concrete strength.

e The observed behavior of K;c™ is different than those of K;c* and K;c© as seen from Fig.11. The value of K;c™ increases
with tensile strength of concrete for a given specimen size whereas it decreases with increase in specimen size for a
specified value of concrete strength.

The crack initiation load P;,; is difficult to measure from the experiments. However, it can be easily determined using
inverse method in double-K fracture model. Fig. 12 shows the variation of computed value of P;,; with respect to tensile
strength of concrete for both the test geometries. It is observed that the value of P;,; increases with increase in tensile strength
of concrete for a given specimen size and also it increases with increase in specimen size for a specified value of concrete
strength.
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Fig. 9 Influence of tensile strength of concrete on the K;c  Fig. 10 Influence of tensile strength of concrete on the K;c©
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e Asseen from Fig. 13, the CTOD. is influenced by specimen size and concrete strength. It is observed that the value of
CTOD. increases with tensile strength of concrete for a given specimen size and also it increases with increase in
specimen size for a specified value of concrete strength.

e The ratio of crack initiation load to unstable fracture load (Pini/Pu) is an important parameter which is plotted with
respect to tensile strength of concrete as shown in Fig. 14.
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Fig. 13 Influence of tensile strength of concrete on the  Fig. 14 Variation of P;,/P, with the tensile strength
CTOD* of concrete
e From the figure it is observed that the ratio (P;,/P,) depends on the specimen size and concrete strength. The value of
P;,/P, decreases with increase in tensile strength of concrete for a given specimen size and also it decreases with increase
in specimen size for a specified value of concrete strength. The calculated values of P;,/P, for D=100 mm is 0.554, 0.517
and 0.498 for concrete grades M;, M, and M3 respectively for the CT specimen. Similarly, for D = 500mm, the values of
Pii/P, are 0.343, 0.287 and 0.257 for concrete grades M, M> and M3 respectively.

Further, the non-dimensional form of fracture parameters involved in double-K fracture model are plotted with /.,/D ratio
and some interesting trends are observed from these plots. The parameter K;/K;c*" for the CT specimen at a,/D ratio 0.3 is
plotted in Fig. 15. It is seen from the figure that the unstable fracture toughness of material increases with the specimen size.
The non-dimensional material fracture parameter K;o/K;c*" shows a definite relationship with /.,/D ratio for all the three
concrete mixes that means this parameter is independent of the concrete strength and its material property. A generalized size-
effect relationship for different concrete mixes is obtained for the CT specimen from polynomial regression analysis as given
below.
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K 7Y 1Y i
i:o.oml(c—hj —0.1208(6—”j +O.3351(L”j+1.1668 (18)
K" D D D

for which, R? = 0.991

Eq. (18) needs only the material properties and specimen size for laboratory size specimens to evaluate the unstable
fracture toughness of concrete. The cohesive toughness in non-dimensional parameter K;/Kc© is plotted with /.,/D ratio as
shown in Fig.16. It is observed from the figure that the K;o/K;cC also shows a definite relationship with the /.»/D ratio. The
value of cohesive toughness of the material increases with increase in specimen size. For CT, a generalized polynomial
regression equation can be obtained and presented as given in Eq. (19).

K 7\ 1Y 1Y i
i :—0.0093(th +0.1249(f—hJ —0.5804(1') +1.3204(ﬂ]+1.1997 (19)
< D D D D

for which, R> = 0.998

Similar to the unstable fracture toughness, one can obtain the value of cohesive toughness of concrete for any concrete
strength and given material properties which only depends on specimen size for the CT specimen.

B, LY ’ ! I} 2 (22)
i —_0.0095| < | +0.1135 l”—” —0.5443 l"—” +1.3414| <~ | —1.8299 Z”—”
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Fig. 15 Variation of unstable fracture toughness with Fig. 16 Variation of cohesive fracture toughness with
specimen size specimen size

The variation of non-dimensional parameter K;c"/K;c with I.;/D is shown in Fig. 17 for the CT specimen geometry. It is
seen from the figure that a definite relationship between initial cracking toughness and the /.,/D ratio exists. The value of
initial cracking toughness of concrete decreases with the increase in specimen size beyond the specimen size 300mm and it
is almost constant up to the specimen size of 300 mm. For the CT specimen geometry, a generalized polynomial regression
equation can be determined and presented in Eq. (20).

K Y 7Y 7Y /RN 1Y
c =—o.0076(c—h] +0.0875(“—”j —0.4022["—}'j +0.9516(C—”j —1.2365(“4]
K, D D D D D

l
+ 0.858(”—“} -0.0309
D

(20

for which, R? = 0.986
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Eq. (20) can be used to accurately determine the value of initial cracking toughness for given material properties and
specimen depth for the CT test geometry.

0.24 0.45
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0.14 - 2 7 Polv. (CT
—Poly. (CT) —Poly. (CT)
0.12 . . . 0.15 . ; ;
0 1 2 3 4 0 1 2 3 4
len/D l+/D

Fig. .17 Var.iation of initial cracking toughness with Fig. 18 Variation of K¢/K,c" with specimen size
specimen size

The ratio of K;c™/K;c*" is plotted with the /.,/D ratio in Fig. 18 which also shows a definite relationship between the
parameter K;"/K;c*" and the specimen size in non-dimensional form ,/D. It is observed that the value of K;c™/K;c*" ratio
decreases as the specimen size increases. For D = 100 mm size specimen, the calculated values of K;c"/K;c*" are 0.3672,
0.3528 and 0.3529 for concrete grades M, M and M; respectively. Similarly, for D = 500 mm, the values of K;c"/K;c"" are
0.2367, 0.2271 and 0.2069 for concrete grades M, M, and Ms. The values of K;c"/K;c*" as determined from polynomial
regression is presented in Eq. (21) for the CT specimen.

ini 4 3 2
—€ =_0.015 l(l“’—hj +0. 1241(16—”j - 0.3745[10—}’) +0.5169 [Ic—hj +0.0621 (21)
o D D D D
for which, R? = 0.983

For given values of material properties and specimen size the ratio of K;c™/K;c"" can be determined using Eq. (21) for the
CT specimen. Also, the ratio of P;,/P, is plotted with /.;/D ratio for the CT specimen as shown in Fig. 19. From the figure it
is observed that the ratio of crack initiation load to the peak load on the structures has a definite relationship with the specimen
size i.e. /D ratio. This ratio decreases with the increase in the specimen size. The polynomial regression equations as
obtained for the CT specimen are presented in Eq. (22).
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Fig. 19 Variation of P;,/P, with specimen size Fig. 20 Variation of CTOD, with the specimen size
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The P;,/P, ratio for the CT test can be determined using Eq. (22) when material properties of concrete and size of specimen
are known. The CTOD. in terms of non-dimensional form /.,/CTOD. is plotted with respect to /.;/D as shown in Fig. 20. From
the figure it is observed that CTOD, increases with increase in specimen size and it is different for different grades of concrete
materials. It is difficult to obtain a definite relationship between CTOD, with respect to specimen size for given material
properties because the CTOD, also increases with increase in concrete strength. When the CTOD. in terms of non-dimensional
form .,/CTOD:, is plotted with respected to I.,/COD, for the CT specimen as shown in Fig.21, a definite relationship between
CTOD. and COD. is obtained. It is observed that /.,/CTOD. varies almost linearly with /.,/COD. for given fracture material
properties. The linear regression equations are obtained and presented in Eq. (23)) for the CT specimen. Eq. (23) can be
directly used for determining the CTOD. for a given value of COD. for the CT specimen. The derived equations based on
non-dimensional parameters for the CT specimen follow the pattern identical to the equations derived and presented by the
authors for three-point bending test.

(23)

/ /
— =1.9217—2—+1459
CTOD, COD

for which, R? = 0.995

24000
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Linear (CT)
4000 T T
0 5000 10000 15000
l.,/COD, for CT
Fig. 21 Relationship between non-dimensional parameters
of CTOD, and COD

4. Conclusions

The effect of varying material properties of concrete on the different fracture parameters of double-K model during compact
tension test specimen for size range 100 < D < 500 mm at constant initial crack length to depth ratio of 0.3 was studied and
reported in the paper. The following conclusions can be drawn from the present study.

e Peak load and critical crack opening displacement in the non-dimensional forms for the CT specimen geometries maintain
a linear relationship. The non-dimensional parameters are independent of specimen size. Simple regression equation is
developed and presented for evaluating the peak load for given values of material properties and critical crack opening
displacement.

e Parameters like unstable fracture toughness, cohesive toughness, initial cracking toughness, initial cracking load and
critical crack-tip opening displacement are influenced by concrete strength and these parameters have linear increasing
relationship with concrete strength.

e The derived polynomial equations for CT specimen can be applied for computing different parameters of double-K fracture
model for known material properties and specimen size. Application of such equations will enable to determine different
fracture parameters for CT specimen without involving complexities in computation.

e In the future, the derived equations as presented for the CT specimen in this study as well as for TPBT specimen in the
previous study by Choubey and Kumar (2018), can be modified and redeveloped based on extensive experimental results,
so that a readymade solution can be prepared in non-dimensional forms for simplified computation of peak load and
corresponding crack opening displacement for different parameters of double-K fracture of concrete.
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