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 This paper presents a Mori-Tanaka-based statistical methodology to predict the effective Young 
modulus of carbon nanotubes (CNTs)-reinforced composites considering three variables: weight 
content, reinforcement dispersion and orientation. Last two variables are quantified by two parameters, 
namely, free-path distance between nano-reinforcements and orientation angle regarding the loading 
direction. To validate the present methodology, samples of multi-walled CNTs (MWCNTs)-reinforced 
polyvinyl alcohol (PVA)-matrix composite were manufactured by mixing solution. The 
MWCNT/PVA Young modulus was measured by nano-indentation, while the MWCNTs Young 
modulus was quantified by micro-Raman spectroscopy. Both stretched and unstretched composite 
specimens were fabricated. Transmission electron microscopy (TEM) and in-plane image analysis 
were used to obtain fitting coefficients of log-normal frequency distribution functions for the free-path 
distance and orientation angle. It was evidenced that numerical results fit well to measured values of 
effective Young modulus of MWCNTs and MWCNT/PVA, with exception of some particular cases 
where significant differences were found. Microstructural heterogeneities, cluster formation, polymer 
chains alignment, errors associated with the dispersion, orientation and mechanical characterization 
procedures, as well as idealization and statistical errors, were identified as possible causes of these 
differences. Finally, using the proposed methodology and the dispersion and orientation distribution 
functions experimentally obtained, the effective Young modulus is estimated for three kinds of 
thermoplastic matrices (polyvinyl alcohol, polyethylene ketone, and ultra-high molecular weight 
polyethylene) with different kinds of nanotubes (single wall, double wall, and multi-walled), at 
different weight contents, finding the superior mechanical performance for double-walled CNTs-
reinforced composites and the lower one for multi-walled CNTs-reinforced ones.   

© 2022 Growing Science Ltd.  All rights reserved. 
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1. Introduction 

 
     Since their discovery by Ijiima (Iijima, 1991) in the 1990s, the carbon nanotubes (CNTs) began to be the cornerstone in 
several scientific branches, from physics to chemistry, going through medicine and biology. In materials science, technology 
and applied engineering, a large number of studies has been conducted on CNTs, due to their extraordinary mechanical, 
thermal and physical properties (Coleman et al. 2006; Hone et al., 2002; Xie  et al. 2000). CNTs have been studied as potential 
reinforcements for composites for improving the mechanical properties; these studies have increased demand from automotive 
and aerospace sectors to develop new advanced materials, which contribute to weight savings, improve energy efficiency, 
withstand harsh structural loadings and enhance tribological performances. However, dispersion and alignment of CNTs in 
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the matrix has been difficult to reach due to their tendency to form clusters because of Van der Waals forces on the surface.     
Well dispersed CNTs into the matrix are crucial to optimize the general composite performance. In general, CNTs clusters 
have lower strength, higher porosity and acts as discontinuities, which decrease the mechanical, electrical and thermal 
properties of the composite; additionally, the well dispersed CNTs into the matrix prevents slippage between CNTs and 
CNTs/Matrix (Desai & Haque, 2005). There are several techniques to improve the dispersion of CNTs in polymer matrices, 
such as mechanical dispersion techniques: ultrasonication (Chen et al., 2018; Isaza et al. 2018), high shear stress (Noor et al., 
2018), calendering process (Vázquez-Moreno et al., 2019), ball-milling (Enqvist et al. 2016) stirring (Guo et al. 2018) and 
extrusion (Verma et al., 2015). In agreement with conventional fiber composites, in polymer/CNTs composites, both strength 
and stiffness properties, as well as functional properties such as electrical, magnetic and optical ones, are directly linked to 
the alignment of CNTs in the matrix. Different methods for aligning CNTs in polymer matrices have been used: ex situ 
alignment (Feng et al., 2003), force field-induced (Gao et al. 2018), magnetic field-induced (Shi et al., 2018), electro-spinning-
induced (Huang et al. 2003) and mechanical stretching (Isaza et al., 2018). 
  
     To predict the mechanical properties of composites materials, several studies have been carried out and some important 
theories for the effective strengths and elastic moduli of polymer matrix composites (PMCs) have been developed. Most of 
these works are focused on composite materials comprising isotropic or transversely isotropic constituents, and some of them 
have been adapted for CNTs reinforced composites. One of the first theories for calculating the mechanical properties of 
composite systems was developed for elastomers and is based on Einstein's equation for the viscosity of a suspension of rigid 
spherical inclusions (Ahmed & Jones, 1990), as shown in Eq. (1). Gୡ =  G୫ሺ1 + 2,5V௥ሻ (1) 

where G is the shear modulus and r, m and c refer to reinforcement, matrix and composite phases, respectively, whereas Vr is 
the volume fraction of the particulate inclusions. Later, Mooney (1951) and Brodnyan (1959) modified Einstein's equation 
considering a crowding factor (volume occupied by the filler/true volume of the filler) and the aspect ratio of the particle. The 
random distribution of the constituent phases in a filled system demands a statistical approach, implying the knowledge of the 
distribution of the individual phases. The average behavior of the composite is defined for a Representative Elementary 
Volume (RUC) using the Rule of Mixture (ROM), as shown in Eqs. (2) and (3), where modulus of the composite for both 
parallel and orthogonal arrangement are represented, respectively. Note that in these formulae, only three parameters are 
involved, i.e., modulus of the fiber and matrix, and the fiber volume fraction. 
 𝐸௖ =  𝐸௥ 𝑉௥ + 𝐸௠𝑉௠, for the case of parallel arrangement     (2) 𝐸௖ =  ா೛ா೘ா೛௏೘ାா೘௏೛, for the case of orthogonal arrangement     (3) 

     According to (Armbrister et al. 2015; Ebrahimi & Dabbagh, 2019; Hu et al., 2010; Kundalwal, 2018), micromechanical 
models can be grouped into the following families: strength of material approaches, Halpin–Tsai equations, multi-phase 
mechanics of materials (MOM) approaches, multiphase Mori–Tanaka (MT) models, composite cylindrical assemblage 
models, Voigt–Reuss models, modified mixture rules, Cox model, effective medium approaches and methods of cells. The 
application of each model to CNTs reinforced composites strongly depends on the dispersion degree, CNT alignment, CNT 
weight content and aspect ratio of the carbon nanotubes. For randomly oriented reinforcements, some suitable models are: 
Halpin-Tsai, Voigth-Reus, Cox, and Christensen-Waals. Voigh-Reus (Reuss, 1929) and Halpin-Tsai (Halpin, 1969;  Halpin 
& Kardos, 1976) developed semi-empirical models for short fiber-reinforced composite laminae, where the principal 
difference between both models lies in the consideration of the geometrical parameters of the reinforcement. Halpin-Tsai 
considers the aspect ratio of the fiber, while Voigh-Reus does not deem any geometrical parameter. In the Halpin-Tsai model, 
the longitudinal and transverse moduli of aligned fibers are given by Eq. (4) to Eq. (7), and then (8) can be used to estimate 
the effective Young modulus of the randomly oriented fiber composite. The main assumptions of this model are perfect fiber–
matrix bonding, good dispersion and high aspect ratio; when opposite phenomena takes place in the composite, the model 
accuracy can be significantly affected (Sharma & Shukla, 2014). In some works (Coleman et al., 2006; Rafiee et al., 2009; 
Yeh et al., 2006), Halpin-Tsai model has been found to be acceptable for low CNTs volume content in polymer matrix 
composites. According to De Villoria and Miravete (2007), this model generates reliable results for composite laminae, but 
not for three dimensional solids. 
 𝐸௅ = ଵାଶ( ೗೏)௏೑ɳಽ௏೘ɳಽ 𝐸௠     

(4) 

𝐸் = ଵାଶ௏೑ɳ೅௏೘ɳ೅ 𝐸௠       (5) 

 
where  ɳ௅ and ɳ୘ take the following form: 
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81ɳ௅ = ா೑ିா೘ா೑ାଶ( ೗೏)ா೘      (6) 

ɳ் = ா೑ିா೘ா೑ାଶா೘     (7) 

𝐸ு் = ଷ଼ 𝐸௅ + ହ଼ 𝐸்    (8) 

     The modified mixture law (MML) can be applied to three dimensional, randomly aligned, short fiber composites using the 
Piggot formulation (Stecenko & Piggott, 1997), which does not consider any geometrical parameter of the reinforcement. 
According to this formulation, composite Young's modulus Ec can be predicted using eq. (9). 𝐸௖ = 𝜂𝐸௙𝑉௙ + 𝐸௠(1 − 𝑉௙)   (9) 

where ɳ is a load transfer efficiency factor, which is considered as 0.20 for nano-composites, whereas for macro and micro-
composites, a value of 1 is used, which comes from the Hooke's law on a fiber cross section. The effect of the aspect ratio of 
fibers is incorporated in the MML model by the Cox law (Cox, 1952), which is a "shear lag" model where short fibers into a 
metal matrix are perfectly anchored, i.e., the shear stresses are completely transmitted between reinforcement and matrix; the 
maximum tensile stress is reached at the fiber longitudinal center, while the shear stress reaches its maximum towards the 
fiber ends; this occurs because the fibers are aligned in the direction of the applied load. In the Cox law, the load transfer 
efficiency factor, ɳ, is taken as a function of the fiber geometry. As a "shear lag" model, ɳ is calculated as shown in Eq. (10). 

η =  ቈ1 − tan h൫β. l௙/2൯β. l௙/2 ቉ (10) 

where l௙ is the fiber length and β is the shear lag parameter as given by Eq. (11). 

𝛽 = ඩ 4𝐺௠𝐸௙  𝑟௙ଶ𝑙𝑛 ൬௄ೃ௏೑൰  
(11) 

     With 𝐺௠ as the shear modulus of the matrix, KR as a constant depending on the fiber packing arrangements (Hu et al., 
2010), and 𝑟௙ as the fiber radius. In CNT reinforced composites, Cox model has found to be suitable for metal matrix 
composites when dispersion degree and CNT weight fractions are high (Choi et al. 2009), but inaccurate in CNT reinforced 
epoxy composites (De Villoria & Miravete, 2007). A modification of the Cox model (Gao & Li, 2005) using a multi-scale 
approach was developed  for CNTs-reinforced polymer composites, obtaining satisfactory results regarding experimental and 
numerical data. On the contrary to Voigth-Reus and Halpin-Tsai, Cox model is suitable for 3D solid composites. A method 
to obtain the effective Young modulus and Poisson ratio of two dimensional randomly-oriented fiber composites was 
described by Christensen-Waals (Christensen & Waals, 1972), which is based on the Hashin and Shtrikman model (Hashin, 
1983; Hashin & Shtrikman, 1963). This method can be applicable for three phase composites, containing resin, fillers, and 
fibers. This assumes macroscopic isotropy and quasi-homogeneity of the composite where the filler shape is not a limiting 
factor, and estimates the upper and lower bounds of the effective bulk (K) and shear modulus (G) of the equivalent resin-filler 
phase based on variational principles of elasticity, as given by Eq. (12) to Eq. (15): 

𝐾௨௣௣௘௥ = 𝐸௙ + (𝑉௠) ቈ 1𝐸௠ − 𝐸௙ + 3𝑉௙3𝐸௙ + 4𝐺௙቉ିଵ 

 

(12) 

𝐾௟௢௪௘௥ = 𝐸௠ + (𝑉௙) ቈ 1𝐸௙ − 𝐸௠ + 3𝑉௠3𝐸௠ + 4𝐺௠቉ିଵ 

 

(13) 

𝐺௨௣௣௘௥ = 𝐺௙ + (𝑉௠) ቈ 1𝐺௠ − 𝐺௙ + 6𝑉௙(𝐸௙ + 2𝐺௙)5𝐺௙(3𝐸௙ + 4𝐺௙)቉ିଵ 

 

(14) 

𝐺௟௢௪௘௥ = 𝐺௠ + (𝑉௙) ቈ 1𝐺௙ − 𝐺௠ + 6𝑉௠(𝐸௠ + 2𝐺௠)5𝐺௙(3𝐸௠ + 4𝐺௠)቉ିଵ 

 

(15) 

In the Christensen-Waals method, once the effective bulk and shear modulus for the equivalent matrix phase (filler/matrix) 
has been obtained as a weighted average of the lower and upper bounds, the elastic constants of the fiber/equivalent matrix 
mixture can be found using the formulae of Hill (Hill, 1965) and Hashin (1966). Since the effective Young modulus of the 
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composite, 𝐸(𝜃), can be computed in terms of these elastic constants and the fiber orientation, 𝜃, the average Young modulus 
for a randomly oriented fiber composite, Eୡ, is equivalent to integrate  E(θ) as shown in Eq. (16): Eୡ = 1πන E(θ). dθ஠

଴  
(16) 

 

     One of the critical issues to apply this method to CNTs reinforced composites is the computation of the weighted-average 
bulk and shear modulus on the basis of the lower and upper bounds given in Eq. (12) to Eq. (15), since CNTs reinforcements 
could be highly anisotropic and these equations are though for isotropic materials. On the other hand, for fiber-oriented 
composites, some common models are: Halpin-Tsai, two and three phase MOM, two and three phase MT, Composite 
Cylindrical Assemblage and Methods of Cells. Halpin-Tsai equation for aligned short fibers is given as (Mallick, 2007; Tucker 
& Liang, 1999):  𝑃𝑃௠ = 1 + 𝜉𝜂𝑉௙1 − 𝜂𝑉௙  

(17) 

 
where 𝑃 stands for the composite property (Young modulus, shear modulus, Poisson’s modulus), f and m refers to fibers and 
matrix, respectively, and the constant  𝜂 is computed as follows: 

𝜂 = (𝑃௙ 𝑃௠⁄ ) − 1(𝑃௙ 𝑃௠⁄ ) + 𝜉 
(18) 

 
where 𝜉 is a shape parameter dependent on the reinforcement geometry, packing configuration and particular elastic property 
being considered. Halpin-Tsai model is a simple model since it is based on the following assumptions: perfect fiber-matrix 
bonding, perfect fiber alignment, and uniform fiber shape and sizes. A modified Halpin-Tsai equation was proposed (Yeh et 
al., 2006) to investigate the effect of the multi-walled carbon nanotubes content (MWCNTs)  of phenolic-matrix composites 
on the Young modulus and tensile strength, achieving similar analytical results to the experimental ones.  In Coleman et al., 
(2006), it was found that Halpin-Tsai model can be appropriate for low CNTs concentrations because it does not account for 
the strengthening effect caused by clustering. Moreover, the effect of  the presence of pores on the mechanical behavior of 
functionally graded graphene platelets reinforced (FG-GPLR) nano-composite cylinders was studied in (Barati & Zenkour, 
2019) using the Halpin-Tsai model combined with a saturated porous model. Arani et al. (2016) studied the influence of CNTs 
concentration and aspect ratio on the vibration of carbon nanotubes/fiber/polymer composite micro-plates, where the Halpin 
Tsai model was used to evaluate the mechanical properties of the two-phase CNT/epoxy composite considered in such 
research. 

     Mechanics of materials models (MOM) can be classified as two-phase or three phase models. In the first case, only fibers 
and matrix are considered, whereas in the second one, an additional phase corresponding to the fiber-matrix interphase is 
taken into account. In the MOM approach, isofield conditions and rule of mixtures (ROM) are applied to obtain expressions 
for the stress and strain vector of the composite material in terms of the stress and strain vector of the constituent phases (Hyer 
& White, 2009; Smith & Auld, 1991); afterwards, the effective elastic coefficient matrix can be achieved. Shingare & 
Kundalwal (2019) used MOM in conjunction with Kirchhoff's plate theory, Navier's solution and extended linear 
piezoelectricity theory to study the electromechanical behavior of graphene reinforced nano-composite (GRNC) plates with 
flexoelectric effect. In a similar fashion, a MOM model was developed (Shingare et al., 2020) to predict the effective properties 
of GRNC plates subjected to electromechanical loading, obtaining similar results regarding Finite Element Method (FEM) 
simulations when load is applied along the longitudinal direction. The three-phase MOM was used by Rathi & Kundalwal, 
(2020) to predict the effective elastic properties of MWCNT reinforced polymer matrix composites with a fiber-matrix 
interphase enhanced with zirconium dioxide, evaluating the improvement of the fracture strength and toughness.  

    On the other hand, Composites Cylindrical Assemblage (CCA) model initially proposed by Hashin et al. (Hashin & Rosen, 
1964) allows calculating the effective elastic moduli (axial Young modulus, longitudinal Poisson ratio, longitudinal shear 
modulus, bulk modulus and transverse shear modulus) of composites reinforced with aligned, hollow fibers, for a determined 
RUC arrangement. This model was implemented by Kumar & Srinivas, (2018) to study the effect of interlayers, chirality, 
interspacing, fiber volume fraction, interphase properties and temperature conditions on the elastic modulus of MWCNT 
reinforced polymer matrix composites, reaching similar results to the ones obtained by a RUC finite element model. 
Furthermore, CCA model has been used together with Mori-Tanaka (MT) model to study the effects of the properties of the 
interphase layer between nanotubes and polymer resin on the elastic properties of carbon nano-composites (Seidel & 
Lagoudas, 2006), finding similar results with FEM simulations. 

    One of the most widely employed methods for modelling the mechanical properties of CNT fiber aligned composites is 
Mori-Tanaka (MT), which allows considering the interaction between neighboring reinforcements (Mori & Tanaka, 1973). 
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This model in turns is based on the principles of Eshelby´s inclusion model, where the strain and stress field in the matrix and 
elliptical inclusions (reinforcements) are predicted. Similarly to the MOM model, MT can be applied for two-phases and 
three-phases composites. MT model was first applied for predicting the elastic properties of fiber reinforced composites 
(Tandon & Weng, 1984; Taya & Chou, 1981; Weng, 1984), and then,  Hui and Shia (Hui & Shia, 1998) adjusted the MT 
model for predicting the overall moduli of aligned fiber reinforced composites with emphasis on fiber-like and flake-like 
reinforcements, as shown in Eqs. (19) to (23). 
 𝐸௅ = 𝐸௠ ൤1 − 𝑉௙𝜉 ൨ିଵ 

(19) 

 

𝐸் = 𝐸௠ ൤1 − 𝑉௙4 (1𝜉 + 3𝜉 + Ʌ൨ିଵ 

 

(20) 

 𝜉 = 𝑉௙ + 𝐸௠𝐸௙ − 𝐸௠ + 3(𝑉௠) ቈ(1 − 𝑔)𝛼௙ଶ − 𝑔/2𝛼௙ଶ − 1 ቉ 
 

(21) 

 Ʌ = 𝑉௠ ቈ3൫𝛼௙ଶ + 0.25൯𝑔 − 2𝛼௙ଶ𝛼௙ଶ − 1 ቉ 
 

(22) 

 

𝑔 = ⎩⎪⎨
⎪⎧ 𝛼௙(1 − 𝛼௙ଶ)ଷ/ଶ ൤𝛼௙ට𝛼௙ଶ − 1 − coshିଵ 𝛼௙൨ ,𝛼௙ ≥ 1𝛼௙(1 − 𝛼௙ଶ)ଷ/ଶ ൤−𝛼௙ට𝛼௙ଶ − 1 − coshିଵ 𝛼௙൨ ,𝛼௙ ≤ 1 

(23) 

 

 

where 𝛼௙ is the fiber aspect ratio. For composites materials with randomly oriented spheroids, the MT-based model of Wang-
Pyrz (Wang & Pyrz, 2004) gives acceptable approximations for the overall bulk modulus and shear modulus, as given by the 
below equations: 𝐾 = 𝐾௠ + 𝐾௠ 𝜙𝜑1 − 𝜙(1 − 𝛼) (24) 

𝜇 = 𝜇௠ + 𝜇௠ 𝜙𝜓1 − 𝜙(1 − 𝛽) (25) 

 

where 𝛼, 𝛽, 𝜑 and 𝜓 are coefficients given in terms of the components of Eshelby tensor (Hu et al., 2010; Wang & Pyrz, 
2004). The MT method was used in conjunction with molecular dynamic simulations to develop constitutive models for 
SWCNT reinforced polymer composites, considering the nanotube, local polymer near nanotube and nanotube/polymer 
interphase as a single equivalent fiber phase (Odegard et al. 2003). Additionally, the tensile stiffness properties for nano-clay 
platelets reinforced composites were calculated by Sheng et al. (Sheng et al., 2004) using MT and Halpin-Tsai, where the 
effects of nano-clay on the surrounding matrix was considered via anisotropic matrix layers around the particles; MT results 
were closer to the experimental ones than Halpin-Tsai results. Shao et al. (Shao, Luo, Bai, & Wang, 2009) used the MT 
method to study the influence of the CNT concentration and waviness factor on the effective moduli of nano-composites. 
Moreover, the effects of carbon nanotube (CNT) incorporation within neat epoxy resin (nano-composites) and carbon fabric–
epoxy composites (multi-scale composites) were studied by Kim et al. (2011) using an approach that combines woven fiber 
micromechanics and the MT model; differences between the theoretical and experimental results were attributed to CNTs 
agglomerations and poor interfacial bonding. The MT method was also utilized by Aragh et al. (2012) considering the effects 
of nano-fillers agglomeration on the natural frequency of functional graded carbon nanotube-reinforced (FG-CNTR) nano-
composite panels. Sedeghpour et al. (2020) used the MT model to obtain the constitutive equations of CNTR nano-composites 
containing wavy CNTs, in order to study the influence of the interphase nano-fillers/matrix on the thermo-mechanical 
buckling behavior of the composite. Additionally, the influence of the volume content, orientation, distribution along thickness 
and misalignment of carbon nanotubes on the post-buckling behavior of functionally graded CNTs reinforced composites 
panels under uniaxial compression was analyzed by García-Macías et al. (2017) using the MT model. Bearing in mind the 
high applicability of the MT model, this is employed in the present work, with the corresponding equations shown later. 

     In the present work, a methodology is proposed to calculate the effective Young modulus of CNTs reinforced polymer 
matrix composites considering a probability distribution function for the dispersion degree and orientation; this function obeys 
to the one previously used by Isaza et al. (2018) and its fitting parameters are determined here using transmission electronic 
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microscope (TEM) and in-plane image analysis. A three-phase Representative Elementary Volume, REV, is considered to 
relate the volume content of the three phases (equivalent fiber phase, fiber-matrix interphase and matrix), and the global 
MWCNTs volume and weight content with the free-path distance, fiber orientation and probability distribution functions 
experimentally obtained. The MWCNTs are conceived as an equivalent fiber phase with effective properties calculated by 
previously reported models ( Kumar & Srinivas, 2018; Wu et al. 2006; Zhang & Wang, 2005). Additionally, an average 
Young modulus is assumed for the fiber/matrix interface deeming its low thickness and following a formerly published model 
(Hu et al., 2014). Afterwards, the classical three-phase MT model is used to obtain the composite stiffness matrix considering 
perfectly aligned nanotubes with a dispersion degree quantified by the free-path distance. Using the plane-stress reduced 
stiffness coefficients and the transformation equations, effective modulus is expressed in terms of the orientation and free-
path distance of nanotubes, and then, adopting the Cox´s concept of integration, a non-linear double integral is obtained for 
the effective Young modulus, which is solved by means of the Monte-Carlo method. Numerical results obtained for the 
equivalent Young modulus of the MWCNTs and the effective Young modulus of the MWCNT/PVA composite are compared 
with experimental results achieved by micro-Raman spectroscopy and nano-indentation tests. Additionally, the proposed 
methodology is used to analyze the influence of the nanotube type (single wall, double wall and multi wall) and polymer 
matrix (PVA, PEEK and UHMWPE) on the effective Young modulus for different CNTs weight contents. The present 
methodology allows integrating statistical characterization parameters of dispersion degree and orientation of CNT reinforced 
composites with the MT model used in the calculation of the effective properties of aligned fibers reinforced composites, to 
predict the effective elastic modulus of stretched and non-stretched nano-composites materials.  

2. Analytical modelling for effective Young modulus of nano-composite 

2.1.  Geometric characterization of Representative Elementary Volume (REV) 

       The REV defined in this model for the composite system is shown in Fig. 1. Three phases can be clearly identified: the 
MWCNT, named the equivalent fiber phase (f), which includes both the carbon layers and gaps between them; the fiber-
matrix interphase (fm) and the matrix phase (m). The in-plane MWCNTs dispersion is quantified by the free-path distance, 𝑟∗, which is experimentally measured in the present work as shown later. On the other hand, the out-of-plane free-path 
distance, 𝑟௢௨௧∗ , is not experimentally characterized, but computed in such way that the global MWCNT weight content in the 
REV is in agreement with values obtained in the experiments. Considering the REV orientation with respect to the global 
axes, “x” and “y”, where in-plane dispersion characterization is carried out, the volume content of the equivalent fiber phase 
(vf), fiber-matrix interphase (vfm) and matrix phase (vm) can be computed as follows: 𝑣௙ = గ.௥೑మ.௅಴ಿ೅൫௅಴ಿ೅ା௥∗௚(ఏ)൯ቀଶ௥೑ା௥∗௚(ఏ)ቁ൫ଶ௥೑ା௥೚ೠ೟∗ ൯  (26) 

 𝑣௙௠ = గቂ൫௥೑ା௧೑೘൯మି௥೑మቃ௅಴ಿ೅൫௅಴ಿ೅ା௥∗௚(ఏ)൯ቀଶ௥೑ା௥∗௚(ఏ)ቁ൫ଶ௥೑ା௥೚ೠ೟∗ ൯        (27)   
 𝑣௠ = 1 − 𝑣௙ − 𝑣௙௠       (28) 

 

where 𝐿஼ே் is the nanotube length, 𝑟௙ is the outermost radius of equivalent fiber phase and  𝑡௙௠ is the thickness of fiber-matrix 
interphase. On the other hand, the function 𝑔(𝜃) accounts for the REV orientation, in such a way that 𝑔(𝜃) = 𝑐𝑜𝑠(𝜃) for 𝜃 ≤45° and 𝑔(𝜃) = 𝑠𝑖𝑛(𝜃) for 𝜃 > 45°. As abovementioned, the out-of-plane free-path distance, 𝑟௢௨௧∗ , is recursively estimated 
to reproduce the global MWCNT weight content obtained by experiments. Accordingly, if 𝑟௢௨௧∗  is considered a scaled variable 
of the in-plane free-path distance, 𝑟∗, namely, 𝑟௢௨௧∗ = 𝛼. 𝑟∗, with 𝛼 as the scale factor, the global MWCNT volume fraction of 
a composite sample, as conceived as the weighted-average of the volume fractions of several REV´s with fixed values of 𝑟∗ 
and 𝜃, can be computed using the statistical distribution functions for the dispersion degree and orientation, 𝑓௥∗ y 𝑓ఏ, as 
follows: 𝑣ெௐ஼ே்,௚௟௢௕௔௟ = ׬ ׬ 𝑣௙(𝑟∗,𝜃)𝑓ఏ∗𝑓௥∗𝑑𝜃𝑑𝑟∗ఏೞೠ೛ఏ೔೙೑௥ೞೠ೛∗௥೔೙೑∗ ׬= ׬ ቈ గ.௥೑మ.௅಴ಿ೅൫௅಴ಿ೅ା௥∗௚(ఏ)൯ቀଶ௥೑ା௥∗௚(ఏ)ቁ൫ଶ௥೑ାఈ௥∗൯቉ 𝑓ఏ∗𝑓௥∗𝑑𝜃𝑑𝑟∗ఏೞೠ೛ఏ೔೙೑௥ೞೠ೛∗௥೔೙೑∗      

(29) 
 

 

where a log-normal distribution is considered for 𝑟∗ and 𝜃, as given by: 

𝑓௫ = ൝ ଵ୶୬√ଶ஠ exp ൤− ଵଶ ቀ୪୬୶ି୫୬ ቁଶ൨ , for x > 0  0, for x ≤ 0   
(30) 
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where x = ሾ𝑟∗,𝜃ሿ,  m = ln൫uଶ √uଶ + σଶ⁄ ൯  and n = ඥlnሾ(uଶ + σଶ) uଶ⁄ ሿ, with u and σ as the mean and standard deviation, 

respectively. 

On the other hand, the global MWCNT weight content with respect to the matrix, is given by:  𝑤ெௐ஼ே்,௚௟௢௕௔௟ = ௐಾೈ಴ಿ೅ௐ೘   (31) 
 

where 𝑊ெௐ஼ே் and 𝑊௠ stand for the weight of MWCNTs and matrix, respectively. In the REV, the weight of the layered 
MWCNT can be computed as follows: 𝑊ெௐ஼ே் = 𝑉௘௙௙ . 𝜌௚   (32) 

In Eq. (32), 𝜌௚ is the graphite layer density and 𝑉௘௙௙ is the effective volume of the MWCNT given by: 𝑉௘௙௙ = 𝜋ሾ(2𝑟௜𝑡஼ே் + 𝑡஼ே்ଶ)𝑁஼ே் + 𝑑஼ே்𝑡஼ே்𝑁஼ே்(𝑁஼ே் − 1)ሿ𝐿஼ே்   (33) 
 

where 𝑟௜ is the innermost radius of the MWCNT, 𝑡஼ே் is the layer thickness, 𝑁஼ே் is the number of layers and 𝑑஼ே் is the 
distance between the layers centerlines (See Fig. 1).  Given that the matrix weight can be computed as 𝑊௠ =𝜌௠൫𝑉ோா௏ − 𝑉௘௙௙൯, with 𝜌௠  and 𝑉ோா௏ as the matrix density and the REV volume, respectively, and substituting Eq. (32) into 
Eq. (31), the next expression is obtained for the MWCNT weight content: 𝑤ெௐ஼ே்,௚௟௢௕௔௟ = ௏೐೑೑.ఘ೒ ఘ೘൫௏ೃಶೇି௏೐೑೑൯  (34) 
 

The global MWCNT volume fraction statistically computed in Eq. (29) can be defined as follows: 𝑣ெௐ஼ே்,௚௟௢௕௔௟ = ௏ಾೈ಴ಿ೅௏ೃಶೇ   (35) 

where 𝑉ெௐ஼ே் is the MWCNT equivalent phase volume in the REV, as calculated by 𝑉ெௐ஼ே் = 𝜋𝑟௙ଶ𝐿஼ே். On the other 
hand, the ratio of 𝑉ெௐ஼ே் to 𝑉௘௙௙, considering Eq. (33), can be computed as: 

௏ಾೈ಴ಿ೅௏೐೑೑ = ௥೑మ൫ଶ௥೔௧಴ಿ೅ା௧಴ಿ೅మ൯ே಴ಿ೅ାௗ಴ಿ೅௧಴ಿ೅ே಴ಿ೅(ே಴ಿ೅ିଵ) .            (36) 

 

      Solving for 𝑉ெௐ஼ே் in Eq.            (36), substituting into Eq. (35) and then solving for ratio 𝑉௘௙௙ 𝑉ோா௏⁄ , the following 
expression is achieved: ௏೐೑೑௏ೃಶೇ  = ൤൫ଶ௥೔௧಴ಿ೅ା௧಴ಿ೅మ൯ே಴ಿ೅ାௗ಴ಿ೅௧಴ಿ೅ே಴ಿ೅(ே಴ಿ೅ିଵ)௥೑మ ൨ 𝑣ெௐ஼ே்,௚௟௢௕௔௟   

 

(37) 

Eq. (34) can be rewritten as follows: 𝑤ெௐ஼ே்,௚௟௢௕௔௟ = ൫௏೐೑೑ ௏ೃಶೇ⁄ ൯.ఘ೒ ఘ೘൫ଵି௏೐೑೑ ௏ೃಶೇ⁄ ൯                                    (38) 
 

Solving for 𝑉௘௙௙ 𝑉ோா௏⁄  in Eq.                                   (38), substituting into (37) and then solving for 𝑣ெௐ஼ே்,௚௟௢௕௔௟, an expression 
is obtained for the nanotube volume fraction of the composite in terms of geometrical characteristics of the MWCNTs ൫𝑟௙, 𝑟௜ , 𝑡஼ே்,𝑑஼ே் ,𝑁஼ே்൯, densities of constituents materials ൫𝜌௠,𝜌௚൯ and nanotube weight content with respect to matrix ൫𝑤ெௐ஼ே்,௚௟௢௕௔௟൯: 𝑣ெௐ஼ே்,௚௟௢௕௔௟ = ௥೑మ൫ଶ௥೔௧಴ಿ೅ା௧಴ಿ೅మ൯ே಴ಿ೅ାௗ಴ಿ೅௧಴ಿ೅ே಴ಿ೅(ே಴ಿ೅ିଵ) . ௪ಾೈ಴ಿ೅,೒೗೚್ೌ೗.ఘ೘௪ಾೈ಴ಿ೅,೒೗೚್ೌ೗.ఘ೘ାఘ೒   (39) 

 

Matching Eq. (29) and Eq. (39), the following equation is obtained: 

׬ ׬ ቈ గ.௥೑మ.௅಴ಿ೅൫௅಴ಿ೅ା௥∗௚(ఏ)൯ቀଶ௥೑ା௥∗௚(ఏ)ቁ൫ଶ௥೑ାఈ௥∗൯቉ 𝑓ఏ∗𝑓௥∗𝑑𝜃𝑑𝑟∗ఏೞೠ೛ఏ೔೙೑௥ೞೠ೛∗௥೔೙೑∗ =௥೑మ൫ଶ௥೔௧಴ಿ೅ା௧಴ಿ೅మ൯ே಴ಿ೅ାௗ಴ಿ೅௧಴ಿ೅ே಴ಿ೅(ே಴ಿ೅ିଵ) . ௪ಾೈ಴ಿ೅,೒೗೚್ೌ೗.ఘ೘௪ಾೈ಴ಿ೅,೒೗೚್ೌ೗.ఘ೘ାఘ೒      

(40) 
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Eq. (40) can be solved for the scale parameter 𝛼 using the regula-falsi method, where the double integral can be computed by 
Monte Carlo method as explained in Section 2.3. 

 

 

Fig. 1. Scheme of the Representative Elementary Volume (REV). 

2.2. Mori-Tanaka approach for the effective Young modulus 

      The effective elastic properties of MWCNTs (equivalent fiber phase) depends on the elastic properties of graphite layers, 
number and thickness of walls, and the wall spacing. The effective Young modulus, 𝐸௙, and shear modulus, 𝐺௙, can be 
computed as follows (Kumar & Srinivas, 2018; Wu et al., 2006; Zhang & Wang, 2005): 𝐸௙ = ே಴ಿ೅.௧಴ಿ೅.ா೒(ே಴ಿ೅ିଵ).ௗ಴ಿ೅ା௧಴ಿ೅  (41) 

𝐺௙ = ா೑ଶ൫ଵାఔ೑൯  (42) 
 

where 𝐸௚ is the Young modulus of a graphite layer and 𝜈௙ is the Poisson’s ratio of the MWCNT (equivalent fiber phase). On 
the other hand, Young modulus at the fiber-matrix interphase changes in radial direction as shown below (Hu et al., 2014): 𝐸௙௠(𝑟) = 𝐸௠ ቀ௥೑೘௥ ቁ + ൬௥೑೘ି௥௧೑೘ ൰௞ ൬𝐸௙ − 𝐸௠ ௥೑೘௥೑ ൰     

(43) 

where 𝑘 is the interphase enhancement index. Considering that the fiber-matrix interphase is usually very thin, the average 
value of 𝐸௙௠(𝑟) can be taken into account, as defined by: 𝐸௙௠ = ଶ௥೑೘మ ି௥೑మ ׬ 𝐸௙௠(𝑟). 𝑟.𝑑𝑟௥೑೘௥೑   (44) 

After integrating Eq. (44), the following expression is achieved for the average Young modulus at the fiber-matrix interphase: 𝐸௙௠ = ଶ௥೑೘మ ି௥೑మ ൤𝐸௠𝑟௙௠𝑡௙௠ + ൬𝐸௙ − 𝐸௠ ௥೑೘௥೑ ൰ ൬௧೑೘൫௞.௥೑ା௥೑೘ା௥೑൯(௞ାଵ)(௞ାଶ) ൰൨  (45) 
 

     According to Hu et al. (2014), an acceptable approximation for the average Poisson’s ratio of the fiber-matrix interphase 
is considering the Poisson’s ratio of matrix, i.e., 𝜈௙௠ ൎ 𝜈௠. Then, the average shear modulus of the fiber-matrix interphase, 
bearing in mind this is deemed isotropic, can be calculated as follows:  𝐺௙௠ = ா೑೘ଶ൫ଵାఔ೑೘൯  (46) 

 

     As abovementioned, multi-walled carbon nanotubes (MWCNTs) can be considered as inclusions in the composite matrix. 
Considering perfectly aligned inclusions, the Mori-Tanaka three phase model (Dunn & Ledbetter, 1995; Kundalwal, 2018) 
can be used to compute the composite stiffness matrix, ሾ𝐶ሿ, as defined by: 
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where 𝑣௠, 𝑣௙ and 𝑣௙௠ are the volume content of matrix, fiber and fiber-matrix interphase, respectively, whereas ሾ𝐶௠ሿ, ሾ𝐶௙ሿ 
and ሾ𝐶௙௠ሿ are the corresponding stiffness matrices, whose non-zero components, considering isotropic phases, can be 
computed as follows: 𝐶௜௜௦ = 𝛬௦(1 − 𝜈௦)    for i=[1,2,3]   (48) 𝐶௜௜௦ = ௸ೞଶ (1 − 2𝜈௦)  for i=[4,5,6] (49) 𝐶௜௝௦ = 𝜈௦  for (i,j)=[(1,2);(1,3);(2,3);(2,1);(3,1);(3,2)] (50) 
 

      In Eq. (48) to Eq. (50), the script “s” stands for the phase, i.e., s=[m,f,fm]. Accordingly, 𝜈௦ is the Poisson ratio of the phase 
“s” and the constant Λ௦ is defined in terms of this property and the Young modulus, Es, as follows: Λ௦ = ாೞ(ଵାఔೞ)(ଵିଶఔೞ)  (51) 

     On the other hand, in Eq. (47), the stress concentration tensors, ൣ𝐴௙൧ and ൣ𝐴௙௠൧, are given by the following equations: ൣ𝐴௙൧ = ቂሾ𝐼ሿ + ሾ𝑆௙ሿሼ(ሾ𝐶௠ሿିଵ). (ሾ𝐶௙ሿ − ሾ𝐶௠ሿ)ሽቃିଵ  (52) ൣ𝐴௙௠൧ = ቂሾ𝐼ሿ + ሾ𝑆௙௠ሿሼ(ሾ𝐶௠ሿିଵ). (ሾ𝐶௙௠ሿ − ሾ𝐶௠ሿ)ሽቃିଵ  (53) 

 

where the non-zero components of the Eshelby tensor for the equivalent fiber phase, ሾ𝑆௙ሿ, and fiber-matrix interphase, ሾ𝑆௙௠ሿ, 
are calculated as follows (Qiu & Weng, 1990)  𝑆௜௜௦ = ହିସఔೞ଼(ଵିఔೞ) , i=2,3 (54) 

𝑆ସସ௦ = ଷିସఔೞ଼(ଵିఔೞ)  (55) 

𝑆௜௜௦ = ଵସ,  i=5,6 (56) 

𝑆௜ଵ௦ = ఔೞଶ(ଵିఔೞ),  i=2,3 (57) 

𝑆௜௝௦ = ସఔೞିଵ଼(ଵିఔೞ),  (i,j)=[(2,3);(3,2)] (58) 
 

     With s=[f,fm]. The effective compliance matrix of composite, ሾ𝑆ሿ, can be computed as the inverse of the stiffness matrix, ሾ𝑆ሿ = ሾ𝐶ሿିଵ, and thereupon, the plane-stress reduced stiffness coefficients can be computed as follows: 𝑄ଵଵ = ௌమమௌభభௌమమି(ௌభమ)మ   (59) 𝑄ଵଶ = ௌభమௌభభௌమమି(ௌభమ)మ  (60) 

𝑄ଶଶ = ௌభభௌభభௌమమି(ௌభమ)మ   (61) 

𝑄଺଺ = ଵௌలల  (62) 
 

      Eq. (59) to Eq. (62) apply when local coordinate system shown in Fig. 1, (𝑥ଵ, 𝑦ଵ, 𝑧ଵ),   matches the global coordinate 
system, (𝑥, 𝑦, 𝑧). When nanotubes are oriented at angle 𝜃 from x, the effective Young modulus in the x direction can be 
computed as follows (Reddy, 2003): 𝐸௫(𝑟∗,𝜃) = 𝑄ଵଵ ቀ𝑣௙(𝑟∗)ቁ . 𝑐𝑜𝑠ସ(𝜃) + 2. ቂ𝑄ଵଶ ቀ𝑣௙(𝑟∗)ቁ +2𝑄଺଺ ቀ𝑣௙(𝑟∗)ቁቃ . 𝑠𝑖𝑛ଶ(𝜃). 𝑐𝑜𝑠ଶ(𝜃) + 𝑄ଶଶ ቀ𝑣௙(𝑟∗)ቁ . 𝑠𝑖𝑛ସ(𝜃)            

(63) 
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      An expression for the effective Young modulus in terms of the free-path distance, 𝑟∗, and the orientation angle of CNTs, 𝜃, is obtained in eq. (63). The effective Young modulus of the composite, 𝐸௫, can be statistically estimated using the 
distribution functions for nanotubes dispersion, 𝑓௥∗, and nanotubes orientation, 𝑓ఏ∗, as given by: 𝐸௫ = ׬ ׬ 𝐸௫(𝑟∗,𝜃)𝑓ఏ∗𝑓௥∗𝑑𝜃𝑑𝑟∗ఏೞೠ೛ఏ೔೙೑௥ೞೠ೛∗௥೔೙೑∗   (64) 

2.3. Monte Carlo integration 

      Analytical solution of integrals shown in eqs. (29) and (64) is not straightforward since integrands are highly non-linear. 
Non-uniform stratified Monte Carlo integration method is implemented here, with the integral estimator computed as follows: 〈𝐺ேೝ∗ ,ேഇ〉 = ଵேೝ∗ .ேഇ ∑ ∑ ௚൫௥೔∗,ఏೕ൯௣ௗ௙൫௥೔∗൯.௣ௗ௙(ఏೕ)ேഇିଵ௝ୀ଴ேೝ∗ିଵ௜ୀ଴   (65) 

where 𝑁௥∗ and 𝑁ఏ stand for the number of divisions in 𝑟∗ and 𝜃, whereas 𝑝𝑑𝑓(𝑟௜∗) and 𝑝𝑑𝑓(𝜃௝) are the probability density 
functions in point 𝑟௜∗ and 𝜃௝, respectively, which in this case can be approximated as follows: 𝑝𝑑𝑓(𝑟௜∗) = ଵேೝ∗ቀ௥ೞೠ೛∗ (೔)ି௥೔೙೑∗ (೔)ቁ   (66) 𝑝𝑑𝑓൫𝜃௝൯ = ଵேഇቀఏೞೠ೛(ೕ)ିఏ೔೙೑(ೕ)ቁ  (67) 

      With 𝑟௦௨௣∗ (௜) and 𝑟௜௡௙∗ (௜) as the superior and inferior limit of strata "𝑖" in 𝑟∗, and 𝜃௦௨௣(௝) and 𝜃௜௡௙(௝) as the corresponding 
limits of strata "𝑗" in 𝜃. In the present work, the strata do not have a uniform size since a higher strata density should be 
considered in zones where gradients of the function 𝑔(𝑟∗,𝜃) are significant. Function 𝑔(𝑟∗,𝜃) corresponds to the integrand 
of the integral to be solved, in such a way that for (29) and (64), this function is given by (68) and (69), respectively. 𝑔(𝑟∗,𝜃) = ቈ గ.௥೑మ.௅಴ಿ೅൫௅಴ಿ೅ା௥∗௚(ఏ)൯ቀଶ௥೑ା௥∗௚(ఏ)ቁ൫ଶ௥೑ାఈ௥∗൯቉ 𝑓ఏ∗𝑓௥∗   (68) 

 𝑔(𝑟∗,𝜃) = 𝐸௫(𝑟∗,𝜃)𝑓ఏ∗𝑓௥∗  (69) 

       In Fig. 2a, it is shown a typical integrand function, 𝑔(𝑟∗,𝜃), considered in the present work for the calculation of the 
effective Young modulus, with the corresponding strata points represented in Fig. 2b.  

 

Fig. 2. a) Integrand function, 𝑔(𝑟∗,𝜃), for the effective Young modulus calculation of MWCNT/PVA composite with 0.5% 
w.t and stretched, Outer Diameter of 20 nm, Inner Diameter of 5 nm, Length of 30 μm, Wall Thickness of 0.33 nm, 14 walls, 
b) Corresponding space of strata points for a certain Monte Carlo simulation run, where a higher points density can be noticed 
in the larger gradient zones. 

3. Sample preparation and data characterization of the MWCNTs polymer composite 

3.1. Polymer Matrix Composite Synthesis  

     For the synthesis of the polymer matrix composite, pellets of fully hydrolyzed polyvinyl alcohol (PVA) were diluted in 
hot distilled water to produce a solution of 4 wt.% of PVA. MWCNTs were introduced into the PVA solution in weight 
percentages of 0.25%, 0.5% and 1.0 %, and they were dispersed by magnetic stirring during 1 hour at an average speed of 
600 - 900 rpm, followed by a sonication, which was set to a power of 100 W and an amplitude of the probe of 20%; the 
maximum energy of dispersion was 60 - 70 kJ. Some cured composites were stretched using a Monsanto tensile machine at a 
speed of 1-2 mm/min and at a temperature of 60°C, in order to align the MWCNTs into the polymeric matrix. Therefore, two 
sets of samples were obtained: non-stretched (alignment process is not applied) and stretched (samples are slowly elongated). 
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3.2. Dispersion and orientation quantification of MWCNTs in PVA matrix 

     In this work, both the dispersion and orientation quantification were done using the same methodology. The samples were 
sectioned parallel to the stretching direction by a RMC Boeckeler PT-PC Power Tome ultra-microtome using a diamond 
knife; films of about 200 nm in thickness were obtained. One sample for each reinforcement weight percentage was used for 
transmission electron microscopy (TEM) characterization in scanning mode. Representative images of 1 × 1 µm were divided 
into 10x10 grid lines along the horizontal and vertical directions and the spacing, both horizontal and vertical, between nearest 
MWCNTs was measured at each grid intersection using the free software Gwyddion (see Fig. 3a). These images were also 
used to quantify the orientation degree of the reinforcement, namely, the angle of each MWCNT with respect to the stretching 
direction was measured (see Fig. 3b). These data were used to obtain the mean and standard deviation of the probability 
distribution function given in (Luo & Koo, 2007), which is shown in (30). In the lower part of Fig. 3a and 3b, representative 
images show some probability distribution functions for MWCNTs dispersion and orientation into the polymeric matrix. 
 

 
Fig. 3. a) Dispersion and b) orientation quantification of MWCNTs into polymeric matrix. 

       Considering the mean (u) and standard deviation (σ) of the log-normal distribution function showed in eq. (30), a 
parameter D0.1, defined as the probability computed in the range between (0.9)u and (1.1)u, can be estimated using Eq. (70). 
This parameter accounts for the data deviation from the mean, u, in such a way that for an ideal case of D0.1=100%, the 
nanotubes would be almost equally spaced and oriented in the composite.  
 D଴,ଵ = 1,1539 ൈ 10ିଶ + 7,5933 ൈ 10ିଶ ∗ ቀ୳஢ቁ + 6,6838 ൈ 10ିସ ቀ୳஢ቁଶ − 1,9169 ൈ 10ିସ ቀ୳஢ቁଷ + 3,9201 ൈ10ି଺ ቀ୳஢ቁସ  

(70) 

      Statistical parameters experimentally obtained for the free-path distance, 𝑟∗, and orientation, 𝜃, are shown in Table 1. Two 
aspects are clearly noticed for the free-path distance, 𝑟∗: both the average value (u) and the deviation parameter (D0.1) increases 
with the alignment process, which is expected because the MWCNTs try to follow the rotation of the polymeric chains, thus 
pushing them away. This effect is lower as the concentration of MWCNTs increases; once again this is expected since the 
composite becomes stiffer with the addition of the reinforcing material, which turns the chains rotation more difficult. In 
consequence, the distances between the MWCNTs are shorter when the reinforcement content is increased. For the orientation, 
Table 1 shows that the most common angles for the stretched composites are around 20 degrees for all MWCNT weight 
contents, which correspond to a small angle with respect to the stretching direction after the alignment process, indicating an 
acceptable alignment process. 
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Table 1. Measured and calculated parameters for the PVA/MWCNTs composite 
 DISPERSION ORIENTATION 
Sample (wt.% MWCNTs) Average free 

path (r*) (nm) 
Standard deviation (nm) D0.1 (%) Average(θ) Standard deviation 

(θ) 
D0.1 (%) 

PVA-0.25 Non stretched 34.5 26.7 8.8 - - - 
PVA-0.25 Stretched 62.5 54.7 8.9 29.1 20.7 10.7 
PVA-0.5 Non stretched 27.7 25.5 7.1 - - - 
PVA-0.5 Stretched 58.6 44.0 10.3 28.3 23.4 8.3 
PVA-1.0 Non stretched 22.8 16.4 10.4 - - - 
PVA-1.0 Stretched 30.0 21.0 10.6 39.7 29.8 9.0 

 

3.3. MWCNTs Young modulus quantification  

     The Young modulus of the MWCNTs was measured to evaluate the accuracy of the micromechanical model used in the 
present work, see Eq. (41). The micro-Raman spectroscopy method was used for such a purpose. The method is used to 
monitor the cooling-induced compressive deformation of MWCNTs embedded in the PVA matrix. The Young modulus of 
multi-walled carbon nanotubes may then be derived from a concentric cylinder model considering thermal stresses, using the 
D*-band shift for each tube type. 
 
     The Raman spectra for the constituent materials and composite PVA/MWCNTs  are shown in Fig. 4a, where the principal 
Raman peaks for the PVA, MWCNTs and PVA/MWCNTs composite can be identified. The principal peak of the PVA takes 
place at a frequency of 2911.14 cm-1, which does not interfere with the MWCNT D*-band shift, whose peak is reached at 
frequency of 2700 cm-1 approximately; that is located for measuring the displacement due to the cooling process.  
 
     The displacement of the D*-band was measured before and after the cooling process. For the PVA/MWCNTs, a shift of 
the D*-band of 6 cm-1 to higher frequencies was observed after a quenching process at -180°C (Fig. 4b) Since the shift 
occurred toward higher frequencies, this is interpreted as a compression of the C–C bonds (Huong et al., 1995), which might 
result from the contraction of the PVA upon polymerization, which in turn reflects the cooling stresses generated by the 
contraction of the PVA. 
 

 
Fig. 4. a) Raman spectra for PVA, MWCNTs and PVA/MWCNTs and b) Effects of embedment and cooling on the frequency 
shift of the D*-band 

     With the information generated above and taking into account the linear dependence between the band shift and 
temperature explained in (Lourie & Wagner, 1998), and the correlation between the band shift and the bond length shortening 
(Schaufele & Shimanouchi, 1967), the compressive strain of the nanotube can be approximated as follows: 
 Ɛ஼ே் = −∆௟௟ = ∆௪௪   (71) 

where l is the bond length and w is the frequency. In that way, equation (72) can be formulated (Lourie & Wagner, 1998): 
 Ɛ஼ே் = −൬1 − ௪೚௪೜൰  (72) 
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where 𝑤௢ and 𝑤௤  are the bond frequencies before and after quenching, respectively. Using the concentric cylinder model 
described in (Wagner, 1996), the axial stress due to the cooling is given by:  
 𝜎஼ே் = ∆𝛼∆𝑇1 + ௩೑.಴ಿ೅(ா಴ಿ೅)௩೑.೘(ா೘) 𝐸஼ே் (73) 

where ∆𝛼 is the difference between expansive coefficients of MWCNTs and PVA, ∆𝑇 is the difference between initial and 
final temperatures, 𝑣௙,஼ே் and 𝑣௙,௠ are the volumetric fraction of MWCNTs and PVA, respectively, and 𝐸஼ே் and 𝐸௠ are the 
elastic moduli for the MWCNTs and PVA matrix, correspondingly. Thereby, using the Hooke law for the nanotube, 𝜎஼ே் =𝐸஼ே் .Ɛ஼ே், in eq. (73), substituting eq. (72) for Ɛ஼ே், and solving  for 𝐸஼ே் in the resulting expression, it is possible to 
compute the elastic modulus of the MWCNTs as given in (74), whose data and results are given in Table 2. 
 

𝐸஼ே் = 𝐸௠, ൦∆𝛼∆𝑇 + ൬1− ௪೚௪೜൰−൬1− ௪೚௪೜൰ ௏೑.಴ಿ೅௏೑.೘
൪ (74) 

 
Table 2. Data and result for calculation of MWCNTs modulus by Raman spectroscopy 

∆TK ∆α K-1 Vfcnt Em (GPa) W0 Wq ECNT(GPA) 
-202 0.000074 0.0021 0.3 2697,16±0.5 2703,9±0.5 881±105 

 
3.4. Data for numerical simulations 

    The properties of the constituent materials used in the simulations are summarized in Table 3. In the present work, three 
types of CNTs (single-walled, double-walled and multi-walled) and polymer matrices (PVA, PEEK-polyether ether ketone 
and UHMWPE- ultra high molecular weight polyethylene) are deemed in the numerical simulations. For single-walled carbon 
nanotubes (SWCNTs) and double-walled carbon nanotubes (DWCNTs), unique values are assigned for the outer diameter 
(dout), inner diameter (din) and wall thickness (tCNT) of nanotubes, in such a way that for SWCNTs, dout=1.70 nm, din=1.04 nm 
and tCNT=0.33 nm, whereas for DWCNTs, dout=7.5 nm, din=5.7 nm and tCNT=0.33 nm; for both CNTs types, a length between 
30 to 40 µm are considered. On the other hand, for a set of multi-walled carbon nanotubes (MWCNTs), dimensional variability 
is more relevant and several possible dimensions shall be considered.  
 
Table 3. Properties of constituent materials of nano-composites 

 Graphite layer PVA PEEK UHMWPE 
Density (Kg/m3) 2100 1170 1300 930 
Young modules (GPa) 1450 0.34 3.60 0.90 
Poisson ratio 0.27 0.45 0.30 0.46 

 

      MWCNTs used in the experiments were supplied by Nanostructured & Amorphous Materials Inc. They are not exactly 
equal each other because of their synthesis process (Chemical Vapor Deposition-CVD); while arc discharge and ablation laser 
are methods that produce CNTs with a higher reproducibility, CVD produces CNTs with larger variability of their diameters 
and lengths (Dervishi et al., 2009). The length of MWCNTs used in this study ranges between 20 and 40 nm, inner diameter 
between 5 and 20 nm, interlayer gap between 0.20 and 0.23 nm, and wall thickness can be considered as 0.33 nm. In the 
present work, they are considered five nanotube lengths in the numerical simulations, namely,  L = ሾ30,35,40,45,50ሿμm, and 
for each one of them, 21 possible combinations, which satisfy  (75) for the interlayer gap (ℎ஼ே்), are taken into account; these 
are shown in Table 4.  
 ℎ஼ே் = (ௗ೚ೠ೟ିௗ೔೙) ଶ⁄ ି௧಴ಿ೅.ே಴ಿ೅ே಴ಿ೅ିଵ   (75) 

where ℎ஼ே் is the interlayer gap, d௢௨௧ is the outer diameter, d௜௡ is the inner diameter, 𝑡஼ே் is the wall thickness and 𝑁஼ே் is 
the number of walls. 
 
Table 4. Geometrical data of multi-walled carbon nanotubes for each nanotube length. 

Property and units Combinations 
 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 
Outer diameter, dout 
(nm) 

20 25 25 25 30 30 30 30 30 35 35 35 35 35 35 35 40 40 40 40 40 

Inner diameter, din 
(nm) 

5 5 7.5 10 5 7.5 10 12.5 15 5 7.5 10 12.5 15 17.5 20 10 12.5 15 17.5 20 

Wall thinkness of 
CNT, tCNT (nm) 

33E-2 

Interlayer gap, 
hCNT(nm) 

22E-2 

Number of walls, 
NCNT 

14 19 17 14 23 21 19 17 14 28 25 23 23 19 16 14 28 26 23 21 19 

Distance between 
layers centerline, 
dCNT(nm) 

55E-2 
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     As 21 combinations are considered for each nanotube length, a total of 105 combinations are taken into account to 
numerically characterize the REV and obtain the effective Young modulus of the nano-composite. Additionally, for each 
combination, 20 simulations are carried out, with the Monte Carlo integration strata points randomly generated in each 
simulation.  
 
4. Results and discussion  
 
4.1.    Comparison between experimental and numerical results 
 
     The effective Young modulus (Ef) and shear modulus (Gf) of MWCNTs can be computed using eqs. (41) and (42), 
respectively, for each combination shown in Table 4, with the results represented in Table 5.  For the former property, Ef, the 
average value and standard deviation are 𝐸௙തതത = 896.47 GPa and 𝜎൫𝐸௙൯ = 15.72 GPa, respectively. The relative difference 
between the average effective Young modulus, 𝐸௙തതത, and the mean experimental one obtained by micro-Raman spectroscopy, 𝐸௙,௘௫௣, see Table 2, defining this relative difference by 𝑑௥௘௟ = ห𝐸௙തതത − 𝐸௙,௘௫௣ห 𝐸௙,௘௫௣ൗ , is 1.76%, indicating the reliability of the 
micromechanical model used here. The average value for the effective shear modulus is 𝐺௙തതത = 352.94 GPa.   
 
Table 5. Effective Young and shear moduli for the combinations of multi-walled carbon nanotubes 

Property/units Combinations 
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 

Effective 
Young 

modules, 
Ef(GPa) 

893 909 930 893 880 893 909 930 893 893 870 880 893 909 875 893 893 905 880 893 909 

Effective 
shear 

modules, 
Gf(GPa) 

352 358 366 352 347 352 366 352 352 352 343 347 352 358 344 352 352 356 347 352 358 

 
     For studying the influence of the MWCNTs on the Young modulus of the PVA matrix, the samples were prepared 
according to the requirements of the nano-indentation test; using the Oliver and Parr Method (Pharr & Oliver, 1992), the 
effective Young modulus for the manufactured composites was obtained.  The nano-indentation tests were performed in an 
IBIS Authority Fischer-Cripps nano-indenter with a diamond Berkovich indenter tip. A peak load of 100 mN was deemed, 
with a loading and unloading rate of 1 mN/min in order to produce quick tests and minimize the thermal creep effects; 
additionally, the load was held during 5s to reduce the creep effects during the final unloading step. Ten nano-indentations 
were carried out in all composites studied.   
 
     In Fig. 5a-b, the PVA/MWCNTs effective Young moduli numerically obtained by the present methodology are compared 
with the ones experimentally measured by the Oliver and Pharr nano-indentation method. The experimental results indicate 
that the Young modulus increases with the global weight content of MWCNTs filler, 𝑤ெௐ஼ே்,௚௟௢௕௔௟, from 𝑤ெௐ஼ே்,௚௟௢௕௔௟ =0.25%  to 𝑤ெௐ஼ே்,௚௟௢௕௔௟ = 0.50%, for both the not aligned and aligned samples; however, for the composites fabricated with 𝑤ெௐ஼ே்,௚௟௢௕௔௟ = 1.0%, experimental results evidence a decreasing of the Young modulus and this behavior is due to possible 
clusters formation and manufacturing errors. It is worth-noting in the experimental results that the addition of MWCNTs 
notoriously increases the mechanical properties with respect to the constituent PVA polymer (see Table 3) for the stretched 
composites; however, the properties of the unstretched composites do not considerably improve regardless the MWCNTs 
content. At first glance, this shows that the presence of both the nano-reinforcement and the stretching process of the matrix 
play a critical role in the improvement of the mechanical properties. It should be clarified that during the manufacturing 
process, some differences between the plastic behavior of the manufactured composites can be identified, i.e., the sample 
reinforced with 0.5 wt% presents a very good plastic deformation, and this deformation aligns the polymeric chains, thus 
affecting the mechanical properties of the composite, specifically the Young modulus. On the other hand, this behavior is not 
evidenced in the sample reinforced with 1 wt.% CNTs, because the larger MWCNTs content hampers more the plastic 
deformation during stretching, that is, the CNTs stiffen the composite more than for 0.5 wt%. It is worth mentioning that the 
effect of the polymer chains alignment on the final mechanical properties is not included in the present model, which 
represents a possible cause of the dissimilar behavior between the experimental and numerical results (see Fig. 5a-b). 
The relative differences between experimental and numerical results are shown in Table 6. As can be noticed in such table 
and confirmed in Fig. 5a-b, an acceptable approximation to experimental results is obtained in some cases: 0.25% non-
stretched, 0.5% non-stretched,  0.25% stretched and 1% stretched. The differences between numerical and experimental results 
can be attributed to error sources of different nature: 
 
• Sample preparation for composite: During the synthesis of the composite the curing rate was not controlled, i.e., little 

changes in the atmospheric conditions could have been affected the polymerization and curing process, leading to 
different heterogeneities that alter the mechanical properties of the final composite. As mentioned before, MWCNTs 
clusters formation and uncontrolled polymer chains alignment during the stretching process can be other relevant error 
sources associated to the sample preparation. 
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• Dispersion and orientation characterization: as aforementioned, image analysis was used to obtain the dispersion and 
orientation probability functions. Random zones were selected in the nano-composite samples, and mean, u, and standard 
deviation, σ, were obtained using a pre-defined grid in the TEM images. Despite not quantified in this study, image 
analysis carried on several kinds of errors: preparation (saturation, shadowing, etc.), integration (number, density, and 
location of discrete pixels) and analysis errors (segmentation and measurement calibration).  

• Mechanical characterization by nano-identation: the measurements were made at high loads in order to avoid errors 
associated with wear of the Berkovich tip, however, the tip is very sensitive to small changes in ambient temperature and 
this could affect the measurement; as reasonable, this effect is more important at sudden changes in atmospheric 
conditions.  

• Idealization errors: It is worth-noting the stochastic nature of the geometrical characteristics of MWCNTs due to their 
processing conditions. In the present work, 105 possible geometrical configurations were considered for MWCNTs, each 
of them having the same averaged weight in the numerical calculations. This is an idealization that can introduce some 
error, but it is necessary because a complete characterization of all MWCNTs in a sample is impractical and cumbersome. 
This error source is revealed in the variability of the calculated effective Young modulus of the MWCNT (Ef), see Table 
5, and of the estimated effective elastic modulus of the nano-composite, see black, box-whisker plots of Fig. 5a-b. The 
stochastic nature of the geometry of MWCNTs is evidenced as well in some experimental results, like the uncertainty of 
the Raman spectroscopy measured elastic modulus (see Table 2) and of the nano-composite Young modulus 
experimentally obtained by nano-indentation (see grey box-whisker plots of Fig. 5a-b).  

• Statistical error: As formerly mentioned, the Monte Carlo integration strata points are randomly generated, and thus, 
exactly equal results are not expected for all simulation runs of a given combination. Twenty simulation were run for 
each combination to achieve statistically confident results, obtaining an average standard deviation for all combinations 
of 3.031x10-3 GPa, namely, three orders of magnitude lower than the nano-composites Young moduli reported in Fig. 5a-
b; this shows that Monte Carlo integration brings about statistically reliable results. 

 
     Some differences are noticeable between the behavior of Young modulus with MWCNTs weight content predicted by the 
present statistical methodology and the one experimentally observed. Fig. 5a shows the non-aligned composite material (non-
stretched) and the results evidence a minimum change of the Young modulus with the addition of the nano-reinforcement in 
the polymeric matrix for the experimental results; for the calculated values, the increment of Young modulus with the addition 
of nano-reinforcements is more notorious. These dissimilar results can be attributed to the manufacturing process; in the 
experimentally obtained samples, although the composites show a good dispersion degree, it is possible to find areas with 
nano-reinforcements agglomerations or with heterogeneities associated to the polymerization and curing process. 
 
      Similarly, Fig. 5b shows the behavior of the elastic modulus with the MWCNTs weight  for the nano-reinforcements 
aligned by mechanical stretching. The results indicate a suitable approximation of the Young modulus with the present 
methodology for MWCNTs weight contents of 0.25% and 1%; however, an important difference between experimental and 
numerical result can be noticed for the weight content of 0.5%, where the measured Young modulus is maximum. As 
previously mentioned, the high plastic deformation and consequent polymer chains alignment obtained for this particular 
sample could be an important cause of this difference. 
 

 
Fig. 5. Measured and calculated data for the composites studied. a) Composites with the nano-reinforcement not aligned and 
b) Composites with the nano-reinforcement aligned. 
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Table 6. Relative differences between experimental and numerical results for the effective elastic modulus 
 Non-streched Streched 
MWCNTs 0.25% 0.50% 1.00% 0.25% 0.50% 1.00% 
Relative difference, drel 26.03% 36.40% 276.28% 10.60% 37.23% 10.42% 

 

4.2. Influence of the of the nanotube type and polymer matrix on the effective elastic modulus 
 

     The numerical simulations for the PVA, PEEK, and UHMWPE polymeric matrices reinforced with different types of CNTs 
(SWCNTs, DWCNTS, and MWCNTs) are shown in Figs. 6 to 8. Statistical parameters previously obtained for the dispersion 
and orientation in the MWCNTs/PVA composite were used in this analysis. 

     The numerical results for PVA reinforced with the different types of CNTs are shown in Fig. 6a-c. As can be observed, at 
any given CNT weight content, the PVA reinforced with DWCNTs has a larger Young modulus than the PVA reinforced 
with SWCNTs and MWCNTs, for both the stretched and non-stretched cases. The lower effective Young moduli are obtained 
for the composite reinforced with MWCNT. This behavior is directly associated with the dimensions of the nano-
reinforcement and the manufacturing processes, as previously discussed. It should be noted that the smaller dimensions of the 
nano-reinforcement suggest a greater response of their mechanical properties and it is due to the decrease in the crystalline 
and volumetric defects of the nano-reinforcements. 
 
     The percentage increment of the Young modulus of the neat polymer matrix with the addition of the nano-reinforcements 
is an appropriate parameter to carry out comparison with experimental results. This increment is defined as the percent ratio 
of the difference of elastic moduli of the reinforced and neat material to the elastic modulus of the neat matrix.  Firstly, it is 
worth-mentioning that in the below-cited experimental works, an additional stretching process was not implemented, and 
differences between these results and the present numerical ones cannot be attributable to a mechanical-induced reinforcement 
orientation, but instead to the reinforcement dispersion and possible cluster formation not accounted in the present model. 
Accordingly, experimental results are compared to numerical ones for the non-stretched cases. For example, Xu et al. (2010) 
studied the effect of SWCNTs in PVA matrix using electrospinning technique for 0.3% wt., obtaining an increase in the 
Young modulus of 28.6%. This result is lower than the increment corresponding to 0.25% wt. in Fig. 6a, namely, 463.3 %, 
indicating a lower dispersion degree in the experimental work of Xu et al. (2010). On the other hand, Lin et al. (2016) studied 
the effect of MWCNTs in a PVA matrix manufactured by solution mixing and melt compounding method, achieving 
increments of the elastic modulus between 300% and 400% for 0.25% wt. and 0.5% wt., respectively, which is in the same 
order of magnitude of results obtained here for the non-aligned composites of Fig. 6c, namely, 334% and 514%. This implies 
a similar dispersion degree between this experimental work and the present one. 

 
Fig. 6. Numerical results for the PVA for both, the non-stretched and the stretched composites with different nano-
reinforcement. a) SWCNTs, b) DWCNTs, and c) MWCNTs 

      Results for PEEK reinforced with SWCNTs, DWCNTs and MWCNTs are shown in Fig. 7. The Young modulus exhibits 
similar behavior in all composites compared with the PVA-matrix composites, i.e., it continuously increases with the CNT 
weight content, with the larger values obtained for the DWCNTs and the lower ones, for the MWCNTs; however, Young 
modulus is higher for PEEK-matrix than for PVA-matrix composites in all cases and this it is due to the superior mechanical 
properties of the PEEK matrix. Díez-Pascual et al. (2009 a,b) manufactured PEEK reinforced with SWCNTs in fractions of 
0.25, 0.5 and 1.0 %wt. by mold compounding technique. The authors found that the elastic modulus increases about 50% for 
the composite reinforced with 1.0 %wt. of SWCNTs. Other authors (Shang et al., 2019) manufactured PEEK reinforced with 
MWCNTs using the twin-screw extruders technique, finding an increment in the Young modulus of around 25% for 1 %w.t. 
The increments of the Young modulus reported in such works are lower than the ones obtained in the present one for 1%w.t., 
namely, 158.4% for SWCNTs (Fig. 7a) and 112.8% for MWCNTs (Fig. 7c), indicating a lower dispersion degree in the other 
experimental works. 
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Fig. 7. Numerical results for the PEEK for both, the non-stretched and the stretched composites with different nano-
reinforcement. a) SWCNTs, b) DWCNTs, and c) MWCNTs 

Finally, the numerical results for nano-reinforced UHMWPE with the different types of CNTs are shown in Fig. 8. In the 
same way as the composites previously studied, higher increments of the Young moduli are reached for the composite 
reinforced with DWCNTs and lower increases are achieved for MWCNTs. Several authors have reported the change in Young 
modulus with the addition of MWCNTs in a UHMWPE matrix. For instance, Ruan et al. (2003) showed that the addition of 
1 wt.% MWCNTs into UHMWPE matrix increases the Young modulus around 25%. On the other hand, Martinez-Morlanes 
et al. (2011) reported an increase of 38 % of Young modulus. As in most of cases previously analyzed in this study, the Young 
modulus numerically computed shows a higher increase with respect to the other experimental studies, namely, 320.1% (see 
Fig. 8c).  

 

Fig. 8. Numerical Results for the UHWPE for both, the non-stretched and the stretched composites with different nano-
reinforcement. a) SWCNTs, b) DWCNTs, and c) MWCNTs 

5. Conclusions 

       In the present work, it was presented a Mori-Tanaka-based statistical methodology to calculate the effective Young 
modulus of CNTs reinforced polymer matrix composites, considering a probability distribution functions for the dispersion 
degree and orientation of CNTs, whose fitting parameters were obtained by TEM characterization and in-plane image analysis. 
The micromechanical model used to calculate the equivalent Young modulus of the MWCNTs was validated with 
experimental results obtained by micro-Raman spectroscopy. Despite the variability of these experiments, a relative difference 
of 1.76% between the experimental and analytical average Young moduli shows that the micromechanical model employed 
here is reliable enough. This satisfactory assessment is one of the most important aspects to achieve an acceptable prediction 
of the elastic properties of the MWCNTs/polymer matrix composites. The effective Young modulus of MWCNTs/PVA 
composites at different CNTs weight contents and alignment degree (stretched and non-stretched) were calculated by the 
present methodology and compared with experimental results obtained by nano-indentation test. Several similarities and 
differences between the numerical and experimental results were found. Firstly, the present methodology predicts an 
increasing monotonic behavior of the effective elastic modulus with the CNT weight content for both the stretched and non-
stretched composites, whereas the experimental results show a non-monotonic behavior, with the larger modulus 
corresponding to the intermediate weight content, 0.5 %wt. For the stretched cases, this is attributable to the effect of the 
polymeric chains alignment on the tensile mechanical behavior of the final composite; this alignment takes place during the 
stretching process of the sample and is less significant as the CNTs weight content increases. For the non-stretched composites, 
according to the experimental results, a very low improvement of the Young modulus with the addition of the MWCNTs is 
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reached, which is in agreement with the numerical results for 0.25% and 0.5 %wt. According to the small relative differences 
regarding some experimental results, the present statistical methodology is promising to predict the effective Young modulus 
of nano-reinforced polymer matrix composites. The proposed method is highly dependent on the accuracy of the dispersion 
and alignment characterization technique, which means that better numerical results can be expected by using more accurate 
techniques than the one employed here. The quantification of the polymeric chains alignment and the modeling of its influence 
on the mechanical behavior of the composite, a more accurate estimation of the distribution of the geometrical properties of 
the CNTs embedded in the polymeric matrix (inner and outer diameter, wall thickness, interlayer gap, etc.), the consideration 
of the influence of the CNTs cluster on the mechanical behavior, etc. are another particular elements that can contribute to the 
accuracy and applicability of the present methodology in future works. Finally, a comparative analysis on the influence of the 
CNTs type and polymeric matrix on the effective Young modulus of the composite was carried out. According to the 
numerical results, for the PVA, PEEK, and UHMWPE matrices studied here, the higher effective Young moduli are obtained 
with the addition of DWCNTs and the lower ones, with MWCNTs. In general, larger increments of the effective Young 
moduli of the polymeric matrix with the addition of CNTs in non-stretched specimens are obtained in the present model 
regarding previous experimental works, which can be explained by differences between dispersion degrees of experiments 
and the ones considered in the numerical model using a dispersion probability function, where some associated phenomena, 
as the reduction of mechanical performance by clusters formation, are not still considered. 
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