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 The most popular approach for solving fully fuzzy linear programming (FFLP) problems is to 
convert them into the corresponding deterministic linear programs. Khan et al. (2013) [Khan, 
I. U., Ahmad, T., & Maan, N. (2013). A simplified novel technique for solving fully fuzzy 
linear programming problems. Journal of Optimization Theory and Applications, 159(2), 536-
546.] claimed that there had been no method in the literature to find the fuzzy optimal solution 
of a FFLP problem without converting it into crisp linear programming problem, and proposed 
a technique for the same. Others showed that the fuzzy arithmetic operation used by Khan et 
al. (2013) had some problems in subtraction and division operations, which could lead to 
misleading results. Recently, Ezzati et al. (2014) [Ezzati, R., Khorram, E., & Enayati, R. 
(2014). A particular simplex algorithm to solve fuzzy lexicographic multi-objective linear 
programming problems and their sensitivity analysis on the priority of the fuzzy objective 
functions. Journal of Intelligent and Fuzzy Systems, 26(5), 2333-2358.] defined a new 
operation on symmetric trapezoidal fuzzy numbers and proposed a new algorithm to find 
directly a lexicographic/preemptive fuzzy optimal solution of a fuzzy lexicographic multi-
objective linear programming problem by using new fuzzy arithmetic operations, but their 
model was not fully fuzzy optimization. In this paper, a new method, by using Ezzati et al. 
(2014)’s fuzzy arithmetic operation and a fuzzy version of simplex algorithm, is proposed for 
solving FFLP problem whose parameters are represented by symmetric trapezoidal fuzzy 
number without converting the given problem into crisp equivalent problem. By using the 
proposed method, the fuzzy optimal solution of FFLP problem can be easily obtained. A 
numerical example is provided to illustrate the proposed method. 
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1. Introduction 

Linear programming (LP) is one of the most important operation research techniques applied to solve 
many decision making problems. Any LP model representing real-world situations involves various 
parameters, whose values are assigned by experts. However, both decision maker and experts 
frequently do not know the value of the parameters, precisely. Therefore, it is useful to consider the 
knowledge of experts about the parameters as fuzzy data. The main objective in fuzzy linear 
programming (FLP) is to find the best possible solution with imprecise, vague, uncertain or incomplete 
information. 
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The concept of a fuzzy decision process, as an intersection of the fuzzy objective function and resource 
constraints, was first introduced by Bellman and Zadeh (1970). From this idea, Tanaka et al. (1974) 
and Zimmermann (1978) introduced LP problems in a fuzzy environment. The FLP in which all the 
parameters as well as variables are represented by fuzzy numbers in known as fully fuzzy linear 
programing problem. Buckley and Feuring (2000) introduced a method to find a solution for FFLP 
problem by changing the objective function into the multiobjective LP problems. Dehghan et al. (2006) 
used a computational method to find the exact solution of a FFLP problem. Hashemi et al. (2006) 
introduced the weak duality theorem based on alphabetic order function for FFLP problem. 
Allahviranloo et al. (2008) proposed a method for solving FFLP problem by using a kind of 
defuzzification method.  

Hosseinzadeh Lotfi et al. (2009) discussed FFLP problem where all parameters and variables were 
symmetric triangular fuzzy numbers. Kumar et al. (2010) proposed a method to find the fuzzy optimal 
solution of FFLP problem with equality constraints. Nasseri et al. (2013) proposed a new method for 
finding the fuzzy solution of FFLP problems with inequality constraints. Hatami and Kazemipoor 
(2014) proposed a new method for finding the fuzzy solution of the FFLP problem by converting it into 
LP problem. Khan et al. (2013) claimed there is no method in the literature to find the fuzzy optimal 
solution of a FFLP problem without converting it into crisp linear programming problem, and proposed 
a technique for the same. Bhardwaj and Kumar (2013) showed that according to fuzzy arithmetic 

operation used by Khan et al. (2013) for the fuzzy number ܣሚ the properties 
෨

෨
ൎ 1෨  and ܣሚ െ ሚܣ ൎ 0෨  could 

not be satisfied, there are errors in the proposed method by Khan et al. (2013), and there is no other 
option to solve the FFLP problems without converting them into crisp linear programming problems.  

Recently, Ezzati et al. (2014) defined a new operation on symmetric trapezoidal fuzzy numbers that the 

properties 
෨

෨
ൎ 1෨  and ܣሚ െ ሚܣ ൎ 0෨  are satisfied and based on new fuzzy arithmetic operations proposed, 

a new algorithm to find directly a lexicographic/preemptive fuzzy optimal solution of a fuzzy 
lexicographic multi-objective linear programming problem was proposed, but their model was not fully 
fuzzy optimization. In this paper, a new method by using Ezzati et al. (2014)’s fuzzy arithmetic 
operation and a fuzzy version of simplex algorithm is proposed for solving FFLP problem whose 
parameters all are represented by symmetric trapezoidal fuzzy number without converting the given 
problem into crisp equivalent problem. By using the proposed method the fuzzy optimal solution of 
FFLP problem can be easily obtained. 

This paper is organized as follows: In section 2 some basic definitions and arithmetic of symmetric 
trapezoidal fuzzy numbers and a review of formulation of FFLP problem are presented. In section 3 a 
new method is proposed for FFLP problem and in section 4 a numerical example is solved. Finally 
conclusions are discussed in section 5. 
 
2. Preliminaries 
 

In this section, some basic definitions and arithmetic operations of symmetric trapezoidal fuzzy 
numbers are reviewed (Ezzati et al., 2014). In addition, a brief review of using ranking function and 
FFLP problem is given (Ganesan & Veeramani, 2006). 

Definition 2.1 Let X be a universal set. Then a fuzzy subset ܣሚ of X is defined by its membership function 
:෨ߤ ܺ → ሾ0,1ሿ which assign a real number ߤ෨ሺ௫ሻ in the interval [0, 1], to each element x∈X where the 
value of ߤ෨ሺ௫ሻ at x shows the grade of membership x in ܣሚ. 

Definition 2.2 A fuzzy number ܣሚ ൌ ሺܽ, ܽ, ,ߙ  ሻ is said to be a symmetric trapezoidal fuzzy numberߙ
if its membership function is given as follows, 
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෨ሺ௫ሻߤ ൌ

ە
ۖ
۔

ۖ
ۓ
ݔ െ ሺܽ െ ሻߙ

ߙ , ܽ െ ߙ  ݔ  ܽ

1,																																		ܽ  ݔ  ܽ

ሺܽ  ሻߙ െ ݔ
ߙ ,				ܽ  ݔ  ܽ  ߙ

0,													 ݁ݏ݈݁																	

 

 

(1) 

Definition 2.3 Let	ܣሚ ൌ ሺܽ, ܽ, ,ߙ ෨ܤ ሻ andߙ ൌ ሺܾ, ܾ, ,ߚ  :ሻ be two trapezoidal fuzzy numbers thenߚ

(i) ܣሚ  ෨ܤ ൌ ሺܽ  ܾ, ܽ  ܾ, ߙ  ,ߚ ߙ   ሻߚ
(ii) ܣሚ െ ෨ܤ ൌ ሺܽ െ ܾ, ܽ െ ܾ, ߙ  ,ߚ ߙ   ሻߚ

(iii) ܣሚ ൈ ෨ܤ ൌ ሺ
ಽାೆ

ଶ
ൈ ಽାೆ

ଶ
െ ,ݓ 

ಽାೆ

ଶ
ൈ ಽାೆ

ଶ
 ,ݓ ݓ| െ ,|ᇱݓ ݓ| െ  ᇱ|ሻݓ

where	ݓ ൌ min	ሺቂ
ಽାೆ

ଶ
ቃ ቂ

ಽାೆ

ଶ
ቃ െ minሺ݉ሻ ,maxሺ݉ሻ െ ቂ

ಽାೆ

ଶ
ቃ ቂ

ಽାೆ

ଶ
ቃሻ 

ᇱݓ ൌ min	ሺቈ
ܽ  ܽ

2
 ቈ
ܾ  ܾ

2
 െ minሺ݊ሻ ,maxሺ݊ሻ െ ቈ

ܽ  ܽ

2
 ቈ
ܾ  ܾ

2
ሻ 

and  ݉ ൌ ሺܾܽ, ܾܽ, ܾܽ, ܾܽሻ, 

݊ ൌ ሺሺܽ െ ሻሺܾߙ െ ,ሻߚ ሺܽ െ ሻሺܾߙ  ,ሻߚ ሺܽ  ሻሺܾߙ െ ,ሻߚ ሺܽ  ሻሺܾߙ   .ሻሻߚ

Let ܣሚ ൌ ሺܽ, ܽ, ,ߙ ෨ܤ ሻ andߙ ൌ ሺܾ, ܾ, ,ߚ ሻ be two trapezoidal fuzzy numbers and let 0ߚ ∉ ሾܾ െ
,ߚ ܾ   ,ሿ. Defineߚ

(iv) ܣሚ ൊ ෨ܤ ൌ ሺ
ಽାೆ

ಽାೆ
െ ,ݓ 

ಽାೆ

ಽାೆ
 ,ݓ ݓ| െ ,|′ݓ ݓ| െ  ሻ|′ݓ

where	ݓ ൌ min ቄ
ಽାೆ

ಽାೆ
െ minሺ݉ሻ ,maxሺ݉ሻ െ ಽାೆ

ಽାೆ
ቅ , ᇱݓ ൌ ݉݅݊ ቄ

ಽାೆ

ಽାೆ
െ minሺ݊ሻ ,maxሺ݊ሻ െ

ಽାೆ

ಽାೆ
ቅ ,݉ ൌ ቀ

ಽ

ಽ
, 

ಽ

ೆ
, 

ೆ

ಽ
, 

ೆ

ೆ
ቁ , ݊ ൌ ቀ

ಽିఈ

ಽିఉ
, 

ಽିఈ

ೆାఉ
, 

ೆାఈ

ಽିఉ
, 

ೆାఈ

ೆାఉ
ቁ 

Definition 2.4 For any symmetric trapezoidal fuzzy number ܣሚ, we define ܣሚ ≽ 0෨  if there exist ܿ, ,ߜ  0 
such that ܣሚ ≽ ሺെܿ, ܿ, ,ߜ ,ሻ. We also denote ሺെܿߜ ܿ, ,ߜ ሻ by 0෨ߜ . 

Definition 2.5 For any symmetric trapezoidal fuzzy number ܣሚ, we define ܣሚ ≽ 1෨  if there exist ܿ, ߜ  0 
such that ܣሚ ≽ ሺെܿ  1, ܿ  1, ,ߜ ሻ. We also denote ሺെܿߜ  1, ܿ  1, ,ߜ ሻby 1෨ߜ . 

Definition 2.6 A ranking function is a function R: F(X) →X which maps each fuzzy number into the 
real line, where a natural order exists. Let ܣሚ ൌ ሺܽ, ܽ, ,ߙ  ሻ be any symmetric trapezoidal fuzzyߙ
number, then 

ܴ൫ܣሚ൯ ൌ
ܽ  ܽ

2
 

(2) 

Definition 2.7 Let ܣሚ ൌ ሺܽ, ܽ, ,ߙ ෨ܤ ሻ andߙ ൌ ሺܾ, ܾ, ,ߚ  ሻ be two symmetric trapezoidal fuzzyߚ
numbers then: 

(i) ܣሚ  ሚ൯ܣܴ൫	݂݂݅	෨ܤ  ܴ൫ܤ෨൯ 
(ii) ܣሚ ൏ ሚ൯ܣܴ൫	݂݂݅	෨ܤ ൏ ܴ൫ܤ෨൯ 

 

Definition 2.8 A FFLP problem is defined as follows: 

max ෨ܼ ൎ   ݔ̃ܿ



  120

.ݏ .ݐ ݔሚܣ ≼ ෨ܾ (3) 

ݔ ≽ 0෨   

where ܣሚ ൌ ሺ ܽሻൈ, ܿ̃ ൌ ሺܿ̃ሻଵൈ, ෨ܾ ൌ ሺ ෨ܾሻൈଵ, ݔ ൌ ሺݔሻଵൈ and ܽ, ෨ܾ	, ܿ̃	, ݔ ∈ ሺܺሻሺ݅ܨ ൌ
1,2, … ,݉			, ݆ ൌ 1,2,… , ݊ሻ	, ෨ܾ 	, ݔ ≽ 	0෨ . 

Definition 2.9 Let the i-th fuzzy constraint of the FFLP problem be ∑ ܽݔ ≼ ሺݎ ≽ሻ෨ܾ

ୀଵ  where ෨ܾ ≽

	0෨  then a fuzzy variable ̃ݏ ≽ 	 0෨  and ∑ ܽݔ  ݎሺݏ̃ െ ሻݏ̃ ൎ ෨ܾ



ୀଵ  is called a fuzzy slack (or surplus) 

variable. 

Definition 2.10 Given a system of m fuzzy linear equation involving trapezoidal fuzzy numbers in n 
unknowns (n≥m), ܣሚݔ ൎ ෨ܾ, where ܣሚ is a m×n matrix and rank of ܣሚ is m. Let the columns of ܣሚ 
corresponding of fuzzy variables ݔభ, … , ,భݔ  are linearly independent thenݔ … ,   are said to beݔ
fuzzy basic variables and remaining (n-m) variables are called fuzzy nonbasic variables. Let ܤ෨  the basis 
matrix formed by linearly independent columns of ܣሚ. The value of ෨ܺ= (ݔభ, … ,  ሻ is obtained byݔ
using ෨ܺ=ܤ෨ିଵ ෨ܾ, where ݇ ∈ ሼ1,2,… , ݊ሽ, ݇ ് ݇, ݅, ݆ ൌ 1,2, . . , ݉ and the values of nonbasic variables 
are assumed to be zero. The combined solution formed by using the values of fuzzy basic variables and 
fuzzy nonbasic variables are called fuzzy basic solution. See in (Ganesan & Veeramani, 2006). 

Definition 2.11 Any ෨ܺ which satisfies all the constraints ܣሚݔ ൎ ෨ܾ and nonnegative restricted ݔ ≽ 0෨  of 
Eq. (3) is said to be a fuzzy feasible solution of Eq. (3). 

Definition 2.12 Let Q be the set of all fuzzy feasible solution of Eq. (3). A fuzzy feasible solution ෨ܺ ∈
ܳ is said to be a fuzzy optimal solution of (3) if ܿ̃ ෨ܺ ≽ ܿ̃ ෨ܺ. 

3. Proposed method 
 

In this section, the steps of the fuzzy simplex algorithm is proposed to obtain the fuzzy optimal solution 
for FFLP problem as follows: 

Step 1: convert all the inequalities of the constraints into equation by introducing fuzzy slack or surplus 
variables. (Put the coefficient of these fuzzy slack and surplus variables equal to zero in the objective 
function) and suppose an initial fuzzy basic feasible solution with basis ܤ෨  is at hand. 

Steps 2: construct the fuzzy simplex table in the following format: 

Table 1 
Fuzzy simplex Table 

෨ܺ ݔଵ … ݔ … ݔ RHS 

ଵݖ̃ ݖ̃ െ ܿ̃ଵ … ̃ݖ െ ܿ̃ … ̃ݖ െ ܿ̃ - 

ଵ ܽଵଵ … ܽଵ … ܽଵ തܾ෨ݔ
ଵ …

 

…
 

 …
 

 …
 

…
 

 ܽଵ … ܽ … ܽ തܾ෨ݔ
 …

 

…
 

 …
 

 …
 

…
 

 ܽଵ … ܽ … ܽ തܾ෨ݔ
 

 

Step 3: find̃ݖ െ ܿ̃ ൌ ∑ ܿ̃ ܽ െ

ୀଵ ܿ̃, ∀݆ ൌ 1,2,… , ݊ 
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(i) If  ̃ݖ െ ܿ̃ ≽ 0෨, ∀݆ then the fuzzy basic feasible solution, obtained by using values of 
,భݔ … ,   of Table 1, is fuzzy optimal solution and ෨ܼ is the optimal value of maximizationݔ
problem. 

(ii) If there exists any j such that  ̃ݖ െ ܿ̃ ≼ 0෨  proceed on to the next step. 
 

Step 4: if there exists one or more fuzzy variables with ̃ݖ െ ܿ̃ ≼ 0෨  then the fuzzy variable 
corresponding to which the rank of ̃ݖ െ ܿ̃ is most negative will enter the basis. Let it be ̃ݖ െ ܿ̃ for 
some j=r. 

(i) If ܽ ≼ 0෨, ∀݅  then there exist fuzzy unbounded solution to the given FFLP problem. 
(ii) If ܽ ≽ 0෨  for one or more values of i then compute  

 

ቊܴ݉ݑ݉݅݊݅݉ ቆ
ሚ݈


ܽ
ቇ , ܽ ≻ 0෨, ݅ ൌ 1,2, … ,݉ቋ 

(4) 

 
where, ሚ݈ is the value of i-th fuzzy basic variable. The fuzzy variable, corresponding to which minimum 
occurs, will leave the basis. Let the minimum occurs corresponding to ݔೖ then the common element 
ܽ, which occurs at intersection of k-th row and r-th column is known as the leading element. 

Step 5: construct the new fuzzy simplex table and calculate the new entries for the fuzzy simplex table 
as follows: 

ොܽ=
ೖೕ
ೖೝ

 and ොܽ= ܽ െ
ೖೕ
ೖೝ

ܽ where i=1, 2,…,m, i≠k, j=1,2,…,n. 

Step 6: Repeat the computational procedure from step 3 to step 5 until either (i) of step 3 or (i) of step 
4 is satisfied. 

Step 7: if ̃ݖ െ ܿ̃ ൎ 0෨  corresponding to any fuzzy nonbasic variable in the fuzzy optimal table (simplex 
table for which ̃ݖ െ ܿ̃ ≽ 0෨, ∀݆) then a fuzzy alternative solution may exist and to find it enter that fuzzy 
nonbasic variable into the basis and repeat once step 3 to. The obtained fuzzy optimal solution will be 
a fuzzy alternative optimal solution. 

4. A numerical example 
 
For an illustration of the proposed method, a FFLP problem is solved. Consider the following problem: 
 
max ݖ̃ ൎ ሺ4,6,3,3ሻݔଵ  ሺ2,4,1,1ሻݔଶ 
subject to  
               ሺ1,1,0,0ሻ	ݔଵ 	≼ ሺ3,9,2,2ሻ 
               ሺ1,1,0,0ሻݔଶ 	≼ ሺ5,11,3,3ሻ 
																	ሺ2,2,1,1ሻݔଵ  ሺ2,4,1,1ሻݔଶ ≼ ሺ15,33,4,4ሻ
,ଵݔ			            ଶݔ 	≽ 0෨ 

 
Using step 1 of the proposed algorithm, the formulated problem may be written as: 
 
max ݖ̃ ൎ ሺ4,6,3,3ሻݔଵ  ሺ2,4,1,1ሻݔଶ 
subject to 
               ሺ1,1,0,0ሻ	ݔଵ 	 ሺ1,1,0,0ሻݔଷ ൎ ሺ3,9,2,2ሻ 
              ሺ1,1,0,0ሻݔଶ  ሺ1,1,0,0ሻݔସ ൎ ሺ5,11,3,3ሻ 
																	ሺ2,2,1,1ሻݔଵ  ሺ2,4,1,1ሻݔଶ  ሺ1,1,0,0ሻݔହ ൎ ሺ15,33,4,4ሻ
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,ଵݔ																	 ,ଶݔ ,ଷݔ ,ସݔ ହݔ ≽ 0෨  
where ݔଷ, ,ସݔ  ହ are fuzzy slack variables. Using step 2 the fuzzy simplex table for the above problemݔ
is as follows, 
 
Table 2 
The initial fuzzy simplex tableau 

෨ܺ ݔଵ ݔଶ ݔଷ ݔସ ݔହ RHS 

ሺെ6,െ4,3,3ሻ ሺെ4,െ2,1,1ሻ 0෨ ݖ̃  0෨  0෨ 0෨ 

ଷ ሺ1,1,0,0ሻ 0෨ݔ  ሺ1,1,0,0ሻ 0෨  0෨ ሺ3,9,2,2ሻ 

ସ 0෨ ሺ1,1,0,0ሻ 0෨ݔ  ሺ1,1,0,0ሻ 0෨ ሺ5,11,3,3ሻ 

 ହݔ ሺ2,2,1,1ሻ ሺ2,4,1,1ሻ 0෨  0෨  ሺ1,1,0,0ሻ ሺ15,33,4,4ሻ 

 
Using step 4 of the proposed algorithm, fuzzy variable ݔଵ will enter the basis and the fuzzy variable ݔଷ 
will leave the basis. Using step 5 of the proposed algorithm new fuzzy simplex table is: 

Table 3 
The first iteration 

෨ܺ ݔଵ ݔଶ ݔଷ ݔସ ݔହ RHS 

ሺെ2,2,6,6ሻ ݖ̃ ൌ 0෨  ሺെ4,െ2,1,1ሻ ሺ4,6,3,3ሻ 0෨ 0෨  ሺ12,48,11,11ሻ 

ଵ ሺ1,1,0,0ሻݔ ൌ 1෨ 0෨ ሺ1,1,0,0ሻ 0෨ 0෨  ሺ3,9,2,2ሻ 

ସ 0෨ݔ  ሺ1,1,0,0ሻ 0෨  ሺ1,1,0,0ሻ 0෨  ሺ5,11,3,3ሻ 

 ହݔ ሺ0,0,2,2ሻ ൌ 0෨ ሺ2,4,1,1ሻ ሺെ2,െ2,1,1ሻ 0෨ ሺ1,1,0,0ሻ ሺെ3,27,9,9ሻ 

 

According to Table 3, fuzzy variable ݔଶ will enter the basis and the fuzzy variable ݔହ will leave the 
basis. Using step 5 of the proposed algorithm, the new fuzzy simplex table is as follows, 

Table 4 
The optimal solution 

෨ܺ ݔଵ ݔଶ ݔଷ ݔସ ݔହ RHS 

ሺെ2,2,16,16ሻ ݖ̃ ൌ 0෨  ൬െ3,3,
9
5
,
9
5
൰ ൌ 0෨  ሺ1,5,

19
5
,
19
5
ሻ 0෨  ሺ

1
2
,
3
2
,
3
10

,
3
10
ሻ ሺ6,78,65,65ሻ 

ଵ ሺ1,1,0,0ሻݔ ൌ 1෨  0෨  ሺ1,1,0,0ሻ 0෨  0෨  ሺ3,9,2,2ሻ 

ସ ሺ0,0,2,2ሻݔ ൌ 0෨  ൬
െ1
2
,
1
2
,
3
10

,
3
10
൰ ൌ 0෨  ሺ

3
6
,
5
6
,
3
10

,
3
10
ሻ ሺ1,1,0,0ሻ ሺ

െ5
12

,
െ3
12

,
1
20

,
1
20
ሻ ሺ

െ9
2
,
25
2
,
27
2
,
27
2
ሻ 

 ଶݔ ሺ0,0,2,2ሻ ൌ 0෨  ሺ
1
2
,
3
2
,
3
10

,
3
10
ሻ ൌ 1෨  ሺ

െ5
6
,
െ3
6
,
3
10

,
3
10
ሻ 0෨  ሺ

3
12

,
5
12

,
1
20

,
1
20
ሻ ሺ

െ3
2
,
19
2
,
21
2
,
21
2
ሻ 

 

Therefore, the fuzzy optimal solution of the FFLP problem which is obtained by the fuzzy simplex 

algorithm is ݔଵ ൌ ሺ3,9,2,2ሻ, ଶݔ ൌ ቀ
ିଷ

ଶ
, ଵଽ
ଶ
, ଶଵ
ଶ
, ଶଵ
ଶ
ቁ	and the fuzzy optimal value of its objective function 

is ̃ݖ ൌ ሺ6,78,65,65ሻ. 
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5. Conclusion 
 

Since, in standard fuzzy arithmetic operations we have some problems in division and subtraction 
operations so there is no other option to solve fully fuzzy linear programming problems without 
converting them into the corresponding deterministic linear programs. In this paper a new method by 
using Ezzati et al. (2014)’s fuzzy arithmetic operation and a fuzzy version of simplex algorithm is 
proposed for solving fuzzy linear programming problem whose parameters all are represented by 
symmetric trapezoidal fuzzy number without converting the given problem into crisp equivalent 
problem. By using the proposed method the fuzzy optimal solution of fully fuzzy linear programming 
problem can be easily obtained. To illustrate the proposed method a numerical example has been 
solved. The proposed method can be extended to proposed Big-M and two-phase method for finding 
fuzzy optimal solution of fully fuzzy linear programming problems. 
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